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preface. 


HE  principles  of  rectilinear  mo- 


tion and  rotation  are  of  confider- 


able  extent  in  the  theory  of  mechanics, 
and  comprize  moft  cafes  in  which  this 
fcience  can  be  applied  to  practical  uie; 
it  is  probably  from  the  facility  and  ex- 
attnefs  with  which  thefe  kinds  of  motion 
are  produced  in  bodies,  and  are  commu- 
nicated from  one  body  to  another,  that 
they  have  been  fo  generally  adopted  in 
mechanic  conftructions  of  every  kind. 

A few  curfory  remarks  on  the  enfuing 
feet  ions,  may  be  fufficient  to  explain  the 
plan,  and  delign  of  this  treatife. 

The  firft  and  fecond  fedtions  contain 
the  elementary  proportions  on  which  the 
theory  of  mechanics  is  founded.  In 
the  third  fection  the  rectilinear  mo- 
tion of  bodies,  impelled  or  refitted  by 
forces  which  act  uniformly,  is  confidered. 
The  depths  to  which  fpherical  bodies, 
impinging  with  given  velocities,  fink  into 


banks 
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banks  of  earth,  folid  blocks  of  timber, 
clay,  fnow,  &c.  are  determined  by  propor- 
tions inferted  in  the  third  fedlion,  becaufe 
the  forces  by  which  thofe  fubftances  refill 
the  penetration  of  fpherical  bodies  are,  in 
a phyfical  fenfe,  uniform : in  ftridtnefs,  the 
forces  of  refiftance  are  uniform  only  after 
the  fpheres  have  funk  to  a depth  equal  to 
their  radii ; and  the  greater  proportion 
the  fpace  to  which  any  fphere  penetrates, 
before  its  motion  is  deftroyed,  bears  to  its 
radius,  the  lefs  error  will  be  occafioned  by 
affuming  the  refinance  as  altogether  uni- 
form. If  the  velocity  of  impa£l  is  pro- 
duced by  the  acceleration  of  gravity,  the 
action  of  the  fphere’s  weight,  after  it  has 
funk  to  a depth  equal  to  its  radius,  is  too 
fmall  to  have  fenlible  effedt  in  experiments 
made  on  the  refilling  forces  of  fubftances, 
which  are  in  general  much  greater  than 
the  force  of  gravity. 

The  notation  of  ratios  explained  in  the 
fecond,  and  applied  in  the  third  fetftion, 
is  fomewhat  different  from  that  which 
is  commonly  ufed : each  ratio  is  repre- 
fented  by  a fradlion,  the  numerator  of 
which  is  the  antecedent,  and  denominator 
the  confequent  of  the  ratio.  Although 
the  meaning  and  value  of  any  ratio  is  no 

ways 
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ways  dependent  on  the  manner  of  ex* 
pre fling  it,  yet  if  one  method  of  notation 
fhouid  appear  lefs  liable  to  ambiguity, 
and  better  adapted  for  the  purpofe  of  ap- 
plying and  explaining  the  theory  than 
another,  there  feems  fufficient  reafon  for 
a preference. 

The  fourth  fe&ion  contains  propofi- 
tions  which  determine  the  motion  of 
bodies,  produced  by  forces  varying  in 
fome  ratio  of  the  diftances  from  a fixed 
point j by  clafling  propofitions  according 
to  the  particular  law  in  which  the  acce- 
lerating force  varies,  feveral  phenomena, 
apparently  quite  unconnected,  admit  of 
folution  from  the  fame  principle:  thus, the 
vibration  of  a pendulum  in  a cycloidal 
arc,  the  undulatory  motion  of  fluids  in  the 
canal  defcribed  in  page  (104)*,  the  fmall 
vibrations  of  an  elaftic  firing,  confidering 
the  whole  mafs  to  be  concentrated  in  the 
middle  point,  are  all  explained  from  the 
problem  for  determining  the  motion  of 
bodies,  which  are  impelled  by  forces  va- 
rying in  the  diredt  ratio  of  the  diftances 
from  a fixed  point. 

The  propofitions  juft  mentioned  might 

have 
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have  been  inferred  from  this  problem  as 
corollaries,  but  they  have  been  feparately 
confidered  on  account  of  the  many  confe- 
quences  which  follow  from  each.  The 
imaginary  cafe  of  the  elaflic  firing  natu- 
rally fuggefled  fome  further  Cordideration 
of  the  fubjecl,  on  principles  more  nearly 
correfponding  to  the  real  vibration,  of  an 
elaflic  chord. 

The  theory  of  refilling  forces,  which 
vary  in  the  diretl  duplicate  ratio  of  the 
velocities,  is  confidered  in  the  fifth  fedlion, 
and  is  applied  to  the  explanation  of  vari- 
ous phenomena : this  is  the  cafe  that  really 
obtains,  when  bodies  move  in  a fluid,  the 
parts  of  which  are  free  from  cohefion  and 
tenacity,  provided  the  compreliion  of  the 
fluid  is  fuch  as  will  caufe  the  fpace  de- 
ferted  by  the  movdng  body  during  its 
paffage,  to  be  filled  up  immediately  by  the 
furrounding  fluid. 

Experiments  on  the  refiftances  of  fluids 
to  folid  bodies  moving  through  them, 
have  not  been  very  numerous : thofe 
which  are  deferibed  in  the  2d  Vol.  of  the 
Principia,  are  fufHciently  decifive  to  afcer- 
tain  the  agreement  between  the  author’s 
theory  and  matter  of  fact;  but  the  repe- 
titions of  experiments,  by  which  any  im- 
portant 
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portant  truths  are  verified,  cannot  be 
thought  fuperfluous:  we  cannot  make 
too  frequent  appeals  to  experience  ? 
theories,  however  perfeft,  are  never  fo 
fatisfadtory,  as  when  they  are  illuftrated 
by  repeated  and  accurate  trials. 

The  experiments  on  the  defcent  of 
fpherical  bodies  in  water,  inferted  in  fedt. 
v.  were  conftructed  with  great  attention 
to  exadtnefs,  and  the  reful  ts  were  noted 
before  the  computations  were  made. 

In  pages  (.156)  and  (161)  the  velocities 
with  which  the  aerial  bubbles  or  fphe- 
rules  afcend  in  fluids  are  eftimated,  and 
the  theory  is  applied  to  the  dedudtion  of 
various  confequences : according  to  Dr. 
Halley’s  hypothefis,  vapour  or  fleam 
confifts  of  hollow  fpherules,  filled  with  an 
elaftic  fluid  fo  rare,  that  the  weight  of  a 
hollow  globule  and  its  contents,  fhall  be 
lighter  than  an  equal  bulk  of  the  air 
which  furrounds  it.  The  afeent  of  thefe 
fpherules  is  fimilar  to  that  of  the  air  bub- 
bles juft  referred  to,  which  rife  in  water 
and  other  fluids?  and  the  velocities  of 
afeent  in  both  cafes  muft  be  eftimated 
from  the  fame  principles.  A few  thoughts 
which  prefented  themfelves  on  confider- 
ing  the  fubjedt  in  this  manner,  are  con- 
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tainedin  page  (i72,&c.).  The  hypothefis, 
which  afcribes  the  production  of  vapour 
to  chemical  folution,  may,  perhaps,  be 
fufficient  to  account  for  the  abforption  of 
water  in  air,  but  will  not  fo  well  explain 
the  afcent  of  fteam  under  all  its  various 
appearances.  The  power  by  which  fteam 
rifes  from  boiling  water,  or  from  bodies 
fubjeCted  to  degrees  of  heat  in  chemical 
diftillation,  feems  to  be  different  from  any 
that  can  be  attributed  to  the  folution  of 
one  fluid  in  another.  Indeed,  when  me- 
tallic or  other  bodies,  are  diffolved  in  their 
proper  menftrua,  the  fmall  aerial  bub- 
bles, which  conftantly  afcend  during  the 
folution,  carry  up  particles  of  the  bodies 
that  are  diffolved,  and  in  fome  degree  dif- 
fufe  them  over  the  whole  mafs  of  the 
folvent : but  no  fuch  bubbles  are  fup- 
pofed  to  exift  during  the  afcent  of  fteam 
according  to  the  hypothefis  which  ex- 
plains that  phenomenon  by  referring  it 
to  the  effeCts  of  chemical  folution. 

Solid  particles  of  matter  of  any  fliape, 
defcend  in  fluids  according  to  laws  cor- 
refponding  in  fome  degree  to  thofe  which 
regulate  the  defcent  of  fpherical  particles : 
for  example,  large  particles  of  any  fliape 
will  defcend  fafter  than  thofe  which  are 

much 
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much  fmaller,  if  they  are  of  the  fame 
denfity. 

According  to  Dr.  Woodward’s  theory 
of  the  deluge,  when  mineral  and  other 
fubdances  were  by  the  violence  of  the 
waters,  or  other  caufes,  diffolved  into  a 
mafs  confiding  of  heterogeneous  particles 
of  folid  bodies  fufpended  in  water,  it 
is  fuppofed  that  the  denfed  bodies  would 
fubfide  with  the  greated  velocities,  and 
confequently,  that  the  drata  under  the 
earth’s  furface,  mud  be  difpofed  according 
to  the  order  of  their  fpecific  gravities ; but 
from  prop.  x.  of  the  fifth  feftion,  it  ap- 
pears, that  the  velocities  with  which  folid 
particles  immerfed  in  a fluid  defcend  by 
gradually  fubdding,  depend  on  their  mag- 
nitudes as  well  as  on  their  denfities ; con- 
fequently if  the  texture  of  any  dratum 
of  earth  fhould  be  fuch  as  difpofes  it  to  be 
divided  or  broken  into  larger  atoms,  than 
thofe  of  which  the  lighter  dratum  con- 
fids,  and  their  magnitudes  are  in  a due 
proportion,  the  lighter  particles  will  fub- 
fide below  thofe  which  are  fpecifically 
heavier. 

Strata  of  fodil  and  other  earths  are 
found,  by  accurate  examination,  to  be 
difpofed  in  no  regular  order  in  refpecl  of 
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their  fpecific  gravities,  but  from  what  has 
been  advanced  concerning  the  manner  in 
which  the  atoms  or  particles  of  matter 
fubfide  in  a fluid,  thofe  objedtions 
againft  Dr.  Wood  ward’s  hypothecs,  which 
are  grounded  on  the  promifcuous  difpo- 
fition  of  the  flrata,  may  appear  to  have 
lefs  weight. 

' The  principles  of  rotation  are  demon- 
ftrated  in  the  fixth  fedtion.  This  theory 
is  applied  to  explain  the  motion  of  pen- 
dulums which  vibrate  in  circular  arcs;  to 
eftimate  the  effects  produced  by  the 
mechanic  powers,  or  combinations  of 
them,  and  to  the  folution  of  various 
problems. 

In  books  of  mechanics  many  experiments 
have  been  defcribed  by  which  the  equili- 
brium of  the  mechanic  powers, the  compo- 
fition  and  refolution  of  forces,  and  other 
ftatical  principles  are  explained  and  veri- 
fied; but  no  account  is  to  be  found  of 
methods  by  which  the  principles  of  mo- 
tion may  be  fubjedled  to  decifive  and  fa- 
tisfadtory  trials.  An  attempt  has  been 
made  to  fupply  this  deficiency  in  the  fe- 
venth  and  eighth  fedtion  s of  this  treatife. 
The  feventh  fedtion  contains  the  defcription 
of  experiments  on  the  redtilinear  motion 
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of  bodies,  both  accelerated  and  retarded; 
and  the  experiments  on  the  principles  of 
rotation,  including  thofe  which  relate  to 
the  vibrations  of  pendulums,  are  inferted 
in  the  eighth  fedtion.  Moft  of  the  fun- 
damental properties  of  redtilinear  motion 
and  rotation,  are  illuftrated  by  experi- 
ments defcribed  in  thefe  two  fedtions. 
The  numbers  fet  down  were  the  refults 
of  meafurements  and  computations  made 
with  great  care  and  attention : in  or- 
der to  infure  the  refults  true  to  one  or 
two  decimal  places,  the  quantities  are  in 
fome  inftances  expreffed  to  a greater  num- 
ber of  places  than  may  feem  neceffary. 
Thefe  experiments  and  the  explanations 
of  them,  were  part  of  a courfe  of  experi- 
mental ledtures  on  the  principles  of  na- 
tural philofophy,  read  in  the  univerfity  of 
Cambridge. 

The  hypothefes  which  afcribe  perma- 
nent quantities  of  motion  to  bodies  mov- 
ing with  given  velocities,  feem  to  have 
been  adopted  for  the  purpofe  of  avoiding 
the  difficulties  which  occur  in  folving  moft 
cafes  in  pradtical  mechanics ; for  if  the 
effedts  of  forces  could  be  truly  eftimated 
by  a meafure,  confifting  of  the  quantity  of 
matter  moved  and  any  power  of  the  velo- 
cities. 
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cities,  there  could  be  no  occafion  to 
confider  the  variation  of  the  forces  of 
acceleration  or  refiftance,  fince  the  ulti- 
mate effe&s  produced  would  be  known 
from  the  due  application  of  the  hypo- 
thefes  without  further  inveftigation. 

The  chief  intention  of  the  ninth  fec- 
tion  is  to  examine  into  thefe  hypothefes, 
and  to  {hew  that  they  ought  not  be  ad- 
mitted in  mechanics  as  general  principles; 
many  inftances  of  error  might  be  pro- 
duced, which  have  been  occafioned  by- 
adopting  them ; one  or  two  will  be  fuffi- 
cient  to  juftify  what  has  been  afferted. 

In  Emerfon’s  Fluxions,  p.  177,  there 
is  this  problem:  The  radii  of  a wheel 
and  axle  are  given  in  the  proportion  of 
b : a-y  a weight  w atting  by  means  of  a 
line  on  the  circumference  of  the  wheel, 
elevates  a weighty  fufpended  from  a line, 
which  goes  round  the  axle;  it  is  required 
to  aflign  the  quantity  y,  when  y x into  its 
velocity  generated  in  a given  time,  is  the 
greateft  poflible. 

In  the  folution  the  author  fuppofes  the 
momentum  of  bodies  to  be  as  the  quan- 
tity of  matter  into  the  velocity  generated ; 
and  according  to  the  ufual  do&rine  of  mo- 
mentum, affumes  it  as  an  univerfal  truth. 
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that  if  a force  adls  on  any  different  quan- 
tities of  matter  for  a given  time,  it  will 
always  generate  the  fame  moment,  efti- 
mated  by  the  quantity  of  matter  into  the 
velocity.  From  this  reafoning  he  de- 
duces the  weight  fought  y — s/  2 — 1 x 

bw  . 

— , whereas  its  true  value  is  y = w x 
a 


l b 4 ^3*  bz  , » 

— — (page  249)  agreeing 

with  the  former  only  in  the  extreme  cafe, 
when  b = a,  that  is,  when  the  radius  of 
the  wheel  is  equal  to  that  of  the  axle. 

Dr.  Defaguliers  in  his  courfe  of  ex- 
perimental philofophy,  vol.  i.  p.  173, 
applies  the  dodtrine  of  momentum  to 
invefligate  the  preffure  fuflained  by  the 
axis  of  a wheel  and  axle,  when  a weight 
p adling  at  the  diflance  b,  elevates  a 
weight  q applied  at  the  diflance  a from 
the  axis. 

He  eflimates  the  momentum  of  bodies 
by  the  quantity  of  matter  into  the  velocity 
generated  in  a given  time;  and  lays  it  down 
as  a general  rule,  that  “ the  momentum 
produced  is  always  equal  to  the  momen- 
tum which  produces  it by  reafoning 
from  this  principle  he  deduces  the  preffure 

on 
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on  the  axis,  from  the  a&ion  of  the  two 

• i , . 3 pqba — oqaa 

weights  to  be  = a -f-  , — '—j— . 

° 7 pb  b -f-  qab 

By  another  folution  he  finds  the  prefiure 


on  the  axis  = x b-\-a  diffie- 

pbz-\-qaz’  : 

rent  from  the  former,  and  yet  both  the 
refnlts  are  confequences  from  the  fame 
data : nor  will  it  be  poflible  from  any 
reafoning  the  author  ufes  in  thefe  folu- 
tions,  to  diftinguifh  which  of  them  is 
true,  or  to  determine  whether  both  are 
not  erroneous ; although  from  the  gene- 
ral principles  of  motion,  independent  of 
any  confideration  of  momentum,  it  is 
without  difficulty  inferred,  that  the  true 
prefiure  on  the  axis  is  the  latter  value 

qp  x b -+-  a 
p bz  + q az  ’ 

Many  other  examples  of  a fimilar  kind 
might  be  produced ; thefe  two  have  been 
mentioned,  not  with  a view  of  cavilling 
at  writers  who  have  deferved  fo  well  of 
philofophy,  but  to  fiiew  how  much  pre- 
judice muft  be  occafioned  to  fcience  by 
aflfuming  hypothefes  of  momentum  as 
general  principles,  when  even  the  mod 
experienced  perfons  have  been  led  into 
i error 


( Xlll  ) 

error  by  them.  In  the  fe&ioris  preceding 
the  ninth  of  this  treatife,  the  reader  will 
find  the  hypothefis  of  momentum  ufed 
in  explaining  fome  particular  cafes  in 
mechanics  ; but  it  is  ini  no  inftance  aflum- 
ed  as  a principle  from  which  confequenceS 
are  inferred  in  the  folution  of  problems. 

In  the  tenth  fe&ion  the  principles  of 
rotation  in  free  fpace  are  deduced  from 
thofe  which  are  demonftrated  in  the  fixth 
fedtion  concerning  the  rotation  of  bodies 
round  fixed  axes. 

Analytical  demonftrations  have  been 
adopted,  as  being  moft  confident  with 
the  general  plan  of  the  work.  If  this 
method  of  arriving  at  truth  appears  lefs 
eligible  in  fome  points  of  view,  in  others 
it  certainly  has  its  advantages ; particu- 
larly in  being  eafily  applied  to  the  inve- 
ftigation  of  problems,  and  in  being  com- 
prized in  a fmaller  compafs  than  would 
in  general  be  neceflary  for  treating  the 
fame  fubjedt  geometrically. 

The  enfuing  treatife,  however,  is  not 
intended  to  precede  the  ftudy  of  thofe 
authors  who  have  written  geometrically 
on  the  principles  of  motion,  but  is  rather 
to  be  confidered  as  auxiliary  and  fubfer- 

c vient 
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vient  to  them.  It  is  generally  allowed 
that  no  fpecies  of  mathematical  reafon- 
ing  contributes  fo  much  to  improve  and 
ftrengthen  the  mind,  as  that  which  has 
for  its  objects  the  properties  of  fpace, 
whether  they  are  purely  abftract,  or  fuch 
as  are  joined  with  the  explanation  of  natu- 
ral phenomena : but  whoever  wifhes  to  ex- 
tend the  ufe  of  the  mathematical  fciences 
till  further,  by  applying  them  to  the  in- 
veftigation  of  new  abftract  truths,  or  to 
the  folution  of  fuch  phyfical  problems  as 
any  occafion  may  prefent,  will  foon  per- 
ceive the  neceffity  of  not  confining  him- 
felf  to  the  ftudy  of  geometry  only.  It 
has  been  often  remarked,  that  thofe  who 
perfectly  underftand  the  geometrical  pro- 
pofitions,  which  explain  any  branch  of 
philofophy,  without  having  confidered 
the  fubjet  under  an  analytical  form,  find 
great  difficulty  in  applying  their  theory 
to  practice,  even  in  the  moft  ordinary 
cafes. 

The  following  pages  are  prefented  to 
the  public  as  an  imperfect  fketch,  rather 
than  as  a work  finifhed  according  to  the 
with  and  fatisfation  of  the  Author,  who 
began  this  trcatife  with  expectations  of 

con- 
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continuing  in  an  academical  eftablifh-* 
ment,  which  would  have  afforded  him 
means  and  opportunities  of  rendering  it 
more  worthy  of  the  public  eye.  The  book, 
however,  fuch  as  it  is,  has  coft  him  fome 
trouble j which  he  will  think  amply  re- 
paid, if  it  fhould  appear  in  any  degree 
to  merit  the  approbation  of  philofophical 
and  mathematical  readers. 

The  Author  takes  this  opportunity  of 
publicly  exprefling  his  thanks  and  ac- 
knowledgements for  the  liberal  afliftance 
he  has  received  toward  the  expences  of 
printing  this  volume,  from  the  Vicechan- 
cellor and  Syndics  of  the  Univerflty  Prefs. 

Trinity  College,  Cambridge, 
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Thcfc  and  innumerable  other  forces  which  originate  from 
caufes  however  different,  are  yet  referred  to  the  fame  ge- 
neral principles  of  motion,  which  it  is  the  bufinefs  of 
Mechanics  to  explain. 

Among  the  various  laws  obferved  during  the  accelera- 
tion and  retardation  of  bodies,  to  which  every  material 
fubftance  in  nature  is  fubjett  as  far  as  human  obfervation 
extends,  three,  called  Laws  of  Motion,  are  affumed  as 

• Vid. 
Seft.  IX. 
P-3  *8. 

Phyfical  Axioms;  being  proportions  which  although  the 
mind  does  not  affent  to  on  intuition,  yet  as  they  are  of 
the  moll  obvious  and  intelligible  kind,  fuggefted  conftant- 
ly  by  the  ordinary  motion  and  quiefcence  of  bodies,  and 
confirmed  by  every  experiment  which  can  be  made  on  the 
operation  of  forces,  as  well  as  by  fuch  • arguments  as  the 
nature  of  the  fubjeft  will  admit  of,  appear  the  moll  pro- 
per to  be  received  as  principles  from  which  the  theory  of 
motion  in  general  may  be  regularly  deduced. 

II. 

Axiom  i.  Every  body  perfeveres  in  its 
ftate  of  reft  or  uniform  motion  in  a right 
line,  until  a change  is  effedted  by  the 
agency  of  fome  external  force. 

2.  Any  change  effedted  in  the  quief- 
ceticeor  motion  of  a body  is  in  the  diredtion 
of  the  force  impreffed,  and  is  proportional 
to  it  in  quantity. 

3.  Atftion  and  readtion  are  equal  and 
in  contrary  diredtions. 

In  comparing  the  changes  caufed  in  the  motion  of  bo- 
dies, according  to  the  fecond  law  of  motion,  the  times  of 
effecting  fuch  changes  are  underftood  to  be  equal : Vid. 
Newt.  Princip.  Cor.  1 . to  the  axioms  in  which  this  fecond 
law  of  motion  is  referred  to. 

1.  That  a body  once  at  reft  will  continue  fo  until  it  is 
.-lfted  on  by  fome  external  force  is  a truth  fo  obvious  that 
it  nced6  no  comment.  Alfo  a moving  body  having  no 

more 
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more  power  to  alter  the  diredtion  or  velocity  of  its  mo- 
tion than  to  begin  at  firft  to  move,  mull  neceffarily  con- 
tinue to  proceed  uniformly  in  a ftraight  line,  till  a change 
is  effedted  by  the  agency  of  fome  external  force. 

2.  It  is  likewife  rational  to  fuppofe  that  any  change, whe- 
ther in  thediredtion  or  velocity  of  a body’s  motion,  ihould 
be  proportional  to  the  caufes  producing  fucli  change,  that 
is,  to  the  forces  impreffed,  the  time  of  their  adtion  being  the 
fame. — Thus  imagine  a body  to  be  moving  from  A to  B,  Fig.  i. 
if  during  the  time  of  its  motion,  a •force  be  impreffed  in 

the  diredtion  of  AC  or  B D,  which  is  parallel  to  it,  this 
impreffed  force  will  defied!  the  body  from  its  original  di- 
redtion, but  willnot  accelerate  or  retard  djgtime  of  its  arrival 
at  the  line  BE ; it  will  however  caufe  SJ^li fiances  BD,  BE 
at  which  it  arrives  in  that  line, to  become  greater  or  lefs, ac- 
cording to  the  magnitude  of  the  force  which  adts  in  the  di- 
redtion BE:  for  the  fame  reafon,  if  during  a body’s  motion 
in  thediredtion  AC,  a force  in  thediredtion  AB  be  im  prefled, 
the  time  of  the  body’s  arrival  at  the  line  C F which  is  pa- 
rallel to  AB  will  not  be  altered,  only  the  diftances  CD,  CF 
in  that  line,  will  vary  proportionally  to  the  force  adting  in 
the  diredtion  CF.  If  therefore  the  two  forces  which  adt 
upon  a body  at^  for  a given  time,  be  fiich  as  when  fingly 
applied  would  caufe  the  body  to  deferibe  the  lines  AC,  AB 
relpedtively  in  the  fame  time,  thefe  forces  being  applied  to- 
gether, the  body  by  their  joint  adtion  muft  at  the  end  of 
the  time  have  arrived  at  both  the  lines  CF  and  BE,  that 
is,  at  their  common  interfedtion  D,  in  the  extremity  of  the 
diagonal  of  the  parallelogram  A BCD,  the  two  fides  of 
which  are  in  the  diredtion  of  the  two  forces,  and  are  in 
quantity  equal  to  the  fpaces  which  would  be  deferibed  by 
the  forces  adting  fingly  for  the  fame  time. 

3.  When  a body  deferibes  equal  fpaces  in  equal  times, 
the  motion  is  faid  to  be  uniform.  The  degree  or  celerity  of 
motion  is  merely  relative,  and  implies  the  comparifon  of  the 
fpaces  deferibed  by  bodies  moving  uniformly  for  the 
fame  time : the  proportion  of  the  velocities  will  be  the 
fame  as  that  of  the  fpaces.  The  quantity  of  motion  ge- 
nerated in  a body,  is  the  effedt  whereof  the  moving  force 
is  the  caufe.  Quantities  of  motion  therefore  communi- 
cated to  bodies  in  the  fame  time  are  proportional  to  the 
moving  forces. 

Moving  bodies  alfo  become  fubfequently  the  caufe  of 
motion  in  other  bodies  by  impinging  on  them,  but  fince 
matter  poffeffes  notin  itfelfapower  of  creating  or  deltroy- 
mg  the  leaft  motion,  it  follows  that  as  much  as  is  gained  by 
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the  body  ftruck,  will  be  loft  by  the  other  body,  fo  that  the 
quantity  of  motion  exifting  in  bodies,  will  be  the  fame  be- 
fore and  after  the  impaft.  From  the  fame  principle  it  fol- 
lows, that  a body  any  how  attradling  another  body  is  at- 
tracted by  it  with  equal  force,  and  it  appears  from  every  ex- 
periment which  can  be  made  on  bodies  which  approach  each 
other  in  a right  line,  by  means  of  their  mutual  attraction, 
that  they  move  with  velocities  which  are  inverfely  pro- 
portional to  the  quantities  of  matter  contained  in  them : 

1 1 would  follow  from  hence  immediately, that  the  quantities 
of  motion  in  moving  bodies,  are  proportional  to  their 
quantities  of  matter  and  velocities  jointly ; the  fame 
conclufion  however  may  be  deduced  from  the  laws  of 
motion  only,  independent  of  any  experiments. 

Thefe  three  phy'fical  propofitionshaving  been  aflumed  as 
principles  of  motion,  reduce  the  fcience  of  mechanics  to 
mathematical  certainty,  arifing  not  only  from  the  ftrift 
coherence  of  innumerable  properties  of  motion  deduced 
from  them  a priori,  but  from  their  agreement  with  matter 
of  faCt,  which  agreement  is  ever  feen  mod  confpicuous 
when  moft  feverely  and  minutely  examined : It  is  from 
thefe  confiderations  that  the  laws  of  motion  have  been  ef- 
teemed  not  only  phyfically  but  mathematically  true. 

III. 

Any  force  adting  upon  a body  conti- 
nually in  the  fame  direction,  will  produce 
a continual  acceleration  or  retardation  of 
its  motion. 

* id  Law  Any  velocity  * produced  in  a body  will  be  continued  uni- 
of  motion,  form,  after  the  a£l  ion  of  the  force  ceafes;  but  as  long  as  the 
id.  Law  force  a£ts,  new  velocity-|-  mull  be  generated  at  every  inllant 
of  motion.  0f  the  body’s  motion.  Thus  a body  defeending  to  the 
earth  by  the  force  of  gravity,  deferibes  unequal  Ipaces  in 
equal  times,  its  motion  being  continually  accelerated. 
Alfo  the  elaftic  fleam  of  gunpowder  afting  upon  a mulket 
ball,  caufes  a perpetual  acceleration  of  motion  during  its 
progrefs  through  the  barrel ; whereas  if  the  ball  imping- 
ing againft  a block  of  wood  penetrates  into  its  fubftance, 
the  retarding  force  of  the  block  caufes  a continual  dimi- 
nution of  the  initial  velocity  of  impadl,  till  the  whole  mo- 
tion pf  the  ball  is  deftroyed. 
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The  laws  of  acceleration  and  retardation  will  depend  on 
thofe  of  the  force,  which  may  be  infinitely  varied.  Thefe 
different  forces  divide  themfelves  into  two  forts,  viz.  va- 
riable and  conllant,  which  diftinttion  Ihould  be  next  de- 
feribed. 

IV. 

If  during  a body’s  motion,  equal  velor 
cities  be  communicated  or  deftroyed  in 
equal  fucceffive  portions  of  time,  the  force 
is  faid  to  be  conllant,  and  the  velocity 
uniformly  accelerated  or  retarded. 

By  the  fecond  law  of  mption,  any  change  produced  iq 
the  velocity  of  a moving  body,  is  in  the  fame  diredtion 
with  the  force  impreffed,  and  is  proportional  to  it  in  quan- 
tity, the  time  being  given : wherefore  by  the  propofition, 
equal  velocities  being  produced  or  deftroyed  in  equal  times, 
it  follows  that  the  force  adls  equably. 

Of  this  fort  is  the  force  of  gravity,  which  in  the  defcent 
orafcent  of  a body  creates  or  deftroys  a velocity  of  32  ^ 
feet  in  each  fecond  of  time;  alfo  the  force  whereby  a 
block  of  wood  refifts  the  progrefs  of  a ball  entering  into 
it,  deftroys  equal  velocities  in  equal  times. 

V. 

.When  unequal  velocities  are  generated 
or  deftroyed  in  equal  fucceffive  portions  of 
time,  the  force  is  faid  to  be  variable.  * 

By  the  fecond  law  of  motion  the  force  is  as  the  velocity 
generated  or  deftroyed  in  the  fame  body  in  a given  time, 
which  velocity,  by  the  propofition,  is  variable  : It  follows 
therefore,  that  the  force  is  variable. 

When  a body  proceeds  with  accelerated  or  retarded  mo- 
tion, the  velocities  in  any  points  of  the  fpace  deferibed,  are 
eftimated  by  finding  what  fpaces  would  be  deferibed  by 
the  velocities  acquired  in  thofe  points,  and  continued 
uniform  for  a given  time : the  fpaces  deferibed  will  give 
the  ratio  of  the  velocities  required. 


In 
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In  like  manner  to  eftimate  a variable  force  adlinfj  upon 
a body  in  any  two  points  of  the  fpace  defcribed,  it  is'  necef- 
fary  to  find  what  would  be  the  velocities  generated  or  de- 
ftroyed  in  a given  time,  by  the  force  a&ing  in  thofe  points, 
and  continued  conftant ; the  ratio  of  thefe  velocities  will 
give  the  ratio  of  the  forces  required. 

It  appears  therefore  that  the  properties  of  variable 
forces  mull  be  referred  to  thofe  of  conftant  forces:  thefe 
are  confidered  in  the  enfuing  propofitions. 

Although  the  properties  of  acceleration  and  thofe  of 
retardation  are  equally  deducible  from  the  laws  of  motion, 
and  might  be  demonftrated  together,  yet  it  will  be  more 
convenient  to  confider  them  feparately.  The  laws  of  ac- 
celeration being  demonftrated,  thofe  of  retarded  motions 
will  follow  from  them. 


VI. 

When  a body  is  a6ted  upon  by  a con- 
ftant force,  there  are  four  quantities  which 
become  the  objefts  of  mechanical  confi- 
deration,  viz.  the  fpace  defcribed,  the 
time  of  defcription,  the  velocity  acquired, 
and  the  force  which  produces  it ; any  two 
of  which  being  given,  the  others  may  be 
afcertained. 

It  may  be  remarked,  that  the  force  here  mention- 
ed, relates  to  the  communication  of  velocity  only,  any 
difference  in  the  quantities  of  matter  moved,  not  being 
confidered:  It  is  called  the  accelerating  force,  being  pro- 
portional to  the  velocity  generated  in  a given  time. 

The  moving  force  relates  to  the  quantity  of  matter 
moved,  as  well  as  the  velocity  communicated,  and  it  is 
proportional  to  the  quantity  of  motion  produced  in  a given 
time. 

The  diftinttion  between  thefe  forces  will  further  appear 
from  confidering  what  is  the  meafure  of  the  quantities 
of  motion  cojnmunicatcd  to  bodies,  or  of  the  moving 
forces  by  which  fuch  motion  has  been  generated. 


VII. 
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VII. 

The  moving  forces  which  communicate 
the  fame  velocity  in  a given  time,  to  dif- 
ferent bodies,  will  be  as  the  quantities  of 
matter  contained  in  the  bodies  moved. 

For  if  one  body  contain  a quantity  of  matter  ten  times 
greater  than  another,  then  may  the  heavier  be  divided  in- 
to ten  bodies,  each  equal  in  quantity  of  matter  to>  the 
lighter;  and  whatever  force  be  required  to  produce  a cer- 
tain velocity  in  the  lighter  body,  ten  of  thefe  forces  will 
be  necdTary  to  impel  the  ten  bodies  through  the  fame  fpace 
in  the  fame  time,  fo  that  the  velocities  of  all  the  bodies 
(hall  be  equal  at  the  end  of  the  motion;  and  it  is  the 
fame  as  to  the  velocity  produced,  whether  the  bodies  be 
feparated  or  united,  the  ten  forces  Hill  aiding  upon  r.hem. 

Thus  the  moving  force  exerted  by  gravity  upon  bodies 
defending  towards  the  earth’s  centre,  is  proportional  to 
the  quantities  of  matter  contained  in  them  ; for  it  ap  pears 
from  experiment,  that  all  bodies,  whatever  be  their  w<  *ights 
defcend  near  the  earth’s  furface  through  equal  fpa  ces  in 
equal  times,  acquiring  the  fame  velocity  in  their  de  fcent, 
the  air’s  refinance  being  removed, and  it  is  manifeft  fr<  )m  the 
propofition,  that  the  heavier  bodies  will  require  a g renter 
force  to  move  them  than  the  lighter,  according  'to  the 
quantities  of  matter  contained  in  them. 

VIII. 

The  moving  forces  adling  upon  bodies 
and  the  quantities  of  motion  < jommu- 
nicated  to  them  in  a given  time,  are  pro- 
portional to  the  quantities  o f matter 

moved  and  the  velocities  com  municated 
jointly. 

For  when  the  velocity  communicated  i'  n a given  time  is 
the  fame,  the  moving  force  # is  as  the  q uantity  of  matter 
moved;  and  f when  the  quantity  of  m?  ,tter  is  given,  the 

mov- 


: ArtVir. 
■ id.  Law 
tf  motion. 


inoving  force  is  as  the  velocity  communicated  in  the  fame 
time;  therefore  both  quantities  of  matter  and  velocities 
communicated  in  the  fame  time,  being  different,  the  mov- 
ing forces,  and  their  effedds  the  quantities  of  motion  pro- 
duced, will  be  as  the  quantities  of  matter  and  velocities 
communicated  jointly. 

It  is  fometimes  afferted,  that  there  are  two  methods 
whereby  motion  may  be  communicated  or  deftroyed,  viz. 
either  by  the  continual  addion  of  a moving  force,  or  by  in- 
llantaneous  impadd ; but  the  latter  way  can  obtain  only  in 
perfeddly  hard  and  inflexible  bodies,  which  exift  notin  na- 
ture ; and  even  in  the  abldradd  confideration  of  thefc,  as  well 
as  of  other  cafes  in  mechanicks,  when  metnphyfical  poffibi- 
litiesinfteadof  the  natural  date  of  bodies  are  attended  to, 
difficulties  arife  hardly  explicable  by  any  method  of  reafon- 
ing  ; but  it  is  certain,  that  when  finite  velocity  is  commu- 
nicated to  any  natural  body,  the  time  wherein  it  is  commu- 
nicated mull  be  finite,  fo  that  when  the  body  added  upon 
begins  to  move  from  quiefcence,  it  will  during  the  addion 
of  the  force  poffefs  all  the  intermediate  degrees  of  velo- 
city, between  o and  the  velocity  ultimately  communi- 
cated. 

To  exemplify  this  further,  let  us  imagine  that  a foftand 
flexible  fubldance,  fuch  as  a ball  of  clay  impinges  againfl: 
another  fubftance  of  the  fame  fort,  in  the  direddion  of  a 
line  joining  the  centres  of  the  balls.  At  the  firft  inldant  of 
theimpndd.the  body  Idruck  will  begin  to  move, and  will  pro- 
ceed with  a velocity  inferior  to  that  of  the  impinging  bo- 
dy, the  velocity  of  which  will  continue  to  decreafe,and  that 
of  the  other  body  to  increafe  as  long  as  the  impadd  caufes  a 
change  in  the  figure  of  the  two  bodies,  that  is,  till  they 
fhall  have  poffeffed  a velocity  common  to  both,  at  which 
inidant  all  acceleration  ceafes;  provided  the  bodies  be  per- 
feddly  nonel.aidic.  If  the  bodies  be  of  fuch  a kind  as  after 
having  received  impreffion  from  any  impadd  poffefs  a power 
of  reftoring  tlieir  changed  figure  with  a force  equal  to  that 
of  the  impadd,  it  is  manifeld,  that  whatever  velocity  was 
communicated  Bring  the  change  of  figure,  an  equal  velo- 
city will  be  fuperadded  during  the  retdoration  of  it.  In 
this  cafe  after  tie  acceleration  arifing  from  the  impadd  du- 
ring the  change  t'f  the  bodies  figure  has  ceafed,  the  bodies 
having  then  acquired  a common  velocity,  a new  accelera- 
tion will  begin,  toeing  caufed  by  the  elaidic  force  of  the 
balls,  which  adding  in  a direddipnof  the  lines  joining  their 
centers,  tends  to  Cep; irate  them,  accelerating  the  ball  Idruck 
and  retarding  the  other. 

From 
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From  thefe  confiderations  it  appears,  that  in  whatever 
degree  the  hardnefs  of  perfedtly  elaftic  bodies  may  differ, 
the  effects  of  their  impadts  on  each  other  will  be  the  fame, 
the  weights  and  velocities  before  the  ftroke  being  given. 
For  the  figures  of  the  ftriking  and  of  the  other  body  mull 
continually  change,  till  they  have  acquired  a common 
velocity,  which  depends  only  on  the  weights  of  the  bodies 
and  velocity  of  the  impadl,  and  is  determined  by  the  rules 
for  the  collifion  of  nonelaftic  bodies.  Moreover,  the  re- 
ftoration  of  the  changed  figures,  how  fmall  or  great  foever 
may  have  been  the  change,  mull  caufe  an  addition  of  ve- 
locity in  the  ball  ftruck  equal  to  that  received  from  the 
impadl. 

It  follows  alfo,  that  the  effedls  of  the  ftroke  will  be  the 
fame,  whether  both  bodies  be  perfedtly  elaftic,  or  one  per- 
fedtly elaftic,  and  the  other  perfedtly  hard,  every  thing 
elfe  being  given:  for  the  figure  of  the  elaftic  body  itiull 
change  till  the  bodies  have  obtained  a common  velocity, 
which  depends  on  the  weights  and  velocities  before  the 
ftroke  only,  and  will  be  the  fame  as  if  the  bodies  were 
nonelaftic ; the  reftoration  of  the  figure  will  in  this,  as 
well  as  in  the  former  cafe,  caufe  an  increafe  of  velocity  in 
the  ball  ftruck  equal  to  that  before  communicated. 

Although  no  fubftance  in  nature  poftefles  perfedt  elafti- 
city,  or  is  entirely  deftitute  of  it,  yet  there  are  feveral 
elaftic  and  nonelaftic  bodies  fubjedt  to  experimental  trials, 
wherein  the  laws  relating  to  collifion,  are  found  to  agree 
with  matter  of  adt,  to  a confiderable  degree  of  exadlnefs. 


IX. 

The  accelerating  forces  which  commu- 
nicate velocities  to  bodies,  are  as  the 
moving  forces  diredtly,  and  the  quantities 
of  matter  moved  inverfely. 


Since  the  accelerating  force*  is  as  the  velocity  gene-*  Art  VI. 
rated  m a given  time,  and  by  the  laft  article  the  moving 
force  is  as  the  quantity  of  matter  and  velocity  generated 
m a given  time,  it  follows  that  the  moving  force  is  as  the 

accelerating  force,  and  the  quantity  of  matter  moved  joint- 
ly ; that  is,  the  accelerating  force  is  as  the  moving  force 
dtrettly,  and  the  quantity  of  matter  moved  inverfely. 

f o illuftrate  this,  let^and  q denote  any  two  mafles  of 
ma  ter  . let  m be  the  force  or  weight  by  which  gravity  im- 
pels q towards  the  earth’s  centre,  and  let  Af  be  any  other 

fore# 
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force  which  urges  the  mafs  £>j  then  by  the  proportion1 
the  ratio  of  the  velocities  generated  in  i^and  q in  a given 
time,  or  which  is  the  fame,  the  ratio  of  the  forces  which 
accelerate  ^and  q will  be  that  of  M x q ■ m x where- 
fore if  F be  put  for  the  force  which  accelerates  and  f 
for  the  accelerating  force  of  gravity,  we  (hall  have  F : 

F M q 

M x q : m X9>  or  — = — x ~ . Now  it  is  manifeft, 
f tn 

p M 9 

that  the  values  of  the  quantities  — , — and  — , depend 

f m q 

only  on  the  ratios  of  the  numerators  to  the  denominators ; 
for  which  reafon,  the  ftandard  or  conftant  quantities  f,  m 
and  q,  with  which  F,  M and  ^are  compared,  may  be  *af- 

M 

fumed  = i : this  will  give  F — — . Thus,  let  a mafs 

of  matter  — to  that  contained  in  4 ounces  of  any  fub- 
ft  ance,  be  impelled  by  a force  — to  the  weight  of  3 ounces, 
then  the  force  which  accelerates  the  mafs  of  4 ounces  will 
be  f,  when  the  acceleration  of  gravity  is  1 ; or,  in  other 
words,  it  will  generate  in  a given  time  three  parts  in  four 
of  the'velocity  which  gravity  generates  during  any  given 
time  in  bodies  which  defcend  toward  the  earth’s  furface. 

When  any  quantity  is  faid  to  be  given,  it  is  meant,  that 
the  relation  of  it  to  fome  fixed  quantity  of  the  fame  fort, 
confidered  as  a ftandard,  is  known;  in  like  manner,  when 
any  quantity  is  fought,  it  is  required  to  find  the  relation 
of  this  unknown  quantity  to  fome  fixed  ftandard  of  the  fame 
kind.  All  forces  of  acceleration  are  referred  to  gravity, 
that  is,  to  the  force  whereby  the  earth  accelerates  adjacent 
bodies  towards  its  centre.  Time  is  referred  to  the  earth’s 
periodic  revolution  round  its  axis,  whether  it  be  confi dered 
as  divided  into  hours  or  minutes,  &c.  Thefe  two  are  de- 
finite ftar.dards,  common  to  all  ages  and  climes,  and  it 
appears  from  the  laws  of  motion,  that  ftandards  of  (pace 
and  velocity  alfo  are  determinable : but  many  difficulties  in 
practice  have  hitherto  prevented  any  methods  from  being 
carried  into  execution  to  fix  thefe ; fo  that  different  na- 
tions continue  to  make  ufeof  different  meafures  to  which 
they  refer  all  other  fpaces : and  even  in  the  fame  na- 
tion thefe  meafures  from  the  imperfection  of  the  materials 
compofng  them,  as  well  as  from  various  accidents,  have 
been  found  in  a feries  of  ages  liable  to  alteration. 

The  next  feftion  contains  a few  properties  of  ratios, 
which  immediately  relate  to  the  mechanical  propofitions 
enfuing,  as  well  as  to  the  nature  of  the  ftandard  quantities 
juft  described. 

J S f.  r t. 
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Sect.  II. 

CONTAINING  SOME  PROPERTIES  OF  RA- 
TIOS. 

I. 

TW  O mathematical  quantities  of 

the  fame  kind  conftitute  a ratio. 

/ 

Thus  two  lines,  two  furfaces,  &c.  conftitute  a ratio 
which  may  always  be  exprefled  by  numbers,  either  com- 
menfurable  or  incommenfurable  with  unity. 

Phyfical  quantities,  which  are  in  themfelves  not  mathe- 
matical, are  neverthelefs  capable  of  mathematical  rela- 
tion, if  they  are  meafurable  by  fpace  or  number;  thus 
angles,  velocities,  times,  and  forces,  and  ratios  themfelves, 
become  capable  of  mathematical  relation. 


II. 

The  ratio  of  two  mathematical  or  phy- 
fical quantities  may  be  compared  with  the 
ratio  of  two  other  quantities,  though  of 
a different  kind  from  the  former. 

Thus  when  two  bodies  move  uniformly  for  the  fame 
time,  the  fpaces  defcribed  vary  with  the  velocities,  and 
though  fpace  and  velocity,  being  different  kinds  of  quan- 
tity, are  not  comparable,  yet  the  ratio  of  the  fpaces  is 
comparable  with  that  of  the  velocities,  thefe  ratios  being 
equal. 


Bz 


III. 


[ 12  ] 


III. 

If  any  quantity  be  divided  by  a quantity 
of  the  fame  fort,  the  quotient  becomes 
abftract  number. 

Thus  if  U and  reprefent  two  velocities,  then  will 
U 

- be  a number  which  is  to  i as  U : v. 
w 


IV. 

The  ratio  of  any  mathematical  or  phy- 
fical  quantities  may  be  exprefled  by  two 
numbers,  if  both  terms  of  the  ratio  be 
divided  by  the  confequent,  or  by  the  an- 
tecedent. 

Thus  if  F and  f reprefent  two  forces,  and  both  be  divided 

F 

b y f,  the  ratio  will  become^  : i,  which  by  the  laft  pro- 
portion is  that  of  number  to  number. 

V. 

Any  ratio  may  be  reprefented  by  a 
fradfion,  the  numerator  of  which  is  the 
antecedent,  and  denominator  the  confe- 
quent of  the  ratio. 

Hence,  the  addition  and  fubftra&ion  of  ratios  may  be 
performed  by  the  multiplication  and  divifion  of  fra&ions. 
Thus,  when  two  bodies  move  uniformly,  the  ratio  of  the 
fpaces  defcribed  is  equal  to  the  ratio  of  the  velocities  add- 
ed to  the  ratio  of  the  times  of  motion,  and  is  expreffed 

thus  at  length,  S : s ::  T X F : t X ‘ v,  or  thus,  - rc 

7* 
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— X - ; which  equation  implies,  that  an  abllrafl  number 
/ v 

s' 

— , is  equal  to  the  produtt  of  two  other  abftraft  numbers 
s 

T V 

— and  — : and  if  the  confequents  s,  t,  and  nj,  be  made 

t <v 

unity,  which  affumption  will  not  alter  the  values  of  the 
ratios,  provided  the  antecedents  S,  T,  and  J'vary  propor- 
tionally, the  arithmetic  of  thefe  ratios  will  be  hereby  faci- 

S T F 

litated,  for  the  lalt  equation  will  become  - — — x -,  or 

S — T X V;  S,T  and  V being  abflraft  numbers. 

It  mull  be  obferved  in  general,  that  whenever  a mark 
of  equality  is  interpofed  between  heterogeneous  quanti- 
ties, as  S — T X V,  no  other  equality  is  meant,  but  that 
which  fubfilts  between  the  ratios  there  exprelfed ; that  is, 
the  ratio  of  the  fpaces,  viz.  S : i,  is  equal  to  the  fum  of 

ratios  T : i and  F\  i ; fo,  fince  T — - , we  have  the  ra- 
tio of  the  times,  is  equal  to  the  ratio  of  the  fpaces  dimi- 
nilhed  by  the  ratio  of  the  velocities.  Moreover,  when  the 
mark  of  multiplication  is  interpofed  between  heteroge- 
neous quantities,  it  means  the  addition  of  two  ratios,  the 
antecedents  of  which  are  the  terms  expreffed,  and  confe- 
quents are  unity. 


VI. 

A.  E , c 

■Let  — , — and  — , be  three  ratios,  con- 
a b c 

lifting  of  variable  terms.  If  the  relation 
of  thefe  quantities  be  fuch,  that  when 

~ becomes  unity,  or  the  ratio  of  equality, 


A B B 

~ — ly  alfo  when  - becomes  unity,  if 

AC 

~ — the  propofition  aflerts,  that  what- 


ever 


) 
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A B C 

ever  be  the  magnitudes  of  — , - and  — 

a b c ’ 

, .ABC 

we  always  have  — = — x — . 

a b c 

^ . A B 1 +d  C'+‘  , , B 

For  if  not,  let  — — - x — — , then  when  - — I, 

a bl-rd  f>+e  b 

A C l~\~e  B 

we  have  — — ’ but  by  the hypothefis,  when  — i, 

A C C'  + ' C 

— — — : wherefore — — — and  i + « z i . This 

a c r'+«  c < 

contradictory  conclufion  arifes  from  denying  the  propor- 
tion afferted,  which  is  therefore  true. 

Af  Bm  Cn 

In  general  let  — , —m  and  — be  three  ratios,  confifting 

of  the  variable  terms  A a,  B b,  and  C c \ if  the  relation  of 

C”  A f Bm 

thefe  quantities  be  fuch,  that  when  — = i,  — = 

B m Af  C n 

alfo  when  y-~  — i,~  — then  whatever  be  the  mag- 
b ap  cn 

. , . A <•  Bm  C"  . Af  Bm  C" 

nitudes  of  — , ^ and  — , we  have  — = jrn  * • for 

. Af  Bm+e  C”+d  , , Bm 

if  not,  let  * —T7,  then  when  = I,  wc 

have  — — ■ but  by  the  hypothefis,  when  -rzz  i, 

a p fn+d  P 

/ ip  nn  C"  , , , 

— — — ; wherefore  — -r-r  = — , and  #_«  + </,  the 

af  c”  cn+d  c 

lelfer  equal  to  the  greater,  if  d be  of  finite  magnitude; 

Af  B*+‘  C" 

and  Ihould  d be  evanefeent,  we  have  — — ^m+£  X 

from  which  by  proceeding  in  the  fame  manner  as  be- 
fore, it  wou'd  be  deduced  that  in  -(-  e ~ m ; that  is.  if 
e be  of  any  finite  magnitude,  the  lelfer  is  equal  to  the 
greater,  which  is  impoflible : it  follows  therefore,  the 
quantities  d and  e being  necelfarily  evanefeent,  that 
Af  __  B^  C" 

^ c n * 

a Cor.  i.  The  weights  of  bodies  depend  upon  their  mag- 
nitudes and  denfities:  and  if  fT,  w reprefent  the  weights 
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of  two  bodies,  M,  m their  magnitudes,  and  D^d  their  re- 

fpettive  denfities,  then  when  M — m,  or  ——  i,  the 

, „ . W D ,r  _ 

weights  will  be  as  the  denfities,  or  — r:  - ; alio,  it  U 

IV  M 

— d the  ratio  of  the  weights  — — — the  ratio  of  the 

— ’ <w  m 

magnitudes : wherefore  by  the  propofition,  whatever  be 

S . . W M ,D  . JVM 

the  quantities  — , — and  -,  we  always  have  — - X 

^ <u>  m d nx>  m 

— , or  the  ratio  of  the  weights  — the  fum  of  the  ratios  of 
d 

the  magnitudes  and  denfities. 

Cor.  z.  The  ratio  of  equality  is  in  quantity  — o,  be- 
caufe,  being  added  to  or  fubftradled  from  any  ratio,  it 
caufes  neither  increafe  nor  diminution  of  the  ratio.  Thus, 

when  j m:  i»  or  when  D and  d are  in  the  ratio  of  equa- 

, IV  M i M 

lity,  we  have — - x — rr  — . 

J *w  m l m 

Cor.  3.  An  inverfe  ratio  is  that  wherein  the  confequent 
and  antecedent  are  inverted,  or  if  expreffed  by  a fraftion, 
it  is  when  the  numerator  becomes  the  denominator,  and 

m . 

the  denominator  the  numerator,  thus  — is  the  inverted 


ratio  of 


M 


Cor.  4.  An  inverted  ratio  is  equal  in  quantity  to  the 
direft  ratio,  but  is  negative  in  refpeft  of  it;  for  by  adding 
the  dire£t  and  inverfe  ratios  of  two  quantities  together,  the 
fum  becomes  — o,  or  the  ratio  of  equality  : thus  the  diredt 

ratio  — added  to  the  inverted  ratio  the  fum  becomes 

m M 

mM  1 . . WDM  , MW 

= n thus  fincc  — — - X — we  have  — r=  — 

M.  ml  w d m m w 

X — , or  the  ratio  of  the  magnitudes  — the  ratio  of  the 

weights  added  to  the  inverted  ratio  of  the  denfities;  or 
fince  the  inverted  ratio  of  the  denfities  — — the  diredl  ra- 
tio of  the  denfities,  it  follows,  that  the  ratio  of  the  mag- 
nitudes will  be  equal  the  difference  between  the  ratios  of 
the  weights  and  denfities. 

Cor.  5.  Whenw,  w and  d,  arc  each  — 1,  then  will  M 

D 
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D and  IV  bt  abftratt  numbers,  and  we  have  M — — cx- 

~D 

prefling  the  ratios  defcribed  in  the  laft  Cor. 


VII. 

In  the  companion  of  the  ratios  which 
obtain  between  mathematical  quantities 
of  any  fort,  the  ftandard  to  which  each 
of  thofe  quantities  is  referred,  may  be 
aftumed  = i. 

This  will  be  beft  illuftrated  by  an  example.  Let  the 
weight,  magnitude  and  denlity  of  any  fubftance  be  refpec- 
tivcly  IV,  M and  D.  Thefe  relative  terms  imply  the  con- 
fideration  of  fome  ltandard  fubftance  with  the  weight, 
magnitude  and  denfity  of  which  IV,  M and  D are  com- 
pared. If  the  weight,  magnitude  and  denfity  of  the  fland- 

ard  fubftance  be  uu,  m and  d,  we  have  in  general  — — 

■iu  in 

D 

X 7' 

Let  a cubic  inch  of  water  be  afliimed  as  a flandard  fub- 
flance,  then  may  <tv,  m and  d be  each  taken  — i,  the 
correfponding  terms  being  exprefled  proportionally 
to  i,  and  the  equation  exprefling  the  relation  of 
weight,  magnitude  and  denfity  of  the  fubltance,  to  thofe  of 
IV  M D 

water,  will  be  — — — x — , or  IV—  M X D ; IV,  M and 

i 1 i 

D being  abftraft  numbers.  This  affumption  will  be  moil 
ufeful  in  general  folutions,  but  in  the  application  of 
them  to  particular  cafes,  fince  the  weight  of  a cubic  inch 
of  water,  which  was  affumed  — i,  correfponds  with  none 
of  our  common  weights,  it  is  more  convenient  to  afcertain 
by  experiment,  what  is  the  weight  of  a cubic  inch  of  wa- 
ter, when  referred  to  any  of  the  ftandard  weights  in  ufe 
among  us,  viz.  to  ounces  or  grains,  &c.  and  it  appears 
upon  trial,  that  the  weight  fought  is  .57869  parts  of  an 
avoirdupoife  ounce  : this  being  therefore  fubftituted  in  the 

IV 

preceding  equation  for  wor  1,  we  have — - r=  M x D, 

.57069 

or  IV  — .5 7869  M x D,  which  exprefles  the  relation  of 

the 
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the  weight,  magnitude  and  denfity  of  the  given  fubftance, 
compared  with  the  weight,  magnitude  and  denfity  of  wa- 
ter, and  accommodated  to  our  ftandard  meafures  of  weight 
and  fpace,  that  is,  the  weights  being  eftimated  in  avoir- 
dupoife  ounces,  and  the  magnitudes  in  cubic  inches. 

If  inftead  of  a cubic  inch,  m be  made  — to  a cubic  foot, 
this  will  afford  a greater  facility  in  practice : in  this  cafe, 
m — i cubic  foot,  and  water  being  ftill  confidered  as  the 
ftandard  fubftance,  w rr  the  weight  of  a cubic  foot  of  wa- 
ter = iooo  ounces  avoirdupoife  by  experiment,  if  the 
fpecific  q*auity  of  water  be  affumed  =r  1000,  we  have 
W D 

— — X , or  W — M X D,  which  is  the  rule 

1000  i 1000 

delivered  in  Cotes’s  Hydroftatics,  Left.  6. 

The  abbreviations  made  ufe  of  in  the  following 
propofitions  are  thefe;  F and  f reprefent  any  two 
conftant  forces,  V denotes  the  velocity  generated  by  the 
force  F in  the  time  T,  during  which  time  the  fpace  S 
is  defcribed  by  conftant  acceleration;  <v  is  the  velocity 
generated  during  the  time  t,  by  the  aftion  of  an  accele- 
rating force  f,  the  fpace  defcribed  during  the  time  t be- 
ing s. 

F and  f are  always  underftood  to  be  accelerating  forces 
proportional  to  the  velocities  generated  in  a given  time. 


C 
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Sect.  III. 

CONCERNING  THE  RECTILINEAR  MOTION 
OF  BODIES  IMPELLED  BY  .»  FORCES 
WHICH  ACT  UNIFORMLY. 

, ■ . 

I. 

THE  velocities  generated  in  bodies 
by  the  aftion  of  conftant  forces,  are 
as  thofe  forces  and  the  times  in  which 

V F T 

they  a£l  jointly,  or  — = - x 


* 2d.  Law 
of  motion. 


+ Sea.  I. 
Prop.  IV. 


t Sea.  TI. 
Prop.  VI. 


For  when  the  times  are  the  fame,  the  velocities  gene- 

■ t* 

rated  are  as  the  forces  of  acceleration,*  that  is, when  -=zi, 
V F 

- — — : and  if  the  forces  are  the  fame,  the  velocities  ge- 
v f ° 

nerated  are  as  the  times  wherein  the  forces  adt;  becaufe 
when  the  force  is  given,  equal  velocities  f are  generated 
in  equal  times,  and  confequently  the  whole  velocities  ac- 
quired are  as  the  times  wherein  the  given  force  adts;  that 
1 F V T 

is,  when  — — i , - = - ; wherefore,  both  times  and  ac- 
f v t 

celerating  forces  being  different,!  the  velocities  generated 
will  be  as  the  forces  and  the  times  of  their  adtion  jointly  : 

TV  F 

whatever  therefore  be  the  magnitude  of  — , - aqd  y,  it  is 
V F T 


proved,  that  — — — 


= - X -. 
t 


III 
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In  this  proportion,  F reprefents  any  conftant  force, 
which  in  the  time  T,  generates  a velocity  V;  /reprefents 
any  other  conftant  force,  which  in  the  time  t,  generates  a 
velocity  u ; this  propofition,  therefore,  is  wholly  inde- 
pendent of  the  abfolute  magnitudes  of  the  forces,  veloci- 
ties and  times,  and  confequently,  no  abfolute  quantity  can 
be  inferred  from  it.  The  ufe  of  the  propofition  is,  how- 
ever, to  compare  any  undetermined  velocity,  the  conftant 
force  which  produces  it,  and  the  time  wherein  it  is  ac- 
quired, with  a known  velocity,  the  known  force  by  which 
it  is  generated,  and  the  definite  or  ftandard  time  wherin 
the  known  force  adts  refpedlively  : the  effedfs  of  this  known 
force,  as  to  the  velocity  produced  and  time  of  producing 
it,  being  determined  by  adtual  obfervation.  In  this  cafe, 
therefore,/ will  reprefent  a ftandard  force,  the  velocity 
generated  by  it  in  the  time  t,  all  which  might  be  f alfumed 
equal  i , fo  as  to  make  V — F x T:  and  in  general  folutions 
unapplied  to  any  abfolute  known  force,  fuch  afl'umption  is 
allowable,  becaufe  there  is  as  much  reafon  to  denominate 
any  one  fpace  (for  example  32-^  feet)  unity,  as  any  other. 

But  fince  moll  phyfical  propofitions  are  either  immediate- 
ly or  ultimately  applied  to  the  operation  of  natural  forces, 
the  effedls  of  which  are  eftimated  by  meafures  of  fpace, 
which,  however  arbitrarily  fixed  at  firft,  ftill  continue  in 
common  ufe,  it  may  be  proper  to  deferibe  fuch  phyfical 
ftandards  of  force,  time  and  velocity,  with  which  all  other 
forces,  times  and  velocities  may  be  conveniently  compared. 

Of  thefe  three  ftandard  quantities,  two  muft  be  full 
given  or  fixed  on  at  pleafure,  and  the  third  obtained  by 
adtual  obfervation.  Now  gravity  is  a force,  the  general 
and  permanent  nature  of  which  renders  it  the  moll  proper 
to  be  affumed  as  a ftandard,  to  which  all  other  forces  may 
be  referred  : wherefore,  this  muft  be  one  of  the  given  quan- 
tities, and  may  be  * denoted  by  1,  every  other  force, 
with  which  it  is  compared,  being  reprefen  ted  by  a num- 
ber which  is  to  1 , as  that  force  is  to  gravity  : on  the  other 
hand,  bodies  may  acquire  different  velocities,  defeending 
by  gravity  in  different  times.  We  may  therefore  chufe 
whether  to  alfume  a certain  velocity,  and  denominating  it 
1 , obferve  in  what  time  the  adtion  of  gravity  generates 
this  velocity  ; or  we  may  alfume  a time  — 1 , and  obferve 
the  velocity  generated  during  the  adtion  of  gravity  for 
that  time.  . The  latter  method,  however,  from  the  nature 
of  the  cafe  is  evidently  preferable  to  the  other  ; which  will 
appear  from  the  following  confiderations.  Time  is  ne- 

C 2 ceflarily 


f Se£l.  IT. 
Prop.  Vll. 


* Sea.  IT. 
Prop.  Vll. 
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ceflarfly  referred  to  the  revolution  of  the  earth  round  its 
axis,  whether  it  be  confidered  as  divided  into  minutes  or 
feconds,  &c.  this  periodic  revolution  being  liable  to  no 
alteration  or  variation  whatever,  and  confequently  the 
meafures  of  its  parts,  confifting  of  the  portions  of  a given 
angle,  defcribed  uniformly  will  be  invariable,  and  there- 
fore common  to  all  ages,  and  places  upon  earth  the  moil 
diftant  from  each  other. 

We  obferve,  from  hence,  that  (landards  of  force  and  time 
are  pointed  out  by  nature  herfelf,  and  fo  plainly  as  to 
have  found  univerfal  reception  among  mankind:  where- 
as, although  llandards  or  invariable  meafures  of  fpace 
and  velocity,  are  alfo  equally  fixed  by  nature,  yet  the 
determination  of  them  requiring  ficill  in  the  theory,  as 
well  as  the  practical  parts  of  mechanics,  has  among  other 
caufes  prevented  fuch  meafures  from  becoming  any  where 
adopted ; the  reafon  of  which  is,  that  men  find  it  ne- 
ceffary  to  weigh  and  to  meafure,  before  they  become  phi- 
lofphers ; and  in  more  improved  times,  philofophy  is  of 
too  little  confequence  to  alter  what  has  been  eilablifhed 
by  centuries  of  continual  ufe. 

It  is,  however,  necefl'ary  in  phyfical  enquiries,  to  obtain 
a ftandard  velocity,  by  aftually  obferving,  or  inferring 
from  fome  other  aftual  obferfervations,  what  velocity  is 
generated  by  the  force  of  gravity  during  a given  time,  for 
example  one  fecond  : this  velocity  being  expreffed  in  the 
meafures  of  fpace,  which  are  in  common  ufe. 

The  determination  of  this  ftandard  velocity  will  render 
the  propofition  above  demonftrated,  applicable  to  the 
comparifon  of  all  other  velocities  generated  in  any  differ- 
ent times,  and  by  any  conftant  forces,  with  fuch  velocities, 
as  are  generated  by  the  force  of  gravity  ; the  times  and 
forces  themfelves  being  at  the  fame  time  compared  : For 
fuppofe  it  to  have  been  obferved,  that  in  a body’s  defcent 
by  the  force  of  gravity  for  one  fecond,  a velocity  was  ge- 
nerated which  would,  if  uniformly  continued,  carry  the 
body  through  a fpace  ~ ‘v  in  one  fecond  of  time : then 

. V T F 

» Seft.  III. referring  to  the  general  'equation  - =:  - X - , we  have 

Prop.  I.  v . * J 

t Sea.  II.  x t — I fecond,  f—  the  force  of  gravity  — i,  and  confe- 
prop.  V1J.  quently  F and  T abftraft  numbers,  wherefore  V — v X 
r X F. 

It  has  been  hitherto  fuppofed,  for  the  fake  of  illuftra- 
tion,  that  v may  be  obtained  by  obferving  the  velo- 
city 
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city  acquired  in  a body’s  defcent  for  one  fecond  of  time  ; 
but  fince  the  acceleration  of  gravity  caufes  a continual 
change  in  the  velocity  of  the  defcending  body,  fo  as  to 
render  an  ellimation  of  the  velocity  at  any  particular 
point  of  time  difficult  and  hitherto  unattempted,  the  value 
of  v,  or  the  velocity  acquired  by  a body  which  has  de- 
fended for  one  fecond,  may  be  more  eafily  afcertained  by 
the  help  of  the  next  proportion. 

In  the  mean  time,  this  will  be  the  proper  place  to  remark 
concerning  the  theorem  already  demonftrated,  that  it  is  ap- 
plicable to  the  motion  of  bodies  acted  upon  by  variable 
forces  alfo,  provided  ths  times  wherein  they  ad  be  taken  fo 
fmall,  that  the  forces  may  be  regarded  as  conliant. 

Thus,  let  f ; t and  v reprefent  any  ftandard  force,  time 
and  velocity  ; and  let  F,  T and  V be  other  quantities  of 
the  fame  kind,  which  are  compared  with  the  former  re- 
fpedively  ; then  however  the  force  F may  vary,  yet  if  an 

element  of  time  reprefented  by  T,  be  taken  for  the  time 
of  itsadion,  it  will  have  the  properties  of  a conliant  force, 
as  far  as  regards  the  particle  of  time  above  defcribed.  Let 

V reprefent  the  velocity  generated  by  the  force  F in  the 
time  T,  wherefore  we  have  by  the  theorem  — — _ x 

v f 

- ; and  if . v,f  and  t be  affumed  each  i * the  equa-*  Sed.  II. 
* n Prop.  VU. 

tion  will  be  V — F x T. 


II. 


If  a quiefcent  body  be  impelled  by  any 
conliant  force  adting  upon  it  for  a given 
time,  the  fpace  defcribed  will  be  to  the 
fpace  defcribed  in  the  fame  time,  by  the 
body  moving  uniformly  with  the  laft  ac- 
quired velocity  in  the  ratio  of  one  to 
two. 


inftn°VeV^e  S'v.en  t'me  t>e  divided  into  equal  evanefcent 
altants,  the  number  of  which  is  n ; then  the  J velocity  ge-  j Sea  n 

nerated  nop.  i. 
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nerated  being  as  the  time,  and  continuing  uniform  during 
any  one  inftant,  we  fhall  have  the  fpace  defcribed  in  any 
one  inftant  proportional  to  the  number  of  inftants  com- 
prehended in  the  time  of  motion  : fo  that  if  during  the 
firft  inftant  the  fpace  defcribed  ber,  in  the  next  inftant  the 
fpace  defcribed  will  be  2 s,  in  the  third  3 s,  and  in  the 
three  firft  inftants  the  fpace  defcribed  will  be  s -f  2 s 
3-r;  fo,  in  the  n firft:  inftants  the  fpace  defcribed  will  be 


city  laft  acquired  is  as  the  time,  the  force  being  given,  and 
the  fpace  defcribed  by  any  uniform  velocity,  is  as  the 
time  and  velocity  jointly,  it  follows  that  the  fpace  defcrib- 
ed by  the  laft  acquired  velocity  continued  uniform  for  the 
time  of  the  accelerated  motion, will  be  as  the  fquare  of  that 
time ; fo  that  if  s be  the  fpace  uniformly  defcribed  in  the 
firft  inftant  of  motion,  nr  s will  be  the  fpace  defcribed  in  n 
inftants  with  the  velocity  laft  acquired : wherefore  the  fpace 
defcribed  by  acceleration  from  quiefcence,  is  to  the  fpace 
defcribed  uniformly  with  the  laft  acquired  velocity  in  the 
fame  time,  as  n~  s 4-  ns  ; 2 nzs,  or  as  n -f  1 : 2 n and 
fince  gravity  afts  not  by  fucceflive  impulfes,  but  by  un~ 
ceafing  acceleration,  the  magnitude  of  each  inftant  muft 
be  diminifhed,  and  confequently  their  number  increafed, 
fine  limite;  the  laft  proportion  therefore  of  n + 1,  2 », 
will  become  that  of  1 : 2. 

From  this  propofition,  the  velocity  which  a body  ac- 
quires in  its  defcent  by  the  acceleration  of  gravity  for  one 


f Seft.  III.  fecond,  is  eafily  obtained  : for  fince  this  velocity  f is  fuch 
lJi;op.  11.  as  if  continued  uniform  would  carry  the  body  in  one  fe- 


cond through  a fpace  twice  greater,  than  that  from  which 
the  body  has  defcended,  it  follows,  that  to  find  the  velo- 
city acquired  during  any  given  time,  for  example  one  fe- 
cond, it  is  only  neceflary,  that  the  fpace  which  a body  de- 
fcribes  in  its  defcent  from  quiefcence  in  one  fecond  fhould 
be  obferved.  It  is  found  from  aftual  obfervation,  (but 
more  exaflly  from  other  methods,)  that  the  fpace  through 
which  a body  defcends  from  reft  in  one  fecond,  is  equal 
193  Englilh  inches,  or  16  feet  and  one  inch;  and  in  this 


f Seft.  HI.  defcent  it  appears  from  the  propofition,!;  that  fuch  a velo- 
;’rop.  II.  citj,  is  acquired  as  would  carry  the  body  uniformly  over 


2 X i6t't,  or  32t\-  feet  in  a fecond  of  time  ; wherefore, 
if  i6t'5  feet,  or  193  inches,  be  put  equal  /,  then  will  the 
ftandard  velocity  which  was  before  reprefentcd  by  u 


* Se£I.  III. 
Prop.  I. 


r-f-  2 s + 3 s ...ns— 


n 4-  1 X ns 
2 


: and  fince  the  * velo 


By 
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By  the  firft  propofition  J it  is  found,  that  in  general  nI' 

Z -l  x-r,  affuming  therefore  */and  t each  = i,  and*  Ssft.ll. 
<v  ~~  f t * rop,  Yii* 

V 

fubftituting  2/  for  v,  we  have  — ^ ~ f X 7"  and  ^ — 2 l 


X f-7*. 

This  propofition  is  applicable  to  the  motion  of  bodies 
impelled  by  variable  forces,  if  the  times  of  motion  be  af- 
fumed  evanefcent.  Since  V — 2 1 FT,  by  taking  the  co- 
temporary variations,  we  have  y zz  2 IF  xf,  becaufe 
during  the  lead  variation  of  the  time  t the  force  F is 
conftant. 


III. 

The  fpaces  which  bodies  defcribe  from 
reft  by  the  a£tion  of  conftant  forces,  are 
in  a compound  ratio  of  the  velocities 
laft  acquired,  and  times  of  motion,  or 
S _ V T 
s v * t * 

For  the  fpaces  defcribed  by  the  laft  acquired  velocities 
continued  uniform,  are  as  thofe  velocities  and  the  times 
of  motion  jointly : and  the  f fpaces  defcribed  by  the  ac-  . Seft  jjj 
celerating  forces  atting  conftantly  for  equal  refpettive  Prop.  1 1.  * 
times,  are  half  the  former  fpaces  by  the  laft  propofition. 

5 7*  y 

Since  in  general  -zz-  X -,  making  $ 1 rr  one  fecond,  ^ Seft.  II. 

* t v £rop.  vii. 

v—zl,  and  confequently||  / n /,  we  have  ~ — - x — , or  I]  Seft.  III. 

/ 1 2 1 Prop.  II. 

VxT 

$ — ~ — » which  is  an  equation  expreffing  the  relation 

Of  5 the  fpace  defcribed,  and  V,  a meafure  of  the  velo- 
city, being  alfo  a fpace,  which  would  be  uniformly  de- 
fcribed by  the  laft  acquired  velocity  in  the  time  1 : it  ap- 
pears that  the  fpace  defcribed  by  the  accelerated  body, 
is  equal  to  half  of  the  fpace  V multiplied  into  an  ab- 

ftraft 
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ftrafl  number  T,  which  expreffes  the  number  of  feconds 
contained  in  the  time  of  motion. 

This  propofition  is  alfo  true  when  applied  to  the  mo- 
tion of  a body  which  is  accelerated  by  a variable  force, 
provided  the  time  in  which  it  a£ls  be  diminifhed  fine  lit 
mite,  fo  that  the  force  afting  for  an  inflant,  may  become 
conflant. 

rx  T 

Since  5 = , we  have  by  taking  the  cotemporary 

z 

variations  S = /-7'— — - butFrz  2 1 FT  andr—  2 1 Ft, 
2 


Or  VT  — 2 IFTj  — Ft,  which  being  fubflituted  in 
FT  + Ft 

+ Se£t-1I!,the  equation  s — — , it  appears  that  s — F x 

1 fop.  II.  1 2 


S' and  -r  — — in  every 


fcale,  whatever  be  the  value  of  the 


flandard  fpace  /;  S and  F being  referred  to  the  fame 
ltandard  fpace,  and  f and  F to  the  fame  flandard  time  ; 
for  every  velocity  refpefls  two  flandard  meafures,  one  of 
foace,  and  the  other  of  time. 

* It  appears  therefore  that  the  quantity  T,  which  is  a 
number  referred  to  any  flandard  1,  will  be  equal  to  the 
quotient  of  the  fpace  deferibed  in  the  time  f,  divided  by 
the  fpace  which  would  be  uniformly  deferibed  with  the 
velocity  of  the  body  while  it  is  deferibing  S,  in  the 
time  1 ; whatever  be  the  flandard  fpace  /,  to  which  S 
and  Y are  referred. 


IV. 

Conftant  forces  which  accelerate  bo- 
dies, caufe  them  to  defcribe  from  reft 
{paces  which  are  as  the  forces  and  fquares 
of  the  times  wherein  they  a&  jointly, 

S T2  F 
that  is,  - = qr  x p 


For 
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For  the  fpaces  defcribed,  eftimated  from  quiefcence,.sre 
as  the  velocities*  laft  acquired  and  the  times  of  motion*  sett.  ill, 
q cr  ry  Prop.  111. 

iointlv,  or  - = - X and  the  velocities  laft  acquired,  are 
J ' s t v 

as  the  forces  and  the  times  of  their  acting  jointly,']'  that  is,  f Sett.  11!. 

V F T FT  Prop- u 

_ — _ x - ; wherefore  fubftituting  - X - for  its  equal 

<1 ) f ' t J * 

V . , S Tl  F 

— , in  the  former  equation,  we  have  — = — X - • 

<v  5 ‘ J 

Cor,  i . If  F — f,  that  is,  if  the  forces  are  the  fame, 

5 7** 

it  follows,  that  - — — , or  the  fpaces  are  in  a duplicate 


ratio  of  the  times. 

V T 

Cor.  2.  Since  t — when  the  force  is  given,!  Sett.  Ill, 

* v t Prop.  I. 

([i  , S F1. 

fubftituting  — for  — in  the  laft  Cor.  we  have  - — — , 

‘v’1  t1  s rJ  ~ 

that  is,  the  fpaces  are  in  a duplicate  ratio  of  the  velocities 
laft  acquired  when  the  force  of  acceleration  is  given. 

5 T*  F , F S t* 

Cor.  3.  Since  — = — - X — , we  have  — — X 

J s tz  f f s T1 

that  is,  the  ratio  of  the  forces  is  compounded  of  the  direft 

ratio  of  the  fpaces  defcribed,  and  the  inverfe  duplicate 
ratio  of  the  times  wherein  the  fpaces  are  defcribed  from 
reft,  and  confequently  when  T — t,  or  the  times  being 
given,  the  fpaces  defcribed  are  in  the  fame  proportion  with 
the  forces  of  acceleration. 


Cor.  4.  The  propofition  contained  in  the  laft  Cor.  is  ap- 
plicable to  the  nafcent  motion^,  produced  by  a finite  force  § Newt, 
any  how  variable,  and  juft  beginning  to  impel  a body  from  Princip. 
quiefcence  : thus  a body  will  in  a given  time  be  attradled  Lemma  X 
by  the  force  of  gravity  through  a greater  fpace  near  the 
earth’s  furface,  than  If  the  body  were  fituated  at  the  di- 
fiance of  the  moon,  in  the  proportion  of  60  x 60  : 1, 
which  is  known  from  principles  not  immediately  connedl- 
ed  with  the  prefent  fubjeci ; wherefore  by  the  propo- 
rtion, the  forces  being  as  the  fpaces  defcribed  when  the 
time  is  given,  it  follows,  that  the  force  of  gravity  at  the 
earth’s  furface,  is  to  the  force  which  it  exerts  at  the  diftance 
of  the  moon,  as  60  x 60  : 1. 

Cor.  5.  To  apply  this  propofition  in  order  to  eftimate 
the  force,  time  and  fpace  in  reference  to  the  ftandard  mea- 

D fures 


* Seft.  II. 
Prop.  VII. 


f Sea.  III. 
Prop.  I. 

J Sea.  III. 
Prop.  HI. 


| Newton, 
Prmcip. 
Sea.  II. 
Prop.  V. 
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o cr*z  p 

lures  above  defcribed,  lince  - — — x let  *t  = 1 fe- 

s t 1 / 

cond,  and  f — 1,  the  force  of  gravity,  which  adling 
for  one  fecond,  caufes  a body  to  defcribe  in  its  free  de- 
fcent  i6r'T  feet,  or  193  inches,  let  this  equal  /,  wherefore 

S * 

we  have  - — Tz  x F,  or  S — T1  FI. 


V. 

The  conftant  forces  which  accelerate 
bodies  from  reft  are  in  a direct  duplicate 
ratio  of  the  velocities  generated,  and  in 
an  inverfe  ratio  of  the  fpaces  defcribed,  or 
F _ V2 
f ~~  V2 


s 

x s 


T,  and  X^  — 


X T , fubftituting 
6 


for  its  equal  ^ in  the  former  equation, 


^ F V 
fFor  — = — X 

/ 

therefore  — x — , 
o 

, F V*  s 
we  have  - = — - X — . 

y v s 

Cor.  1.  The  laft  acquired  velocities  are  in  a fubdupli- 
cate  ratio  of  the  accelerating  forces,  and  a lubduplicate 
ratio  of  the  fpaces  defcribed  jointly,  for  by  the  propofi- 

. V'  F S V ,/T  -/T 

non  — = — X or-r  V7  X V - • 

f s <v  f s 

Cor.  2,  Let  V and  v reprefent  the  velocities  of  a body 
in  different  points  of  the  fame  curve,  or  of  two  bodies 
moving  in  any  two  points  of  different  curves,  the  centri- 
petal forces  being  F and  f,  which  retain  the  bodies  revolv-, 
ing  in  their  orbits.  Let  S and  s reprefent  the  fpaces, 
through  which  a body  muft  move  by  the  acceleration  of 
the  forces  F and  f continued  conftant,  in  order  to  acquire 
the  velocities  in  the  curves  V and  refpeftively  ; ||  then 
will  the  centripetal  forces  be  in  a direft  duplicate  ratio  of 
thofe  velocities,  and  an  inverfe  ratio  of  the  fpaces  de- 

F V* ' s 

fcribed  : for  according  to  the  proportion  y — — X — . 

Cor. 
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Cor.  3.  If  gravity  be  made  the  ftandard  * force/  — i, 
and  ||  v — 2/,  then  will;  = /,  and  the  equation  will  become  (|  nr, 

F - V%  - i, or  - ^IFS,  mlV=\/+lF$. 

S 


1 4 1* 

To  exemplify:  Suppofe  it  were  required  to  aflign  the 
velocity  generated  in  a body,  defending  from  reft  3 feet 
along  an  inclined  plane,  the  elevation  of  which  above  the 
horizon  equal  30° : here  l — 1 6/,  F — S ~ 3,  and 

the  velocity  required  ~ V 4 ^ ^ r ^ 3 — 9>^“ 

feet  in  a fecond. 

Cor.  4.  This  propofition  is  alfo  applicable  to  the  aftion 
of  forces  however  variable,  provided  the  fpaces,  through 
which  bodies  are  accelerated  by  them,  be  fo  diminilhed,  _ 
that  the  forces  may  be  allumcd  conllant. 

. V1  F S 
Since  by  the  propofition  — — — X - 

being  conftant  quantities,  and  V and  S variable. 


v,  f,  s and  F 
tak- 


ing the  § leaft  cotemporary  variations. 


zVV 


F 

=7* 


§ Newt. 
Fnncip. 
Seft.Vlf. 


-,  and  making  %f  — 1,  v—  2 l,  and  confequently  s — /,  xxxiX. 
s • t bc£t.  II. 

we  have  2 VV  rr  4 IFS.  . prop.  VII. 

In  order  to  accommodate  this  theorem  to  pra&ice,  let  z 
be  a fpace  through  which  a body  mull  fall  by  the  force  of 
gravity,  fo  that  it  may  acquire  the  velocity  V,f  then  will  f Cor.  3. 

V — V 4 Iz  , and  V-  — 4 Iz,  and  2 VV  — 4 .1  z. 

Subftituting  therefore  4 Iz,  for  z VV  in  the  preceding 

equation,  we  have  4/2:  — \IF  S,  and  z ~ F x S,  which 
equation  exprefles  the  relation  of  the  homogenial  quan- 
tities z and  S,  F being  a number  which  is  to  1,  as  the 
accelerating  force  adling  on  the  body  while  it  is  deferib- 

ing  S to  the  force  of  gravity. 

Let  AO  be  any  fpace  which  a body  deferibes  by  the  jj, 
aftion  of  a variable  accelerating  force,  the  quantity  of 
which  during  the  time  wherein  the  body  delcribes  the 
element  of  fpace  \-0  0 — F.  4 Sett.  I. 

• v Prop.  V. 

Then  fuppofing  AO  n:  x,  O o zz  x,  and  z equal  to  a 
fpace,  which  a body  falls  through  by  the  acceleration  of 
gravity,  to  acquire  the  velocity  which  the  body  deferibing 
AO  with  the  variable  force  poflelTes  in  the  point  CL- 

D 2 fince 
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Since  z — F x,  if  F can  be  exprefled  in  the  terms  of  x, 

and  the  fluent  of  F x be  obtainable,  the  velocity  of  the 
body,  while  it  is  defcribing  the  fpace  Oo  will  be  known, 
for  any  velocity  will  be  determined,  if  we  can  afcertain 
from  what  altitude  a body  mull  fall  by  the  force  of  gravity 
to  acquire  that  velocity.  This  altitude  z is  obtained 

from  the' equation  z — F x,  z being  equal  to  the  fluent  of 

F x : the  velocity  therefore  with  which  the  body  deferibes 

the  fpace  0 o ~ ^ 4 / X fluent  of  F x,  and  if  T reprefent 
the  time  of  describing  A 0,  we  have  the  time  of  deferib- 

* 

f Se&.TTI.  ing-j-  Oo,  thatis,c/’ ~ •»/ r,  and  the  time 

Prop.  111.  r 4/ X fluent  of  Fx 


x 

ofdefcribing AO,  or  T~  the  fluent  of  w-~  ~ . 

' 4/  X fluentofT* 

This  method  of  applying  the  Newtonian  theory  of  ac- 
celeration to  the  folution  of  phyfical  problems  being  the 
moil  commodious  of  any,  efpecially  as  it  immediately  re- 
duces the  folution  to  any  required  llandard  of  Ipace 
and  velocity,  Ihould  be  further  deferibed,  as  it  will 
frequently  hereafter  be  referred  to.  The  quantity  z 
which  has  been  denominated  the  fpace,  through  which  a 
body  mull  fall  by  the  force  of  gravity  to  acquire  the  velo- 
» Motus  city  in  0,  Euler,1 * who  firll  brought  this  method  into  ufe, 
Scient.  defines  for  the  fake  of  brevity,  the  fpace  due  to  the  velo- 
Vol.  1.  Seft,  cjty  at  qj  from  j-he  acceleration  of  the  conllant  force  1, 
3*  that  of  gravity  for  example.  It  being  evident,  that  in  the 

equation  z — F x,  it  is  intirely  immaterial  to  what  lland- 
ard meafures  z and  x are  referred,  provided  thefe  mca- 
fures  be  the  fame  ; if  x,  the  fpace  deferibed,  be  esti- 
mated in  Englilh  feet,  z will  be  alfo  exprefled  in  Eng- 
lilh  feet,  &c.  It  will  therefore  be  unneceflary  in  the  folu- 
tion of  problems,  to  confider  the  llandard  quantity  /,  un- 
till z the  fluent  of  Fx  is  afeertained ; this  being  cffcfl- 

} Pi  op.  V.  ed,  the  J velocity  V~  V 4/  X fluent  of  Fx  will  be  cx- 
Cor.  3.  prefled  in  whatever  denomination  / is  taken. 

This  meafure  / is  frequently  ellimated  by  foreigners  in 
terms  of  the  Rhynland  foot,  bccaufe  fince  the  Rhynland 
foot  is  to  the  Englilh,  as  tocco  19715,  and/  — j 6TV  Englilh 
feet,  it  follows,  that  / exprefled  in  Rhynland  feet  is  equal 

15.625, 
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55.625,  or  15625  thoufandth  parts  of  a Rhynland  foot; 
therefore  4.  I — 62500,  and  the  velocity  V — 250 

\ fluent  of  F x expreffed  by  a thoufandth  part  of  a Rhyn- 
land foot  in  a fecond:  this  is  here  inferted,  becaufe  fome 
authors  have  adopted  thefe  numbers,  without  the  neceffary 
defcription  of  the  grounds  upon  which  they  are  founded. 

The  principal  convenience  of  this  method, is  to  avoid  theex- 

tradlion  of  the  root  V 4 /,  which  in  no  other  meafure,  ex- 
cept that  of  the  Rhynland  foot,  is  a whole  number.  In 
the  fucceeding  propofitions,  however,  it  will  be  more  eli- 
gible to  make  ufe  of  the  Englilh  feet  and  inches,  to  which 
we  commonly  refer  the  cftimation  of  fpace. 

In  the  preceding  propofitions  the  quantity  of  matter 
moved  has  not  been  mentioned,  becaufe  the  accelerating 
force,  proportional  ||  to  the  velocity  generated  in  a given  II  Sc<T  R 
time,  being  as  the  moving  force  J diredtly,  and  the  quan-  + ^^7’ 
tity  of  matter  moved  inverfely,  the  quantities  of  matter  propTx! 
are  therefore  implied  in  the  confideration  of  accelerating 
forces.  But  fome  properties  of  motion  require,  that  both 
the  moving  force  and  quantity  of  matter  moved  Ihould  be 
feparately  confidered. 


VI. 


If  bodies  unequal  in  quantities  of  mat- 
ter, be  impelled  from  reft  through  equal 
fpaces,  by  the  adtion  of  moving  forces 
which  are  conftant,  thefe  forces  are  in  a 
duplicate  ratio  of  the  laft  acquired  veloci- 
ties, and  the  ratio  of  the  quantities  of 

M V2  O 

matter  jointly,  or  — = — x 

m v 2 q 


Let  the  moving  forces  be  M and  m,  the  quantities  of 
matter  moved  ^_and  7,  and  the  other  notation  remaining 

we  have  ^ - F „ S F M n 

we  nave  — - - X -,  and  f - = - X \ , or  the 

. J s f m * sea.  nr. 

accelerating  forces  are  in  a direft  ratio  of  the  moving  l’roP-  v- 

turces,  and  aa  inverfe  ratio  of  the  quantities  of  matter  + 

, Prop*  IX. 
moved ; 1 
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moved ; wherefore  fubdituting  — x ^ for  its  equal 

yx  M a S 

in  the  former  equation,  we  have  — , — — x ? X — * 

•v  m ' ^ j * 

or  when  S — s,  that  is,  when  the  fpaces  defcribed  are 

.V1  M a M V 1 9 

equal  — = — x ~ , and  — — — X — , that  is,  the 

m m qj-L  q 

fpaces  being  in  the  ratio  of  equality,  the  moving  forces 
will  be  in  a ratio  compounded  of  the  duplicate  ratio  of 
the  velocities,  and  of  the  quantities  of  matter  moved. 

A1  V"1 

Cor.  When  the  fpaces  S,  s are  unequal,  then  — — — 

m •vz 

G)  j 

X X -,  that  is,  the  moving  forces  are  as  the  quanti- 
ties of  matter  and  fquares  of  the  velocities  diredtly,  and 
as  the  fpaces  defcribed  inverfely. 

This,  and  all  other  propodtions  being  deduced 

from  the  laws  of  motion,  by  regular  and  fy Hematic  rea- 
foning,  ought  noc  only  to  be  dridtly  confident  among 
themfelves,  but  with  matter  of  fa&  when  examined  by  the 
fevered  trials;  fince  any  dngle  indance  which  could  be 
produced  of  a difagreement  or  inconddency,  would  in- 
validate the  whole  theory  of  motion,  by  weakening  the 
foundations  on  which  it  reds : but  it  has  not  yet  appear- 
ed, that  there  is  any  propodtion  whatever,  which  is  geo- 
metrically deduced  from  the  axioms  or  received  princi- 
ples of  motion,  whether  of  the  mod  complex  or  un- 
compounded nature,  if  it  be  reducible  to  accurate  and 
decilive  examinations,  but  what  is  found  coincident  with 
the  theory  to  any  degree  of  precidon,  to  the  obfervation 
of  which  the  human  fenfes  are  competent. 

Many  experiments,  however,  have  been  produced,  as 
tending  to  difprove  the  Newtonian  meafure  of  the  quan- 
tities of  motion  communicated  to  bodies,  and  to  edabliih 
another  meafure  indead  of  it,  viz.  the  fquare  of  the  velo- 
city and  quantity  of  matter;  and  it  immediately  belongs 
to  the  prefent  fubjeft,  to  examine  whether  the  concludons 
which  have  been  drawn  from  thefe  experiments  arife  from 
any  inconddency  between  the  Newtonian  meafures  of  force 
and  matter  of  faft,  or  whether  thefe  concludons  are  not  ill 
founded,  and  fhould  be  attributed  to  a partial  examination 
of  the  fubjeft:  but  fome  condderations  concerning  the 
piinciples  of  retarded  motions  fhdhld  premifed. 

In 
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In  the  experiments  which  have  been  made  on  the  force 
of  bodies,  the  lofs  of  motion  from  refiftance  has  been  more 
attended  to,  than  the  communication  of  it  by  acceleration, 
and  the  reafon  probably  arofe  from  a want  of  adequate 
methods  of  fubjefting  accelerating  forces,  velocities  ac- 
quired, and  quantities  of  matter  moved,  to  experimental 
trials;  whereas  the  impaft  of  bodies  on  fubftances,  which 
they  penetrate,  by  affording  convenient  opportunity 
for  obferving  the  depths  to  which  bodies  lTnk  before  all 
motion  is  deftroyed,  regard  being  had  to  the  velocities  of 
impaft,  and  the  weight  and  form  of  the  impinging  body 
has  feemed  a more  eligible  (however  imperfedt)  way  of  ex- 
amining the  principles  of  motion.  This  method  is  doubtlefs 
allowable,  in  order  to  eftimate  the  force  of  moving  bodies 
experimentally,  if  it  be  fufliciently  accurate;  becaufe  it  is 
univerfally  agreed,  that  (under  certain  reftridtions  not  af- 
fedting  the  prefent  queftion)  the  laws  of  accelerated  and 
retarded  motions  are  mutually  deducible  from  each  other; 
and  confequently,  what  is  found  true  in  regard  to  the  com- 
munication of  motion  to  bodies  accelerated,  will  be  equally 
true  when  applied  to  the  lofs  of  motion  in  bodies  retarded, 
every  thing  elfe  being  the  fame,  and  vice  verfa. 

To  exemplify : When  a body  defcends  by  the  force  of 
gravity  for  three  feconds,  it  acquires  by  conflant  accele- 
ration a velocity  of  3 X 32—  = 96^  feet  in  a fecond  ; alfo 
if  a body  be  projected  perpendicularly  upwards,  with  a 
velocity  of  965-  feet  in  a fecond,  the  whole  velocity  will  be 
deftroyed  in  three  feconds ; for  the  fecond  law  of  motion 
regards  the  change  occafioned  in  the  velocities  by  re- 
tardation, as  well  as  by  acceleration,  confequently,  if  gra- 
vity adting  in  the  diredtion  of  a body’s  motion,  generates 
a velocity  of  32T\  feet  in  a fecond,  the  fame  force  adting 
in  a diredtion  oppofite  to  that  wherein  a body  is  moving, 
muft  deftroy  the  fame  quantity  of  veloci  ty  in  the  fame  time, 
that  is,  32— in  each  fecond.  In  like  manner,  all  the 
other  properties  which  have  been  demonftrated,  concern- 
ing the  motion  of  accelerated  bodies,  are  fhewn  to  belong 
to  thofe  of  retarded  ones,  the  following  circumftances 
being  attended  to:  If  in  any  propofition  relating  to 

accelerated  motion,  the  force  is  conftant,  it  follows,  that 
when  this  is  applied  to  retarded  motion,  the  force  of  re- 
tardation muft  be  conftant : moreover,  fince  in  accelerated 
motions  the  fpaces  are  eftimated  from  quiefcence,  fo  in  re- 
tarded motions  the  bodies  are  fuppofed  to  move  to  quief- 
cence, that  is,  till  all  motion  is  deftroyed  by  conftant  re- 
tardation. 


In 
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In  order  therefore  to  apply  the  properties  hitherto  Je- 
monftrated  concerning  accelerated  motions  to  thofe  of 
retardation,  the  whole  ! paces defcribcd  may  bedenominated 
S,  s ; and  T,  -~j,  which  before  denoted  the  velocities  laft 
acquired,  may  now  reprefen t the  initial  velocities  where- 
with bodies  are  projected,  T and  / will  reprefent  the  rimes 
ol  morion  ; moreover,  F,f,  will  reprefent  conftant  forces  of 
retardation,  meafured  by  the  velocities  deliroyed  in  a given 
time.  It  the force/,  be  that  whereby  gravity  retards  a body 
thrown  perpendicularly  upwards,  it  will  become  a ftandard 
with  which  other  forces  of  retardation  may  be  compared; 
alfo  M,  which  in  accelerated  motions  denoted  the  moving- 
force,  now  reprefents  the  refilling  force  of  the  fubftance, 
and  is  proportional  to  the  quantity  of  motion  deliroyed  in  a 
given  time : the  retarding  force  will  therefore  be  as  the  force 
of  refiftance  dire&ly,  and  the  quantity  of  matter  in  the 
moving  body  inverfely. 

Thefe  articles  being  premifed,  in  order  more  fully  to 
illultrate  the  fubjedl,  it  is  to  be  confidered,  that  if  a body 
projected  with  different  initial  velocities,  be  retarded  by 
any  given  conftant  force,  the  whole  fpaces  which  the  body 
deferibes  are  in  a duplicate  ratio  of  the  initial  velocities; 
this  follows,  from  what  has  already  been  demonflrated*, 
and  converfely,  fince  when  bodies  are  impelled  by  an  acce- 
lerating force  through  various  fpaces,  if  thefe  i’paces  are 
always  as  the  fquaresof  the  laft  acquired  velocities,  it  fol- 
lows, that  the  force  of  acceleration  is  conftant;  fo  when  a 
given  body  is  projeflcd  with  different  velocities,  and  is 
retarded  by  a given  force,  if  the  whole  fpaces  defer i bed  be 
always  in  a duplicate  ratio  of  the  initial  velocities,  it  is 
concluded  that  the  force  of  retardation  is  conftant. 

It  is  from  this  argument  inferred,  that  the  force 
whereby  blocks  of  wood,  banks  of  earth,  &c.  refill  the 
penetration  of  bodies  impinging  on  them,  is  conftant:  for 
it  is  obferved,  that  the  depths  to  which  military  projeftiles 
of  a given  magnitude  and  weight,  linking  again  ft  a body 
of  this  kind  enter  into  its  fubftance,  are  in  a duplicate 
ratio  of  the  initial  velocities,  which  has  been  (ufficiently 
proved  by  Mr.  Robins,  who  firft  ascertained  with  certainty 
the  velocities  of  military  projedliles,  and  applied  his  me- 
thod, among-other  ufefu!  purpofes,  to  the  difeovery  of  the 
retardation,  which  bodies  fuffer  by  palling  through  refill- 
ing fubftances. 

The  forces  of  refiftance,  which  are  oppofed  to  the  mo- 
tion of  bodies  impinging  on  fubflances  which  they  pene- 
trate being  granted  conftant,  the  propofitions  concerning 

ac- 
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acceleration  already  demonftrated,  may  be  applied  to  ex- 
plain the  motion  of  bodies,  which  having  been  projedled 
with  given  initial  velocities,  are  interrupted  by  fuch  cb- 
ftacles  as  blocks  of  wood,  banks  of  earth,  or  others  of  a 
fimilar  kind. 

For  example:  Tt  has  been  demonftrated,  that  bodies 
movine  from  reft  bv  the  acceleration  of  conftant  forces, 

* defcribe  fpaces  which  arc  as  the  accelerating  forces  and  u.0  jV  M‘ 
fquares  of  the  times  jointly.  By  applying  this  propofi- 
tion  to  retarded  motions,  we  (hall  have  the  whole  (paces  or 
depths,  to  which  bodies  impinging  on  the  fubftances,  pe- 
netrate, as  the  forces  of  retardation  and  fquares  of  the  times 
wherein  the  bodies  move  jointly. 

Moreover,  it  has  been  demonftrated,  that  if  different 

J[ uan ti ties  of  matter  be  impelled  from  reft  through  equal 
paces,  liMt  the  f moving  forces  will  be  a ratio  compounded  t Seft-  TH. 
of  the  duplicate  ratio  of  the  velocities  laft  acquired,  and  ProP>  v '• 
the  ratio  of  the  quantities  of  matter  moved.  It  is  from 
hence  inferred,  that  in  retarded  motions  alfo,  if  different 
quantities  of  matter  be  projected  againft  any  of  the  fub- 
ftances above  defcribed,  with  different  initial  velocities, 
and  the  whole  depths  to  which  the  bodies  penetrate 
be  equal,  the  forces  whereby  the  fubftances  refift  the 
progrefs  of  the  impinging  bodies,  will  be  in  a du- 
plicate ratio  of  the  initial  velocities  of  impadt,  and 
the  quantities  of  matter  jointly  : That  is,  if  M,  m be  put 
to  reprefent  the  forces  of  reftliance,  q the  quantities  of 
matter  moved,  V,  v the  initial  velocities,  the  depths  being 
M V 1 9 

equal, we  have  ||  — — X — , and  if  the  depths  be  un- 

77j  q v ||  Se<&.  III. 
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equal,  the  equation  will  be  — — — - X—  X — . 

m w q S 

By  this  propofition  we  may  examine  fome  of  the  expe- 
riments concerning  the  force  of  moving  bodies,  and  the 
conclufions  deduced  from  them  by  Bernoulli,  Leibnitz, 

Poleni,  &c.  againft  the  meafure  of  force  delivered  by  Sir  I. 

Newton,  which  he  defcribed  in  the  following  definitions. 

1 1 he  quantity  of  motion  is  meafured  by  the  quantity  oft  Newt, 
matter  in  a moving  bodv  and  its  velocity  jointly.  j*".nciP* 

1 he  moving  forces  whereby  bodies  tend  toward  centres  C ' 
of  attradlion,  are  as  the  quantities  of  motion  generated  in 
a given  time. 

It  follows  then  from  thefe  definitions,  that  the  moving 
forces  adting  for  a given  time,  will  be  proportional  to  the 
quantities  of  matter  moved,  and  velocities  generated 

E jointly 
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jointly  ; fo  that  if  the  ratio  of  the  moving  forces  be  known, 
and  we  can  find  by  experiment  what  velocities  are  gene- 
rated in  given  bodies  by  the  aftion  of  them  for  the  fame 
time,  the  quantities  of  motion  generated  in  the  bodies  may 
beeftimated  according  to  Sir  I.  Newton’s  definition. 

Moreover,  ftnce  it  is  allowed,  that  the  effects  of  a refill- 
ing force  todeftroy,  are  the  fame  as  thofe  of  an  equal  mov- 
ing force  to  generate  motion  in  a given  time, it  follows,  that 
it  the  ratio  of  two  refilling  forces  be  known,  the  quantities 
of  matter  in  bodies  which  impinge  on  fubllances  which 
they  penetrate,  and  the  velocities  dellroyed  in  a given 
time,  will  give  the  ratio  of  the  quantities  of  motion  de- 
ftroyed  according  to  Sir  I.  Newton’s  definition. 

* Vid.  infra  In  many  of  the  experiments  * alluded  to,  which  have  been 
notes  on  ex- greatly  varied  and  multiplied,  the  refilling  forces  were 
penments.  macje  equal  by  caufing  fpheres  equal  in  magnitude  to  im- 
pinge on  a given  fubllance  which  they  penetrated,  and 
the  fpheres  being  of  different  denfities,  it  was  obferved  in 
experiments,  that  whenever  the  denfities  or  weights  of 
thefe  equal  fpheres,  were  in  an  inverfe  duplicate  ratio  of 
the  initial  velocities,  the  depths  to  which  they  penetrated 
would  be  equal. 

The  conclufions  were  thefe ; the  quantities  of  matter 
difplaced  by  tlje  moving  bodies  were  equal,  the  depths  to 
which  the  equal  fpheres  penetrated  being  the  fame;  more- 
over the  whole  motions  which  had  been  communicated  to  the 
bodies  were  dellroyed  : Thefe  motions  therefore  wherewith 
the  bodies  impinged  on  the  fubllances  were  equal ; but  by 
the  experiments,  the  quantities  of  matter  were  in  an  in- 
verfe duplicate  ratio  of  the  velocities,  and  confequently 
the  fquare  of  the  velocity  into  the  quantity  of  matter, 
equal  in  both  cafes ; wherefore  the  quantities  of  motion 
dellroyed,  that  is,  the  whole  motion  of  the  impinging  bo- 
dies mull  have  been  as  the  fquares  of  the  velocities  into 
the  quantities  of  matter. 

But  it  plainly  appears,  that  the  conclufion  is  not  appli- 
cable to  the  Newtonian  definition,  according  to  which 
the  moving  force  which  generates  motion  in  bodies, 
and  it  follows  by  what  has  preceded  the  refilling 
force  by  which  the  motion  of  bodies  is  dellroyed,  is  pro- 
portional to  the  quantities  of  motion  generated  or  dellroyed 
in  a given  time  refpettively  ; and  confequently  to  ellimate 
the  quantities  of  motion  dellroyed,  the  time  wherein  the 
refilling  forces  adl  Ihould  be  equal.  If  therefore  the 
times  wherein  the  bodies  in  the  experiment  deferibe 
the  equal  fpaces,  can  be  proved  different,  this  will  plainly 
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fhew  that  the  quantities  of  motion  deftroyed  cannot  be 
inferred  from  the  experiment,  the  different  times  of  the 
bodies  defcribing  the  depths  to  which  they  fink  not  being 
taken  into  the  account : this  will  be  eafily  proved,  fmce 
from  ‘proportion  3d,  we  have  univerfally  the  fpaces  de-  * Sett.  Ill, 
fcribed  as  the  velocities  laft:  acquired  and  times  jointly, 
this  propofition  when  applied  to  retarded  motions  will  alfo 
be  true;  wherefore  the  fpaces  being  given  as  in  the  ex- 
periment, the  times  will  be  inverfely  as  the  initial  veloci- 
ties, which  velocities  being  unequal  from  the  conftru&ion 
of  the  experiment,  it  follows  that  the  times  are  unequal. 

This  being  the  cafe,  it  is  manifelt  that  no  conclufion 
can  be  drawn  from  thefe  experiments  concerning  the 
quantities  of  motion  deftroyed,  tending  to  prove  any  in- 
conrftency  between  the  Newtonian  eftimation  of  force  and 
matter  of  fad.  It  is  next  to  be  fhewn,  that  the  experi- 
ments are  ftri&ly  confident  with  that  meafure,  and  with 
the  theory  in  general. 

From  the  proportion  above  demonflrated,  we  have  in 
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accelerated  motions  — — — - x — X -r , and  confe- 
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quently  - = — X - X r.;  that  is,  the  fpaces  de- 
s <vz  q M r 

fcribed  are  in  a duplicate  ratio  of  the  velocities  laft  ac- 
quired and  the  quantities  of  matter  moved,  and  an  inverfe 
ratio  of  the  moving  forces;  this  propofition  being  applied 
to  retarded  motions,  it  will  be, the  whole  fpaces  or  depths  to 
which  the  impinging  bodies  fink  are  in  a duplicate  ratio 
of  the  initial  velocities,  the  ratioof  the  quantities  of  matter, 
and  an  inverfe  ratio  of  the  refilling  forces.  Wherefore,  fince 
in  the  experiment  from  theequality  ofthefpheres’  diameters 
S Vz  9 

M~m , we  have  — rr  — x — ; but  by  the  conftrudtion 
s v 1 q 
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of  the  experiment  — - =r  ^ , fubftituting  therefore  for 
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— j in  the  former  equation,  it  will  become  - — — x 
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— — ~ ; wherefore  S — r,  or  the  depths  to  which  the  bo- 
dies penetrate,  mull  be  equal  when  fpheres  equal  in  dia- 
meter are  projedled  againft  a given  fubftance,  the  weights 
being  in  an  inverfe  duplicate  ratio  of  the  initial  velocities, 
which  we  find  entirely  correfpondent  with  experiment. 

In  feems  rational  to  fuppofe,  independent  of  all  theory, 
that  in  ellimating  the  quantities  of  motion  generated  or 
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deftroyed  by  given  moving  or  refilling  forces,  regard  mufl 
be  had  to  the  times  wherein  fuch  forces ‘aft;  becaufe 
moving  forces  or  thofe  of  refillance  may  be  equal,  and 
may  generate  or  deiiroy  quantities  of  motion  varying  in 
any  afiigned  degree.  For  it  is  manifeft,  that  a fmall  re- 
fillance oppofed  to  a moving  body  for  a longer  time,  may 
dellroy  more  motion  than  a greater  force  a&ing  for  a lefs 
time,  which  fufficiently  lhews  that  the  times  wherein  the 
moving  and  refilling  forces  a£t  mull  either  be  equal,  or 
mull  be  taken  into  the  account  in  ellimating  the  quantities 
of  motion  generated  or  deftroyed. 

The  next  propofition  will  demonllrate,  that  when  the 
times  wherein  motion  is  generated  or  dellroyed,  are  equal, 
the  moving  and  refilling  forces,  and  their  effefts  the  quan- 
tities of  motion  generated  or  dellroyed  in  a given  time, 
will  be  as  the  quantities  of  matter  moved,  and  the  velo- 
cities acquired  or  dellroyed  jointly. 


VII. 

The  moving  forces  which  communi- 
cate, and  the  forces  of  refiftance  which 
deftroy  the  motion  of  bodies  in  the  fame 
time,  will  be  in  a compound  ratio  of  the 
quantities  of  matter  in  the  moving  bodies, 
and  velocities  generated  or  dellroyed,  or 

M _ V CL 

m v q ’ 


* Seft.  III. 
Prop.  i. 


} Sea  T. 
Piop.  IX. 


r r * 

For  * - = - x j.,  that  is,  the  accelerating  or  re- 
f v * 

tarding  forces,  are  as  the  velocities  generated  or  dellroyed 
direftly,  and  the  times  wherein  the  bodies  move  inverfely ; 


moreover,  t - — X ~r,  that  is,  the  acceleiating  or 

/ ®» 

retarding  forces,  are  as  the  moving  or  refilling  forces  di- 
rectly, and  the  quantities  of  matter  inverfely,  wherefore 

V t M q M V £>  t 

- “ , or  - X ^ X and 


we  have -X  ^ X ^ 


T-' 


when 
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M 


when  the  times  are  the  fame,  or  T — t,  it  will  be  — = 


m 


- x that  is,  the  moving  or  refilling  forces  will  be  as 
9 


the  quantities  of  matter  and  velocities  generated  or  de- 
ilroyed  in  a given  time:  and  the  quantities  of  motion  ge- 
nerated or  deltroyed  will  be  in  the  fame  proportion. 

This  and  the  preceding  proportions,  when  referred  to 
experiments  hereafter  defcribed,  will  appear  Itriftly  coin- 
cident with  them  as  they  now  do  with  each  other,  and 
with  the  theory  in  general. 

The  following  truths  have  been  derived  from  repeated 
experiments,  and  being  deducible  from  the  preceding 
theory,  may  be  here  inferted  as  corollaries. 

When  mulket  balls  equal  in  weight  and  magnitude, 
impinge  on  a block  of  wood  with  different  velocities,  the 
refilling  force  being  conllant,  we  lhall  have  the  whole  fpaces 
through  which  the  balls  move  in  the  wood  until  their 
motion  is  dellroyed,  as  the  fquares  of  the  velocities ; * for  * Sea.  III. 
S M Vx  9 , _ , „ , Prop.  VI. 

— X — = — • X — , when  M ~ m and  9 — q,  that  is. 

s m <v  q ^ * 

the  • fubllances  on  which  equal  bodies  impinge  being 

■S’  Vx 

given  - — — r . 
s <v x 

Alfo,  if  balls  of  equal  diameters  but  of  different 
weights,  impinge  againlt  a block  with  the  fame  velocity, 
we  have  the  depths  to  which  they  penetrate  the  block  as 
M Vx  9 

the  weights,  for  fince  — — X — X 

m <v  q 

Vx  S 9 

— r — I,  it  follows  that  — = — . 
vx  s q 

If  balls  of  the  fame  kind  of  fubllance,  that  is,  of  the 
fame  denfity  but  of  different  diameters,  impinge  againlt  a 
given  block  of  wood,  or  the  fame  bank  of  earth  with  equal 
velocities,  the  depths  to  which  they  penetrate  will  be  di- 

redtly  as  the  diameters  of  the  balls : for  — — — x ^ x 


t , M 
r*  * when 
o m 


m 


<v  ‘ 


£ > an^  when  V _ v,  that  is,  when  the  velocities  are  the 
r ^ ™ 

lame  - = — X or  the  fpaces  are  in  a diredt  ratio  of 

the  quantities  of  matter  moved,  and  an  inverfe  ratio  of 

the 


f 


• Tn'ra 

Se<a.  V. 
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^ , — denoting  the 


the  refining  forces,  but  — — P— 

m d*  r r 
refinances  arifing  from  the  denfity  and  cohefionof  the  parts : 
9 Z)3 

moreover,  - = jj-  the  fpecific gravities  being  the  fame  : 


D1  R M 
by  fubftituting  therefore  — X — for  — , 

r 771 

• S 9 
the  equation  - rr  — 

' 3 


d 

771 

M 


we  have  - 


and  P^  for  ^in 
3 

dl 

X D'X 
S D 


d ^ 

PI 

d r 


— , that  is,  fince  in  the  fame  fubftance  R — r,  - — — , 
R sd 

or  the  ratio  of  the  fpaces  or  depths  to  which  the  balls  pe- 
netrate is  the  fame  as  that  of  the  diameters. 

When  the  force  of  refiftance  is  not  uniform,  the  fame 
principle  obtains  in  degree,  ’although  according  to  various 
laws;  for  we  obferve  that  greater  bodies  always  fuffer  lefs 
retardation  than  fmaller  ones  of  the  fame  denfity,  moving 
through  the  fame  refilling  medium,  and  projected  with  a 
given  initial  velocity ; becaufe  though  the  force  of  re- 
finance increafes  with  the  increafe  of  the  body’s  magni- 
tude, yet  the  weight  increafes  in  a higher  proportion,  the 
fpecific  gravity  being  the  fame,  and  therefore  the  retarding 
force  which  is  meafured  by  the  force  of  refinance  diredtly, 
and  the  quantity  of  matter  inverfely,  is  diminilhed,  as  the 
magnitude  of  the  moving  body  increafes. 

It  having  been  (hewn,  that  the  retarding  and  refining 
forces,  whereby  the  fubfiances  above  defcribed  oppofe  the 
pafiage  of  bodies  impinging  on  them  is  uniform,  depend- 
ing no  ways  on  the  velocities  of  motion ; in  order  to  apply 
thefe  principles,  the  exaft  quantity  of  the  retarding  force 
exifiing  in  a given  fubfiance;  or  the  proportion  of  it  to 
fome  fiandard  force,  fuch  as  that  of  gravity,  Ihould  be 
afcertained. 


VIII. 

If  bodies  proje&ed  with  the  fame  ve- 
locity, be  retarded  by  different  conftant 
forces,  thefe  forces  will  be  in  an  inverfe 
ratio  of  the  whole  fpaces  defcribed  by 

the 
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the  projected  bodies  until  all  motion  is 

, F s 
deftroyed,  or  j = - • 


For  * — = - X and  when  V — v,  as  by  the  pro-  * IIU 

<V z S f rroP*  V. 

F s 

pofition,  it  follows  that  - = - , that  is,  the  forces  of  re- 
tardation are  in  an  inverfe  ratio  of  the  fpaces  defcribcd. 

For  example:  Let  a body  be  projefted  on  an  inclined 
plane,  in  a direction  contrary  to  that  in  which  gravity  ac- 
celerates bodies  down  the  plane,  and  with  a velocity  of 
1 44.467  inches  in  a fecond ; fuppofe  the  body  thus  projected 
afcending  along  the  plane  to  defcribe  216  inches  before  its 
motion  is  deftroyed,  let  it  be  required  to  afcertain  the  re- 
tarding force  which  oppofes  its  afcent,  that  is,  the  propor- 
tion of  it  to  the  force  of  gravity.  If  the  body  were  pro- 
jected perpendicularly  upward,  with  the  given  velocity  of 
144.467  inches  in  a fecond,  it  would  rife  to  the  altitude  of 

1 44-467.  +—  27  inches:  andfince  it  afcends  along  the  plane  t Se£K  III. 
4xi93T  ' 6 F Frop.  V. 

216  inches,  the  retarding  force  on  the  plane  will  be  to  Co‘* 
that  of  gravity,  as  27  : 216,  or  i : 8,  which  is  the  propor- 
tion of  the  plane’s  height  to  the  length  alfo. 

From  this  propofition,  having  given  the  depth  to  which 
a body  impinging  againft  a fubftance  with  a given  ve- 
locity penetrates  the  proportion  of  the  retarding  force  to 
that  of  gravity  may  be  determined.  ,** 

For  example  : Mr.  Robins  found  that  a leaden  ball  of 
f of  an  inch,  or  ^ of  a foot  in  diameter,  impinging  per- 
pendicularly on  a block  of  elm  with  a velocity  of  1700 
feet  in  a fecond,  penetrated  into  its  fubftance  to  a depth 
of  five  inches,  that  is  of  a foot;  wherefore  fince 
a body  projeCled  perpendicularly  upwards,  with  a velocity 
of  1700  feet  in  a fecond,  would  rife  to  an  altitude  of 

144922  feet,  we  have  the  force  whereby  elm  prop^y1^’ 

4 X I O T a ry  ^ ’ * 

“ j V 1 Cor.  3. 

retards  the  ball  to  the  force  of  gravity,  as  44922  : rsif  or 
as  107813  to  1. 

Moreover,  ||  fince  S — — - — , and  therefore  T — Hop.  in. 

it 


2 
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\ 


it  follows,  in  the  prefent  cafe,  fince  S zz  and  V— 1700, 

1 2 

that  the  time  of  the  balls  defcribing  this  fpace  of  five 

inches  — — — — — 1 — part  0f  a fecond. 

1 2 x 1700  2040  r 


In  order  to  render  this  theory  more  genera’,  it  mull 
be  obferved,  that  the  refinances  oppofed  to  fpherical  bodies 
which  impinge  on  a block  of  wood,  bank  of  earth.  See. 
depend  not  only  on  the  tenacity  or  denfity  of  the  parts, 
whereof  the  fubftances  penetrated  are  compofed,  but  upon 
the  diameters  of  the  impinging  fpheres;  fo  that  although 
the  refilling  and  retarding  forces  be  determined  in 
any  fubftance  for  a fingle  cafe,  yet  when  the  diameters  and 
weights  of  the  impinging  bodies  vary,  the  forces  of  re- 
finance and  retardation  oppofed  to  the  impatt  on  the  fame 
fubftance  will  be  different:  by  the  preceding  propofi- 
tion,  however,  we  lhall  be  enabled  from  a fingle  expe- 
riment, made  on  the  retardation  oppofed  by  any  given  fub- 
llance  to  a fphere,  whofe  weight  and  diameter  is  known, 
to  infer  the  retardation  in  any  other  cafe,  however  the 
weights  and  diameters  may  vary.  Suppofe  a given  ball, 
impinging  perpendicularly  with  the  fame  velocity  on  any 
two  fubftances,  finks  into  one  to  the  depth  r,  and  into  the 


t Hb  other  fubftance  to  the  depth  R,  then  will  — t reprefen t the 
Prop.  VIII.  r r 

ratio  of  the  refilling  forces  whereby  thefe  given  fubftances 
oppofe  the  progrefs  of  the  impinging  body;  thefe  refin- 
ances being  independent  of  the  magnitudes  of  the  imping- 
ing bodies,  and  varying  only  with  the  denfity  and  cohe- 

fion  of  the  parts  whereof  the  fubftances  confift.  — may 


therefore  be  properly  defined,  the  ratio  of  the  abfolute 
refilling  forces  of  the  two  fubftances. 

Then  if  the  diameters  of  the  bodies  impinging  againll 
the  two  fubftances  be  different,  the  whole  refinances  be- 
ing proportional  to  the  quantities  of  motion  dellroyed  in 
a given  time,  will  be  as  the  refinances  before  determined 
R ; r,  and  the  fquares  of  the  diameters  of  the  impinging 
foheres-  that  is,  if  D,  d be  the  diameters  of  the  fpheres, 

r L c . rn  M R D* 

the  ratio  of  the  whole  refinances  - = — X —ji  , 

m r a 

by  help  of  which  propofition  we  may  deduce  a general 
theorem  which  will  exprefs  the  relation  of  forces,  which 
retard  the  progrefs  of  fpheres  impinging  on  any  fubftances 

how- 
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however  the  weights,  diameters  and  fpecific  gravities  may 
R 

vary,  provided  the  ratio  - be  previoufly  determined  by 
experiment. 


IX.- 

If  fpheres  of  different  diameters  and 
different  fpecific  gravities,  impinge  per- 
pendicularly on  fixed  oblfacles,  the  refill- 
ing forces  of  which  are  conftant  but  of 
different  quantities,  the  forces  which  re- 
tard the  progrefs  of  the  impinging  fpheres 
will  be  in  a dire£t  ratio  of  the  abfolute 
forces  of  refiftance,  and  the  joint  inverfe 
ratio  of  the  diameters  and  fpecific  gravities 
of  the  fpheres. 

M F 9 

For  fince  in  general*  — — — X — , and  by  the  pre- * Se£t.  I. 

in  f q /V  PropiIX 

M R Dx  F Q 

ceding  note  — — — X — , it  follows  that  — X ^ — 

in  r dz  f q 

R ,F  R D 1 q , 

- X — , and  - - _ x — X but  if  N,  n repre- 


fent  the  fpecific  gravities  of  the  fpheres,  we  have  ■?-  — 

di  dz  ^ 

— X and  fubliituting  ~ x ~,  for  its  equal  |, 

in  the  equation,  7=-  X^:  x|,  it  will  become  - 

f r d-  9^  f 

__  -K  a 7t  . 

— ~ x ft  x Jq  > t^iat  1S>  t^e  forces  of  retardation  are  in  a 


dire£t  ratio  of  the  abfolute  refilling  forces,  and  an  inverfe 
joint  ratio  of  the  fpheres’  diameters  and  fpecific  gravities. 

As  this  propofition  only  expreffes  the  equality  of  ratios, 
no  abfolute  conclufion  can  be  inferred  from  it  relating  to 
matter  of  fa£t,  unlefs  an  experiment  be  firlt  made  on  the 
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t P-  39- 
fSeft.  II. 
loop.  Vi  I. 


retarding  and  refilling  force  of  fome  fubftance,  confidered 
as  a ftandard,  to  which  the  forces  of  retardation  and  re- 
finance in  other  fubftances  may  be  referred;  as  no  ftand- 
ard is  in  this  cafe  pointed  out  by  nature,  any  one  may  be 
alfumed;  fuppofe  it  were  the  experiment  of  Mr.  Robins 
before  quoted,  wherein  the  refilling  fubftance  is  elm,  the 
impiqging  body  a fphere  of  lead,  the  fpecific  gravity  of 
which  rr  11,35,  and  diameter  ^ of  an  inch,  or  Tj°f  a 
foot.andthe  forceofretardationj  — 1078  1 3;  we  have  there- 
fore f — 1078  1 3,  d — T\r,  « = 1 1 >35,  t and  r — 1;  then  R 
being  a number  which  is  to  1,  as  the  abfolute  refilling 
force  of  the  fubftance  given  is  to  that  of  elm,  we  have 

F R n d R 11,35  _ 

— — = - X -r-.  X •=  = - X — r— - X fr,  or  / — 

107813  r N D 1 N D 

1 o~8 1 3 x 1 1,35  X r6  x R _ 76478/ 


D x N 


DN 


the  force  which 


retards  a fphere  impinging  on  a fubftance,  the  abfo- 
lutc  refiftance  of  which,  in  reference  to  that  of  elm,  is  a* 
/ : 1 ; the  diameter  of  the  fphere  being  rr  D,  and  its 
fpecific  gravity  N.  It  is  next  to  be  enquired,  to  what 
depth  fpheres  impinging  on  refilling  fubftances  will  pene- 
trate, when  the  fpheres’  diameters,  denfities,  velocities  of 
impafl,  and  the  abfolute  refiftance  of  the  fubftances  where- 
on they  impinge  are  given. 


I 


X. 

The  whole  fpaces  or  depths  to  which 
fpheres  impinging  on  different  refifting 
fubftances  penetrate,  are  in  a ratio  com- 
pounded of  the  duplicate  ratio  of  the 
velocities  of  impadf,  the  joint  ratios  of 
the  diameters  and  fpecific  gravities  of  the 
fpheres,  and  an  inverfe  ratio  of  the  abfo- 
lute forces  whereby  the  fubftances  refift 

the 


l 


\ 
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the  progrefs  of  the  fpheres,  or  - — -^7  * 

D N r 
— x — x — . 


tFor  in  general^-  = ^,xf  and  by  the  laft  propo- f SeaMU, 

fition  £•  — - x - X - , fubftituting  therefore  thefe 
.F  R « * 

f . S Fz  f 

ratios  for  their  equal in  the  equation  ^ ^ x ^ > 

S Fz  D N r 

it  will  become  - = — ; X X — X -75  • 
s v a n a: 

From  this  propofition  and  the  experiment  of  Mr.  Robins 
which  has  been  aflumed  as  a ftandard,  we  may  derive  a 
general  expreffion  for  the  value  of  <S,  or  the  depth  to  which 
an  impinging  fphere  will  penetrate  a given  iubftance, 

provided  the  quantity  — , which  exprelfes  the  ratio  of  the 

abfolute  refiftance  of  the  fubftance  to  that  of  elm  be  firft 
afcertained  from  experiment. 

S Fl  D N r 

For  fince  in  general  - — - X X — X p , we  have 

° s vz  a n R 

from  Mr.  Robins’  ftandard  experiment  / = ^ part  of 


a foot,  vz  — 17001 


d — — part  of  a foot,  n ~ 1 1 . ■?  c , 

16 


and  r — i ; wherefore  S — — 


X 


, that  is,  S = 


Fz  D N 


Fz 

17001 
feet. 


D 


15 


N 

11.35 


R 7 ~ 4920223  R 

Suppofe  for  example,  an  iron  24  pounder  were  fired 
againft  a bank  of  earth  with  an  initial  velocity  of  1300 
feet  in  a fecond  ; and  that  the  abfolute  reliltauce  of  the 
earth  to  that  of  elm,  were  as  1 to  1 1.  Let  it  be  required 
to  aflign  to  what  depth  the  ball  will  penetrate  in  the 
bank  of  earth. 

Since  the  fpecific  gravity  of  iron  is  rn  7.53,  and  the  balls 
weight  = 24  pound  avoirdupoife,  we  have  the  diameter 

F 2 of 


% 
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of  the  ball  — . 46  parts  of  an  Englilh  foot,  wherefore  D — . 
-46,  N — 7.53,  and  R — — , then  if  the  velocity  of  thecan- 


j 1 


non  ball  be  that  of  1300  feet  in  a fecond,  the  depth  to 

• • . • V1,  x D x N 

which  it  will  penetrate  into  the  earth  — 


4920223  R 


1 300*  X -46  x 7-;3  X 11  _ 

4920223  — 3 


feet. 


It  appears,  therefore,  that  an  iron  24  pounder  fired  with 
its  full  charge,  whereby  it  iflues  from  the  mouth  of  the 
cannon,  with  a velocity  of  1300  feet  in  a fecond,  will 
penetrate  into  a bank  of  earth,  upon  which  it  impinges 
perpendicularly,  to  the  depth  of  13  feet,  provided  the 
refiftance  of  earth  to  that  of  elm  be  rightly  afligned,  and 
the  bank  be  fo  near  to  the  cannon  that  the  air’s  refiftance 
(hall  not  have  fenfibly  decreafed  the  initial  velocity. 

In  eftimating  the  proportion  of  the  fpaces  defcribed, 
times  of  defcription,  and  velocities  loft  by  bodies,  which 
having  been  proje&ed  with  given  initial  velocities,  are 
refilled  by  conftant  forces,  the  whole  fpaces  have  been 
hitherto  neceflarily  fuppofed  to  be  defcribed  : if  it  be  re- 
quired to  aflign  the  proportion  of  the  fpaces  defcribed  by 
retarded  bodies  in  any  given  times,  eftimating  them  from 
the  firft  inftant  of  projection,  other  rules  will  be  neceflary  ; 
thefe  might  be  eafily  derived  from  geometrical  conftrudtion, 
but  may  be  inveftigated  analytically  in  a more  general 
manner. 


XI. 

Let  a body  be  projected  from  a in  the 
direction  a d,  with  the  velocity  which 
IIIt  would  be  acquired  by  it  in  defending 
through  the  fpace  b c from  reft,  by  ac- 
celeration of  gravity.  Let  the  conftant 
force  F be  oppofed  to  the  motion  of  the 
body,  it  is  required  to  aflign  the  time  of 
defending  any  fpace  a o,  and  the  velocity 
of  the  body  at  the  point  o. 


Let 
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Let  B C — b,  A 0 — x,  V—  the  velocity  in  O,  and  let z be 
the  fpace  through  which  a body  muft  fall  by  the  acceleration 

of  gravity  to  acquire  the  velocity  V . Then  we  (Jhave  z — ^ ^ 

— F x,  and  taking  the  fluents  z — — F x,  which  confift  of  V- 
variable  quantities  only ; thefe  fhould  vanifh  togetherif  they 
conftituted  the  whole  fluent,but  fi  nee  when  x~o,z  — £,the 
conflant  quantity  b mull  be  added  to  — F x,  we  have  there- 
fore z — b — Fx,  and  the  velocity  in  the  point  0 required 


V ~V 4 / z — U 4-  / X b — F x.  Moreover,  if  the  time  n sett.  hi. 

of  deferibing  AO  be  put  equal  T,  then  will  T denote  the  Pr°P‘ ' ’ 

time  of  deferibing  the  evanefeent  fpace  0 o,*  therefore  7"  — * Seft\ ,ir* 
° c — Prop.  III. 

V b — Fx 


X 


and  the  time  T — — 


P s/7 


v/ 4/  X b — Fx 
being  the  variable  part  of  the  fluent,  which  requires  a 

b f 

conflant  quantity  — to  be  added  to  it,  fo  that  when 

FV  l 

x~o , T may  likewife  equal  o.  We  have  therefore  the 


time  fought  T — 


V b-  Vb  — Fx 

f yi 


feconds. 


Cor.  1.  We  obtain  alfo  the  fpace  deferibed  in  the  time 

T,  for  by  reducing  the  equation  x — zT  x V bl  — IF  Tr. 

To  exemplify  this,  fuppofe  an  elm  plank  of  one  incli  in 
thicknefs  being  immoveably  fixed,  were  perpendicularly 
flruck  by  a leaden  ball  of  of  an  inch  diameter,  with  a 
velocity  of  1700  feet  in  a fecond  : the  ball  will  pafs  through 
the  elm,  and  let  it  be  required  to  aflign  what  velocity  will 
be  deftroyed  during  the  ball’s  paflage,  or  what  will  be  the 
velocity  of  the  ball  immediately  on  its  quitting  the  elm. 

Here  referring  to  the  folution,  we  have  x ~ — of  a 


f 


foot,/—  i6T*j,Ft  = 107813,  and b % = =r  44922+  Scft.  ur. 

4 X xoi  Prop. Vlii. 

feet,  being  the  altitude  from  which  a body  mufl  de- t Seift-  llI< 
feend  freely  by  gravity  to  acquire  the  velocity  of  im-co°%V' 
pa£l  17^3  feet  in  a fecond,  and  the  velocity  required  V — 

>/ 4 / X b—Fx  ~ s/ 4 x i6~  X 44922  — = 


1520 
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1520  feet  in  a fecond.  From  which  it  appears,  that  the 
velocity  loft  by  the  impadl  is  no  more  than  1700  — 1520 
— 1 feet  in  a fecond  out  of  the  original  velocity  of  im- 
pact 1700. 

It  appears,  moreover,  that  the  time  of  the  body’s 
palling  through  the  plank  in  the  preceding  cafe  — 

\/  6 — \/  6 — Fx  \/  44922  — \/  44922 — — 

'S1  x F n/  16^  X 107813 

part  of  a fecond. 

19328  r 

This  will  render  it  probable  without  further  argument, 
that  a mulket  ball  of  certain  dimenlions,  may  penetrate 
through  an  elm  or  deal  plank  fet  up  vertically  on  its  bafe, 
without  other  fupport  than  its  weight,  and  notwkhftanding 
the  great  velocity  of  the  impadl  that  it  fhall  not  fenfibly 
move  the  plank  from  its  vertical  pofition.  For  even  in 
the  preceding  cafe,  but  a fmall  portion  of  the  ball’s  mo- 
tion is  communicated  to  the  elm,  and  if  any  other  fubftance 
of  lefs  thicknels  and  refilling  force  be  uled  in  the  experi- 
ment, the  motion  communicated  to  the  plank  fet  up  ver- 
tically may  be  imagined  fo  fmall,  as  not  to  impel  the  line 
of  diredlion  out  of  the  bafe.  It  might  eafily  be  computed 
what  would  be  the  exadl  effect  of  an  impadl  of  this  fort,  (the 
necelfary  data  being  given)  in  railing  the  centre  of  gravity 
of  the  plank,  and  caufing  the  whole  to  turn  upon  one  of 
the  edges  which  terminate  the  bafe ; but  the  reafon  of  the 
phenomenon  above  defcribed  is  fufficiently  evident  from 
the  folution  of  the  preceding  problem. 

Cor,  2.  If  the  fpace  x,  defcribed  in  the  time  T,  by  a 
body  which  is  retarded  by  a force  F be  given,  the  fpace 
s,  through  which  a body  mull  fall  by  the  force  F to  ac- 
quire the  velocity  of  projeftion  will  be  known.  For 
let y equal  the  fpace  defcribed  by  conftant  acceleration  of 
4 Prop.  IV.  the  force  F for  T feconds,  then  will^  — f l FT*,  and  x 
Cor,  c.  , — / 

2f  X Vbl  — lFTl  — zTs/  61  — y,  and  x + y — 

2 T X */  61 ; wherefore  x -f  j>1  =4  T*  6 l = 1 be- 

F 

eaufej>  —TZF  /.wherefore  the  fpace  through  which  a body 
mull  dcfcend  freely  from  reft  by  the  force  of  gravityto  ac- 

— — z 

quire  the  velocity  ofprojedtion,  that  is  the  fpace  6 — — 

4 y 

X 
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X F,  and  the  fpace  which  muft  be  defcribed  * by  the  • Sefl.  III. 
acceleration  of  the  force  F to  acquire  the  fame  velocity,  ProP-  v* 

that  is  the  fpace  s — x-~  ■? . . j 

4 y 

If  therefore  a body  be  projetted  on  an  inclined  plane 
in  a dire&ion  contrary  to  that  in  which  gravity  accelerates 
bodies  down  the  plane,  and  x be  the  fpace  defcribed  in  the  T 
firft  feconds,  let_y  be  the  fpace  through  which  a body  would 
defcend  from  reft  on  the  plane  during  the  fame  time  T ; 
then  the  body  which  was  obferved  to  defcribe  the  fpace  x 
in  T feconds,  will  in  afcending  along  the  plane  defcribe 


the  whole  fpace  = 


* + r* 

4 y 


before  it  lofes  all  motion. 


For  example  : Suppofe  it  to  have  been  obferved  that  a 
body  projefted  along  an  inclined  plane,  in  a direftion 
contrary  to  that  wherein  gravity  a<fts,  defcribed  868.5 
inches  during  the  two  firft  feconds  of  its  motion,  the 
height  of  the  plane  being  | of  its  length.  We  have 
• the  fpace  defcribed  on  the  plane  by  conftant  acce- 


f Seft.  nr. 
Prop.  IV. 


leration  from  reft  during  two  feconds,  or y — 


IQ3  X 4 
8 


=:  96.5  ; and  fince  by  die  queftion  * ==  868.5,  we  have 


x +y  — 868.5  + 9^'S  — 965,  and 


* 4- y _ 965  _ 

\y  ~ 4X  96-5~ 

2412.5  inches,  the  whole  fpace  along  the  plane  to  which 
the  body  will  afcend,  if  in  the  two  firft  feconds  it  defcribes 

868. 5 inches : and  the  time  of  defcribing  this  whole  fpace 


\Z2-il2:;  *8  _ 1Q  feconds> 

J93 

By  this  propofition  we  may  alfo  afcertain  the  fpace  de- 
fcribed in  the  •7'laft  feconds,  of  the  time  wherein  a body 
moves  from  reft  by  a conftant  accelerating  force  F,  pro- 
vided the  whole  fpace  which  the  body  defcribes  be  given, 
and  vice  verfa,  if  the  fpace  defcribed  in  the  laft  T feconds,' 
and  the  force  of  acceleration  be  given,  the  whole  fpace 
may  be  afcertained. 

Thus  fuppofe  it  to  be  obferved  that  a drop  of  rain  had 
during  the  laft  two  feconds  of  its  delcent  to  the  earth,  de- 
fcribed 400  feet.  Let  it  be  required  to  afcertain  the 
eight  from  which  it  fell  : referring  to  the  folution  we 

J7e,A^4°°.  t*le  *Bace  °bferved>  and  the  fpace  which 
would  be  defcribed  by  the  acceleration  of  gravity  for  two 

feconds 
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feconds  — 64  —y  and  x + y = 464.333,  and  fince  F 
= 1 we  have  the  altitude  required  from  which  the  rain 

Z 

defcended  = — + -v  . — 837.83  feet. 

It  has  been  already  obferved,  that  all  motion  mull  be 
at  firft  produced,  and  afterward  increafed  or  diminilhed 
be  continual  acceleration  or  retardation.  It  being  not 
conceivable  that  any  natural  body  (hould  pafs  front  qui- 
efcence  into  motion,  without  having  poffeffed  all  the  in- 
termediate degrees  of  velocity.  When  any  body  there- 
fore is  (truck  by  another  body,  its  parts  give  way  in  a 
greater  or  leffer  degree  to  the  force  of  the  impadt, 

Let  the  (triking  fubftance  and  the  body  (truck  be  each 
ef  them  fpherical,  and  let  the  direction  of  the  (troke  be  in 
a line  which  joins  their  centres. 

Then,  when  the  furfaces  of  thefe  fpheres  are  juft  in 
contadl,  that  is,  at  the  fird  inftant  of  the  impact,  the  di- 
itance  of  the  centres  will  be  half  the  fum  of  their  dia- 
meters ; but  as  the  figures  of  both  fpheres  receive  a change 
by  the  impadl,  the  centres  will  thereby  become  nearer 
to  each  other  than  before,  and  during  the  time  of  their  ap- 
proach, the  (hiking  ball  by  moving  with  a greater  velo- 
city than  the  ball  (truck,  will  continue  gradually  to  ac- 
celerate it  till  the  centres  are  at  their  lead  diftance ; at 
which  inftant  the  centres  begin  to  move  with  a common 
velocity,  the  change  of  the  fpherical  figures  being  then 
the  greateft. 

This  will  be  true  whether  the  bodies  be  nonelaftic 
or  elaftic  ; in  the  latter  cafe,  indeed,  when  the  centres  have 
become  the  neareft  poflible  to  each  other,  the  inftant 
they  are  beginning  to  move  with  common  velocity,  the 
elaftic  force  of  the  fubftances  by  endeavouring  to  reflore 
the  changed  figure,  caufes  the  centres  to  recede  from  each 
other  with  a force  equal  to  that  which  caufed  the  change, 
provided  the  bodies  be  perfectly  elaftic. 

Several  confiderations  arifeffrom  hence : The  time  where- 
in this  acceleration  is  generated,  will  depend  on  the  force 
whereby  the  textures  of  the  bodies  refill  the  force  of  the 
intpadl ; the  common  velocity  communicated,  depends 
only  on  the  weights  of  the  bodies  and  the  velocity  of  the 
impadl : The  forces  of  refiftance,  varying  with  the  di- 
llances  of  the  centres,  depend  on  the  different  textures 
of  the  fubftajices ; in  moll  cafes  the  force  mull  be  evidently 
variable,  but  if  the  law  of  the  variation  can  be  afeer- 
tained,  the  time  wherein  the  velocity  is  communicated, 

as 
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as  well  as  the  approach  of  the  centres,  from  the  firft  in- 
ftant  of  the  impadt,  to  the  inftant  at  which  all  acceleration 
ceafes  might  be  inveftigated. 

For  example : When  the  refilling  force  is  conllant  and 
of  a determined  quantity,  having  given  the  weights  of  the 
bodies  and  the  velocity  of  the  impadt,  from  thefe  data,  the 
common  velocity  communicated  and  the  time  of  commu- 
nicating it,  the  change  of  the  figure  occafioned  by  the 
impadt,  and  thefpace  deferibed  by  the  body  ftruck  before 
the  two  bodies  have  acquired  a common  velocity,  may  be 
afeertained  from  the  general  principles  of  acceleration. 

It  is  however  to  be  obferved,  that  in  the  following  folu- 
tion,  the  change  in  the  figure  of  the  body  ftruck  being 
vaftly  greater  than  that  of  the  ftriking  body,  the  latter  is 
not  confidered. 


XI. 

hlgk  is  a block  of  wood,  or  other 
fimilar  fubftance,  exifting  in  a free  fpace 
without  gravity.  Let  a body,  for  ex- 
ample a mufket  ball,  impinge  perpendi- FiS. 
cularly  on  this  block  of  wood  when  qui- 
efeent  in  the  diredlion  i a,  which  line 
paffes  through  the  centre  of  gravity)  hav- 
ing given  the  force  wherewith  the  body 
refills  the  p'rogrefs  of  the  ball,  the  quan- 
tities of  matter  contained  in  the  ball  and 
the  block,  and  the  velocity  of  the  impadl, 
it  is  required  to  afeertain  the  velocity 
communicated. 

Let  the  velocity  of  the  impadt  be  fuch  as  a body  ac- 
quires in  defeending  by  gravity  from  reft  through  the 
ipace  i,  and  let  the  quantity  of  matter  in  the  block  be 

g <e> 
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that  in  the  ball  P,  the  refilling  force  of  the  block  M ; 
and  fuppofe,  that  by  the  force  of  the  impadl  the  block 
has  been  propelled  from  its  firft  pofition  G HL  AT  to  C E DF, 
during  which  time  the  ball  has  penetrated  the  block  to 
the  depth  O B,  having  altogether  moved  over  the  fpace 
/O  + 05;  then  linee  the  block  being  continually  ac- 
celerated, and  the  ball  continually  retarded  during  the  time 
wherein  the  ball  finks  into  the  fubitance  of  the  block,  the 
velocities  of  the  two  bodies  will  be  different  during  that 
time  : let  v be  the  fpace  through  which  a body  mull 
fall  by  gravity  to  acquire  the  velocity  of  the  ball  at  B,  and 
v that  fpace  which  mull  be  fallen  through  to  acquire  the 
velocity  of  the  block  at  the  fame  infb.nt  at  which  the 
ball  has  arrived  at  B.  Moreover,  let  AO  — x,  OB  —y, 
then  will  the  fpace  x -f  y be  defcribed  by  the  ball  while 
the  block  moves  through  the  fpace  x,  and  the  ball  will  de- 

fcribe  the  elements  of  fpace  x -j-  y in  the  fame  time, 

wherein  the  block  defcribes  the  particle*,  and  fi  nee  the  ve- 


locity of  the  ball  at  O — s/v,  and  the  cotemporary  veloci- 

tyof  the  body  ftruck  =:  \/  % we  havex+ji  :i::v/v 
' # * * 
V'  v ; becaufe  the  time  of  deferibing  the  fpaces  x -f  y 


• * * / V * 

and  x is  the  fame ; wherefore  x + y — — x.  We  have 

*u 

• • * ju 

• Sea.  III.  therefore  from  the*  principles  of  acceleration  x + y x -f 
Prop.  V.  __  _ 

+ Sea.  I.  — — v,  or  fince*  + y = \!  — x,  it  follows  that  \/~  x 
Prop.  iX.  W " <v 


M _ 
P ~ 


v : moreover  fince  M is  the  refilling  force  whereby 


M 


the  body  ftruck  deftroys  the  ball’s  motion,  — will  be  the 

l Sea.  I.  force  by  which  the  block  is  \ accelerated,  and  it  will 

prop.  IX.  ’ HT  • 9 

4 sea.  ill.  follow  <S  that  = i;fubftituting  therefore  for  x in 
Prop.  v.  y ^ M 


Cor.  4. 


. 1 « / v 9 ‘ v M • , 

the  former  equation,  we  havey  - x ^ X — — — v,  and 


a>  v 

r-r=  x 9 — : — ~7==-  X.P,  and  taking 

s/  -v  yX  V 

th* 


by  the  redu&ion 
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the  fluents  s/™  A Q_—  — \/ v X P,  which  fhould  vanilh 

together,  but  when  \/  v,  the  velocity  of  the  block 

= o,  s/  v the  velocity  of  the  ball  — v/T, 

the  whole  fluents  therefore  will  be  v/  <u  x Q n 

ps/  s _ p v/  V,  and  P \/  v -f  Q\/  <v  — P \/  s,  that 
is,  when  both  bodies  move  with  a common  velocity,  or 

when  \/  v = s/  v,  it  will  be  P -f  \/ v — p \/  s, 

and  refolving  the  equation  into  an  analogy,  P + P : : 

V s : Y -i/,or  the  fum  of  the  bodies  is  to  the  ftriking  body, 
as  the  velocity  of  the  impadl  to  the  velocity  communi- 
cated. 

Cor.  1 . Since  during  the  whole  acceleration,  p>/~  + 

S 'v  zr  P v/7  it  follows,  that  the  fum  of  the  mo- 
ments is  at  every  inllant  =:  Ps/  r,  the  fum  of  the  mo- 
ments before  the  ftroke. 

Cor.  2.  As  the  quantity  M,  or  the  refilling  force  of  the 
body  ftruck,  enters  not  into  the  expreflion  for  the  common 
velocity,  it  follows,  that  whatever  be  the  refilling  force  of 
the  bodies,  the  weights  of  the  bodies  and  the  velocity 
of  impadl  being  the  fame,  the  velocity  communicated  will 
be  given,  being  always  equal  to  the  velocity  of  impadl, 
into  the  llrikingbody  divided  by  the  fum  of  the  bodies. 

XIII. 

Every  thing  remaining  as  in  the  laft 
propofition,  let  it  be  required  to  aflign 
the  depth  ob,  to  which  the  ball  pene- 
trates into  the  fubftance  of  the  block 
whereon  it  impinges. 

Let  the  depth  required  OB  — y,  and  AO  = x,  the  other 
notation  remaining  as  in  the  lait  propofition,  we  * have  » Seft  jjj 

* * -p  = — v>  and  taking  the  fluents  * + y X ^ProP,^ll‘ 

G * s= 
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— v ; and  fince  when  x -|-  y — o,  v = r,  it  follows, 
that  the  whole  fluents  will  be  * + y x ^ = s — v,  or 

; and  fince  x — we  have  y ~ 


■P  — Pv 


X+J=  M 
s P — Pv  — Qjv 
M 


M 


, that  is,  when  v — vor  when  the  bodies 
have  obtained  a common  velocity,  y — 5 P — P + v 


J Sea.  Ill 
Prop.  XI, 
p.  Si. 


jbut  P -p  : P1 : s : v,  and  v — 


P + Z 


P + 4£,X  v — 


_ p + g.X  P's  _ P's 


P + £ 


M 

wherefore 
and  s P — 


P + <v  — sP  — 


P - 


P + Z’ 

, and  the  depth 

P ±JLJLZ  — sP ^ 


P's  _ QjP 

p + z~  p + z’ 


• Sea.  III. 
Prop.  VIII. 


f Sea.  III. 

P-  '.9. 

Rr  bins’ 
Clunnery, 
Vol.  1. 
p.  js*. 


fought  y r 

M P + ^xM' 

Cor.  1.  Let  s be  the  fpace  through  which  a body  mull 
defeend  by  the  acceleration  of  gravity,  to  acquire  the  ve- 
locity with  which  a body  impinges  on  a block,  the  refilling 
force  of  which  — M,  and  the  weight  — let  the  weight 
of  the  impinging  body  — P,  then  if  Z be  infinite,  that 
is,  if  the  block  be  immoveably  fixed,  the  depth  to  which 
sp 

the  ball  * penetrates  ~ — . 

Cor.  2.  If  ^be  of  finite  weight  and  P impinge  on  it, 
the  depth  to  which  it  penetrates  will  be  to  the  depth  in 
that  cafe  wherein  the  block  is  immoveable,  as  the  body 
flruck  is  to  the  fum  of  the  bodies,  that  is,  Z:  P - fi 

Cor.  3.  To  exemplify  this,  if  a mulket  ball  of  J of  an 
inch  in  diameter  impinge  againll  a block  of  elm, with  a ve- 
locity of  1700  feet  in  a fecond,  and  the  block  be  nine 
times  heavier  than  the  ball,  then  P — 1,  9 and 

. — dL—  — .2-  • moreover  fince  the  depth  to  which  the  ball 

p + Z 10 

would  penetrateif  theelm  were  + immoveable  =.  5 inches,it 
follows,  that  in  the  prefent  cafe,  when  it  is  at  liberty  to 

r y G)  C X O 

move  in  free  fpace,  the  depth  will  be  jTZjTt#  = ~ lo  ' = 
4.5  inches. 


Cor. 
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Cor  4.  Since  the  common  velocity  or  that  which  is 

. . . r _ I7°0  x I 

communicated  to  the  block,  is  in  this  caie  _ JO 

— 170  feet  in  a fecond,  it  follows,  that  v = the  fpace 
through  which  a body  mull  fall  by  the  acceleration  of 

, . 1 7°z  _ 

gravity  to  acquire  the  common  velocity 


4 X i6rS 


M 


*449.22  feet  = v:  moreover,  fince  the  retarding  force  p 
oppofed  to  f the  ball  = 107813,  it  follows, that  the  refilling  ill. 

force  M — 107813  X P,  wherefore  becaufe  at  = -g  and  p.  39. 

_ ^ 9 Pv 

Qzz.  9 P,  from  fubllitution  we  have  A 0 or  * _ lo^&1^p 

- 9 X 44.0.2a  _ _0  nart  of  a foot  or  .45  parts  of  an  inch. 

107813 

It  appears  therefore  that  the  fpace  * or  AO  through 
which  the  elm  block  will  be  propelled  before  all  accele- 
ration ceafes,  that  is,  before  the  two  bodies  have  acquired 
a common  velocity,  2=  .4s  pans  of  an  inch. 

Cor.  c . The  fpace  or  depth  to  which  the  ball  pene- 

s P 9 

trates  into  the  block  ~ 


P + i^X  M 


, and  the  fpace  de- 


9 


v- 

fcribed  by  the  block  in  the  fame  time  zc  ^ ; this  time 

will  be  afcertained  from  the  principles  before  demon- 
ftrated,  for  in  the  motion  of  bodies  accelerated  from  reft, 
by  aconllant  force,  if  S be  the  fpace  defcribed,  V the  laft 
acquired  velocity,  T the  time  wherein  this  velocity 

V x T 2 S 

is  generated,  we  have  J always  5 = — - — and  T = ; J Se&AU, 

wherefore  in  the  prefent  cafe,  the  block  being  accelerated 

by  the  conftant  force  — , fince  the  velocity  acquired  is  1 70 

X 12  inches  in  a fecond,  and  A 0 the  fpace  defcribed  ~ 

.45  parts  of  an  inch,  we  have  the  time  of  defcribing  this 

r 2 x .41;  1 

fpace  = — 


170x12  2267 


part  of  a fecond. 


Sect. 
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Sect.  IV. 


CONCERNING  THE  RECTILINEAR  MOTION 
OF  BODIES  ACTED  ON  BY  FORCES 
WHICH  VARY  IN  SOME  RATIO  OF  THE 
DISTANCES  FROM  A FIXED  POINT. 


H E laws  obferved  in  the  motion 


of  bodies  which  are  uniformly  ac- 
celerated or  retarded,  will  fufficiently  ex- 
plain all  the  phenomena  which  arife  from 
the  a£tion  of  conftant  forces,  or  even  of 
variable  ones  in  the  very  beginning  of  the 
motion  produced  by  them.  Of  this  fort 
is  the  force  of  gravity,  which  muft  in 
ftriftnefs  be  accounted  a variable  force, 
the  law  of  variation  being  that  of  the  in- 
verfe  fquares  of  the  diftances  from  the 
earth’s  centre.  But  any  fpaces  through 
which  bodies  can  adtually  defcend,  are  fo 
fmall  when  compared  with  the  radius  of 
the  earth,  that  the  greateft  ratio  of  the 
fquares  of  thofe  diftances  from  the  earth’s 
centre  differs  little  from  that  of  equality. 
It  is  for  this  reafon,  that  the  force  of  gra- 


vity. 
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vity,  which  accelerates  the  defcent  of  bo- 
dies and  retards  their  afcent,  has  been 
regarded  according  to  Galilaeo’s  hy- 
pothefis  as  conftant.  This  aflumption, 
however,  would  be  lefs  allowable  than 
it  is,  were  we  not  enabled  by  the  laws  of 
variable  forces  to  demonftrate  how  fmall 
a deviation  from  the  truth  is  occafioned 
by  it. 

Gallilaeo’s  difcoveries  in  mechanics  re- 
lated chiefly  to  the  operation  of  conftant 
forces,  but  were  not  fufftcient  for  the  efti- 
mation  of  the  effe6ls  produced  by  thofe 
which  are  variable ; for  this  purpofe, 
methods  are  required,  unknown  till 
Sir  I.  Newton  applied  his  invention  of 
fluxions,  to  determine  from  the  neceflary 
data,  the  fpaces  defcribed,  times  of  de- 
fcription,  and  velocities  acquired  by  bo- 
dies a£ted  on  by  forces  varying  according 
to  any  afligned  law. 

The  properties  of  variable  forces  being 
deducible  from  thofe  of  conftant  ones, 
afting  in  evanefcent  times,  or  impelling 
bodies  through  evanefcent  fpaces,  have 
been  inferted  as  corollaries  to  the  propo- 
fitions  in  the  preceding  fe&ion : from 
thefe  principles,  the  effe&s  of  variable 

forces 
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forces  acting  during  times  which  are  fi- 
nite, and  impelling  bodies  through  finite 
fpaces,  are  to  be  inferred. 

The  extent  of  the  Newtonian  theory  of 
acceleration  appears  from  confidering  that 
there  are  few  motions  produced  either  by 
the  operations  of  nature  or  of  mechanic 
art,  but  what  are  the  effedts  of  variable 
forces.  Thefe  may  either  accelerate  or  re-' 
tard  the  motion  of  bodies,  and  may  obferve 
different  laws  in  regard  to  the  intenfity 
with  which  they  a£h  for  example,  thefe 
forces  may  vary  according  to  fome  power 

of 


The  proportion  contained  in  £or.  4.  Se£l.  iii.  which 
is  applied  to  investigate  the  effedts  of  variable  forces,  may 
be  inferred  from  propofition  the  vth,  otherwife  as  fol- 

Vx  F S 

lows : it  appears  in  the  propofition,  that  — - = — x 

v f s 

Let  s be  the  fpace  through  which  a body  muit  move  from 
reft  by  the  acceleration  of  the  force  ft  fo  as  to  acquire  a 
velocity  <v  equal  to  V,  which  is  generated  by  the  force  F 
afting  on  a body  moving  from  reft  through  the  fpace  51 : 
then  F — <u  and  F X S —f  X s:  here,  if  / be  the  force 
of  gravity,  and  s the  fpace  through  which  a body  muft 
defeend  freely  by  that  force  from  reft,  fo  as  to  acquire  the 
velocity  v or  V,f  may  be  denoted  by  j,  aqd  F by  a pro- 
portional number.  This  will  give  F S ~ s,  and  F being 
conftant  during  an  inllant,  Fj—  j » the  fame  as  in  Cor.  4. 
where  z reprefents  the  fame  quantity,  as  is  here  fignified 
by  j . When  S decreafes  while  s increafes,  their  incre- 
ments will  be  negative  in  refpedt  of  each  other;  and  the 
fundamental  equation  will  become  / ~ — FS,  or 

Fx. 
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the  diftances  from  a fixed  point,  or  ac- 
cording to  fome  power  of  the  velocities, 
befides  innumerable  other  laws  of  varia- 
tion which  obtain  in  particular  cafes : 
The  enfuing  feftion  contains  properties 
of  re&ilinear  motion,  caufed  by  the  ac- 
tion of  forces,  which  vary  in  fome  ratio 
of  the  diftances  from  a fixed  point,  be- 
ing fuch  as  chiefly  relate  to  natural  phe- 
nomena. 


I. 


Let  c reprefent  a centre,  toward  which  Fis- v* 
bodies  are  accelerated  by  forces  which 
are  always  in  a direct  proportion  of  their 
diftances  from  c.  Suppofing  the  force  at 
any  given  point  g to  be  = f,  it  is  re- 
quired to  afcertain  the  velocity  acquired 
by  a body,  which  has  moved  from  quief- 
ence  at  a through  the  fpace  ao. 


Let  any  ftandard  force  i,  the  earth’s  gravity  for  exam- 
ple, be  that  to  which  F is  referred,  CA  —a,  CG  — r, 
AO  — x,  alfo  let  V be  the  velocity  required ; then  fince 
by  the  problem,  the  force  at  O is  to  that  at  G as  CO  to 
CG,  that  is,  as  a — x : r,  we  have  the  force  at  0 z 

F X a — x 
r 


Let  z be  the  fpace  through  which  a body  mud  move 
from  reft  by  the  acceleration  of  the  ftandard  force  i,  con- 
tinued conftant  fo  as  to  acquire  the  velocity  at  0 ; this 


_ -i,  • # • _ -F  X « x — x X J F X.  2 ax  — x*  « Sett.  Ill, 

will  give  *15  = — - and  z = , Pr0p.V/- 

which,  fince  when  xzzo,  z ~ o,  is  the  entire  fluent:  °r’4’ 

H where- 


* sca.in. 

Prop.  HI. 
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IF  X 2a x — xx 


2 r 


, or  V- 


• . i 

wherefore  the  velocity  V — V 

\IL  X xx  : moreover,  if  7“  be  made  to  repre- 

* 2 r 

• / 2 f 

fent  the  time  of  defcribing  A 0,  we  have  *T  — \J  — x 

, and  iT  — V 4r  X fluent  of  — --  * 

■f  ■/  2 ax  — 


V 2 ax — 
that  is,  T — \J 


XX 


2 r 

F? 


X into  an  arc  of  a circle  the  verfed 


fine  of  which  zz  *,  and  radius  — a.  When  x — a,  that 
is,  when  AO  — AC,  the  fluent  will  become  the  time  of 

defcribing  the  whole  fpace  AC,  which  time  will  =:  \J 

X into  the  quadrant  of  a circle  the  radius  of  which  is  = a. 
Let  p — 3. 14.1 59,  &c.  the  quadrant  of  the  circle  will  be 

^ , and  the  time  of  defcribing  AC  z=.  \j  — Xy  = 

p X ^ r 
V 2 F 

If  the  body  begins  to  defcend  from  any  other  point  B, 
the  folution  continues  the  fame  in  every  ftep,  and  the  time 

of  defcribing  the  whole  fpace  BC  = » which, 

if  the  diftance  r or  CG  and  F the  force  at  G be  unalter- 
ed, will  be  equal  to  that  wherein  the  body  defcnbed  the 
fpace  AC. 

Cor  1 If  C be  a given  centre  of  force,  varying  as  de- 
ferred in  the  problem,  and  the  force  at  any  given  dif- 
tance CG,  continue  conftantly  equal  to  F dien  1 todies 
defcribing  from  reft  any  fpaces  BC,  GC,  A o,  DC,  will 
all  arrive  at  the  centre  in  equal  times,  the  time  of  the  de- 

p X v'CG 
feription  being  zz  - — • 

/ 

Cor  2.  If  the  given  force  F be  referred  to  the  earth’s 
gravity,  the  latter  may  be  denoted  by  1, wherefore  F will  be 
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a number  which  is  to  i,  as  the  force  at  G to  the  force  of 
gravity:  then  referring  the  times  of  defcent  to  i fecond, 
and  the  fpaces  defcribed  to  feet  or  inches,  let  l — i6T'^ 
feet,  or  1 93  inches,  and  welhallhave  the  time  of  defcribing 

from  reft  any  fpaces  BC,  GC,  or  *AC  — - — X — • * Se&-  Hi. 

s/*fi  £r.v- 

Cor.  3.  Let  ADGCE  reprefent  a cycloid,  and  let  a Fig.  VI. 
body  fufpended  from  the  line  or  axis  5 C vibrate  in  it,  and 
fuppofe  it  were  required  to  aflign  the  time  of  the  pendu- 
lum’s defcribing  any  arc  DC,  beginning  its  motion  from  D , 

C being  the  loweft  point  through  which  the  axis  SC  paffes  ^ 
let  AC  or  SC  — L : In  order  to  afcertain  the  force  which 
a£ts  on  the  pendulum  in  any  given  point  G,  let  the  line 
GE  be  drawn  perpendicular  to  HC,  interfe&ing  the  gene- 
rating circle  in  K\  then  to  find  the  force  at  G,  the  body’s 
weight  being  reprefented  in  quantity  and  direftion  by  any 
conftant  line,  which  is  perpendicular  to  the  horizon,  let 
the  line  CH  (being  f the  axis)  denote  the  weight  of  the 
pendulum,  this  may  be  refolved  into  two  C K,  HK, 
whereof  CK  being  parallel  to  a line  touching  the  cycloid 
in  the  point  G,  accelerates  the  motion  of  the  pendulum  in 
the  curve.  The  other  force  HK,  adding  in  a direction 
perpendicular  to  the  former,  tends  only  to  ftretch  the 
firing  and  affetts  not  the  acceleration.  The  force,  there- 
fore, which  accelerates  the  pendulum  will  be  that  part  of 

C K 

its  weight  which  is  expreffed  by  the  fradlion  — ; the 

C H 

force  alfo  which  accelerates  the  pendulum  in  any  other 
point  of  its  vibration  D,  will  be  that  part  of  gravity  which 
• C 0 

is  expreffed  by  the  fraftion  — wherefore  the  force  at  G 

L ti 


will  be  to  the  force  at  D,  in  the  proportion  of  to  — 

or  as  CK  to  CO,  that  is,  as  CG  to  CD ; becaufe  the  cy- 
cloidal arcs  are  double  to  the  correfponding  chords  of  the 
generating  circle.  The  forces  which  adt  at  G and  D be- 
ing in  the  dire  it  proportion  of  the  dillances  of  thofe  points 
from  the  point  C,  the  time  of  defcribing  either  GC  or  DC 
whl  be  obtained  from  the  preceding  propofition,  if  the 
engt  of  the  pendulum  S C be  given,  and  the  adlion  of 
force  at  any  given  diftance  from  C be  afeertained. 

Suppofe  CG  to  be  -5  or  SC,  then  will  C K be  - HC, 

T 2 

II 2 arid 
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and  the  force  at  G — ^ of  the  body’s  weight  orF  — and 

* Cor.  z,  fince  the  time  of  defcribing  any  *fpace  DC  — ^ ^^9. , 

\/  S~F  I 

by  fubdituting  — for  GC,  and  — for  F,  we  have  the  time 
2 2 


of  defcribing  the  arc  GC  or  DC  — 


_ / x 


%/L 


time  of  one  entire  vibration  = L2L 


\/  8 l 
s/1. 


and  the 


\/  2 l 


Cor.  4.  If  the  length  ofa  pendulum,  and  the  force  of  ac- 
celeration at  the  greated  didance  from  the  lowed  points, 
continue  unaltered  and  equal  to  F,  the  pendulum  will  per- 
form its  vibrations  in  the  longed  and  ftiorted  arcs  in  the  fame 

time,  namely,  in  the  time^-- ' * . Pendulums  of  dif- 

v/  2 FI 

ferent  lengths  will  vibrate  in  times  which  are  in  a direfl 
fubduplicate  ratio  of  their  lengths,  and  an  inverfe  fub- 
duplicate  ratio  of  the  forces  which  accelerate  them  at  any 
diltances  from  the  lowed  point,  which  are  in  a given  pro- 
portion to  the  whole  lengths. 

Cor.  5.  Let  F be  the  force  which  a£ts  upon  the  pen- 
dulum when  at  the  greatcd  didance  from  the  lowed 

• , c-_„  cr  _ / X s/  L 

point : 


Since  T — 


\ZzFl 


T being  the  time  of 


f Se£t.  HI. one  vibration,  and  t fince  is  the  time  of  a body’s 

“ nr  V 2 FI 


Prop.  IV, 
Cor.  5. 


defcribing  the  fpacc  — from  red,  by  the  a&ion  of  a con- 


ftant  force  F,  by  refolving  the  equation  into  an  analogy 

we  have  T : v/~ ir>  : : p : i,  that  is,  the  time  of  one  vibra- 
2 FI 

tion  is  to  the  time  of  a body’s  defcribing  from  red  half 
the  pendulum’s  length  by  the  conftant  acceleration  of  the 
force  F,  as  the  circumference  of  a circle  is  to  its  diameter. 

Cor.  6.  If  a pendulum  L could  vibrate  in  the  chords  of 
2 circle,  the  time  of  one  vibration  would  be  equal  to  that 
wherein  a body  defcending  from  red  defcribes  8 L,  that  is, 

the 
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j g £ 

the  time  of  one  vibration  =:  \/ — , ^ being  — I : a pen- 
dulum of  the  fame  length  would  vibrate  in  a cycloidal  arc 

in  the  tim^  * , the  force  F being  ij  wherefore  we 

v/z  l 

have  the  following  proportion:  the  time  wherein  a pendu- 
lum would  vibrate  in  the  chords  of  a circle  is  to  the  time  of 

X s/  L 


\/  2 / 


/ g l 

its  vibration  in  the  cycloidal  arc, as  y — to J 

that  is,  as  4 : or  as  4 diameters  of  a circle  to  the  cir- 

cumference. 

Cor.  7.  The  general  value  for  the  time  of  one  vibration 

being  - * ^ if  in  any  given  part  of  the  earth,  the 
s/  2FI 

force  of  gravity  be  denoted  by  t,  and  the  fpace  through 
which  a body  defeends  from  reft  in  one  fecond  be  equal  /, 
we  /hall  obtain  the  length  of  a pendulum  which  vibrates 

_ fj/~L 


feconds  in  that  latitude;  for  fince  T 

z 7 

have,  T and  F being  = 1 , L — -p~  . 

inches  in  that  latitude  (for  example  at  London)  then  L — 
z X 193 


, we  (hall 

V zFl 

If  l — 193  Englifh 


r:  30. z Englifh  inches.  If  die  force 
3.1459  x 3.1459  6 

of  gravity  at  the  equator  be  to  that  at  London  as  f : 1, 
then  the  length  of  a pendulum  which  vibrates  feconds  at 
the  equator  muft  be  F x 39.2  Engliih  inches. 

If  therefore  it  be  obferved,  what  is  the  proportion  of 
the  lengths  of  two  pendulums  which  vibrate  feconds  at 
any  two  latitudes,  the  proportion  of  thefe  lengths  will 
give  the  proportion  of  the  forces  of  gravity  at  thofe 
places,  the  effects  of  the  earth’s  centrifugal  force  on  the 
times  of  vibrations  not  being  here  confidercd. 

Cor.  8.  From  the  third  corollary  we  may  obtain  a 
rule  for  correcting  the  pendulum  of  a clock  : for  the 

time  of  one  vibration  T ~ ? , and  T1  — tlL. 

\/  2 l 2 ^ 

of  whicn  quantities  F and  L only  are  variable:  wherefore 
taking  the  leaft  cotempcrary  variations  of  their  hyperbolic 

loga- 


J Newt. 
Princip. 
Prop. 
LXXIII. 
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• 2 7*  T * • 

logarithms,  we  have  =:  , where  T reprefents  an 

error  in  time  canfed  by  the  variation  in  the  pendulum’s 

length  L : Thefe  variations  are  in  theory  Id's  than  any 
aflignable  quantities  of  the  fame  fort,  but  in  pra&ice  the 
rule  will  be  fufficiently  true  when  the  errors  bear  a very 
final!  proportion  to  the  whole  quantities.  Suppofe  for  in- 
ftance,  a pendulum  vibrating  feconds,  was  obferved  to  lofe 
10  feconds,  in  9 hours  or  32400  feconds.  Let  it  be  requir- 
ed to  aflign  how  much  the  pendulum  mud  be  (hortened,  fo 

as  to  keep  true  time.  Here  T — \ , T — — and  L — 

324x0 

then  from  the  rule  we  have  the  alteration  fought 

2 y*  39.2  x 20  1 r . , 

L X — - ~ ■ — part  of  an  inch. 

T 32400  41-3  r 

Cor.  9.  X Since  a body  fituated  within  the  earth’s  furface, 
is  attra&ed  by  a force  which  varies  in  a diredt  ratio  of  the 
didance  from  the  centre,  the  time  wherein  a body  would 
defcend  freely  from  the  furface  to  the  earth’s  centre, 

will  be  — the  time  in  which  a pendulum,  equal  in  length 
2 

to  the  earth’s  radius,  would  perform  its  lead  vibrations 
in  a circular  arc  and  vibrations  of  any  length  in  a cycloid  ; 
that  is,  making  r equal  to  the  earth’s  radius,  the  time 

would  be  ~ X \J = feconds,  or  twenty  one  minutes 


39.2, 
L - 


Fig.  VII. 


f Newt. 
Piincip. 
Prop. 

XXXVIII. 

* Vid.  fupra 
p.  58. 


thirteen  feconds. 

Cor.  10.  The  relation  of  the  fpaces  defcribed,  times  of 
defcription,  and  velocities  acquired,  may  be  geometrically 
conftrudted  thus. 

Let  AC  reprefent  the  femicycloidal  arc  drawn  out  into  a 
ftrait  line,  and  the  force  at  A being  equal  to  that  of  gravity, 
andC  the  lowed  point  of  the  arc : then  fuppofe  the  pendulum 
to  begin  its  vibration  from  any  point  D,  the  time  of  deferr- 
ing DC  will  be  equal  to  that  of  deferibing  the  whole  arc  AC. 
With  the  centre  C and  didance  C D,  delcribe  the  quadrant 
DB,  then  fuppofing  DO,  DM  to  be  two  fpaces  defcribed 
during  the  motion  of  the  body  from  #>to  C,  the  4 velocities 
in  the  points  O and  M will  be  as  the  fines  OF,  M N : tor 

the  velocity*  at  O =:  V 2 “ » anc^  l^e 

velocity atM=y > wherefore  the 

velocity 


velocity  at  0 will  be  to  that 
2 CD  x D M 
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, I2CD  x DO—  DO1 
at  M,  as  y — 


2 CA 


to 


V- 


DM1 


2 CA 


, or  multiplying  both  by 

y/zCA,  as  Y iCD  xDO-DO't 0 Y 2 CD  x.  DM- DM*, 
that  is,  by  the  properties  of  the  circle,  as  OF  to  MN: 
Moreover,  the  time  of  defcribing  D O will  be  to  the  time 
of  defcribing  DM,  as  the  arc  D F to  the  arc  DN,  for  the 

!TC2 

CD 2 

cle,  the  radius  of  which  = CD,  and  verfed  fine  — DO,  that 


time  of  defcribing  DO  — Vfttt  X into  the  arc  of  a cir- 


is,  the  time 


CD% 


X arc  DF;  for  the  fame  reafon. 


J2  Qjf 

the  time  of  defcribing  DM—  \A  -Qjy,  X arc  DM;  where- 

Sz  CA 

fore  the  proportion  of  thefe  times  is  as  "v  -prj X DF  to 


V; 


.CA 

CD1 


X DN,  or  as  D F to  D N. 


II. 

Let  c be  a centre,  toward  which  bo-FigiVIIIi 
dies  are  attracted  with  forces  which  are 
inverfely  proportional  to  the  fquares  of 
their  diftances  from  c.  Moreover,  let 
the  force,  which  a£ts  at  any  given  point 
g,  be  f,  referred  to  a ftandard  force  r, 
fuch  as  that  of  the  earth’s  gravity.  If  a 
body  begins  to  defcend  from  a point  a,  by 
the  action  of  the  centripetal  force,  it  is 
required  to  afcertain  the  velocity  acquired 
at  any  given  point  o of  its  defcent. 


Let 
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Let  C C — r,  AC  — a,  AO  — x,  V the  velocity  at  0, 
then  we  have  the  force  which  accelerates  the  body  at  O 
rz 

— F x • ■ ■ -1 , and  if  z be  the  fpace  due  to  the  velo- 
a — x 


• Sea.  HI.  c;ty  at  q from  the  acceleration  of  the  force  i, * then  wills:  rz 

Prop.  V.  1 . - 

Cor.  4.  F rz  x F vz  ...  ..  , 

■==7,  and  z — a _ x , which  fhould  vanifh  when  x 


, , Fr * 

— o,  but  when  x — o,  — 

a — x a 

Frz  Frz 

entire  fluent  is  z — — 


Wherefore  the 
F rz  x 


-,  and 


a 


a 


a X a — x 

in  general. 


„ . / F r~  x 

the  velocity  in  O,  or  V — 

1 a X a — x 

that  is,  when  the  ftandards  of  fpace,  time,  velocity,  and 
force  are  each  aflfumed  equal  i : if  the  force  F be  referred 
to  that  which  accelerates  bodies  through  a fpace  /, 

f Sea.  III.  in  the  time  i,fwehaverc=  \J expreffed  in  the 


Prop,  V. 

p.  zS. 

Fig.  IX. 


a X a — •* 

dimenfions  of  a ftandard  fpace  l,  and  time  1. 

Cor.  1 . Let  DGB  reprefent  the  furface,  C the  centre  of 
tlm  earth,  AO  any  fpace  through  which  a body  canattual- 
lv  defcend  : then  referring  to  the  preceding  folution,  we 
have  AC  — a,  GC  — r,  F — 1,  being  the  force  of  gravity 
at  the  earth’s  furface  : AO=x,  and  the  velocity  generated 

in  the  point  0,  will  be  \J g ^t  if  the  force  of 

gravity  were  uniform  at  all  diftances,  and  - 1,  the  velo- 

t Sea.  UI.  city  generated  would  t be  vV*,  the  difference  of  which 

Cl,r'3,  velocities  ==  y 4^*  — *lx  x 


« / r"  In  order  to  reduce  this, letr  = AG 

a X a — * 

beine  the  altitude  or  diflance  above  the  earth’s  furface  from 
which  the  body  begins  to  fall,  then  will  a — r + s and 
d + irr+d-tx-ir,  that  is,  face 
s x is  incomparably  fmallcr  than  z r s — r x,  we  jhal 
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have  a 1 
2 

r + ~ 


— a x — r 
r s — r x 
2 r 


-f  2 ty's  — r x, 
2 2 r s — 

2 r 


and  az  — ax  — 

T X 

—r~;  the  difference  of 


the  velocities  therefore  will  approximate  to  \/  4.  I x x 


2r*  + 2 


- = ,/Zi 

irs—rx  T 


x-  X 


2 r s ■ 


or 


2 r- 


- as  a limit,  while  x and  s, become  conti- 


T 2 r 

nually  fmaller:  we  have  therefore  the  following  conftruc- 
tion:  In  the  earth’s  radius  CG,  take  G I — G A,  then  if  a Fig.  IX. 
body  falling  from  A , defcribes  the  fpace  A O,  the  diffe- 
rence of  the  velocities,  or  the  error  occafioned  by  affuming 
Galilaeo’s  Hypothefis  of  the  uniform  gravity  of  the  earth 
at  all  diftances  from  the  centre,  will  be  that  part  of  the 
whole  velocity  generated,  which  is  expreffed  by  the  frac- 
tion -4-7t , when  x and  s vanilh  in  refpeft  of  r. 

2t  fr  r 


Cor.  2.  If  the  body  defcends  to  the  earth’s  furface,  that 
is,  to  the  point  at  which  the  earth’s  gravity  is  affumed 
r:  1,  the  error  in  the  velocity  above  mentioned,  will  be 

AG 

the  whole  velocity  generated  x » that  is,  the  error 


cannot  be  to  the  whole  velocity  generated  in  a greater 
proportion  than  that  of  the  altitude  fallen  from  to  the 
earth’s  diameter. 


Since  in  general  the  velocity  r=  \J > ^ quan. 

ax  a — x 

tities  F,r,  and  a being  given,  and  * being  the  variable 
fpace  defcribed,  the  velocities  in  different  points  of  the 
famedefcent,  will  be  in  a direft  fubduplicate  ratio  of  the 
fpace  fallen  through,  and  the  inverfe  fubduplicate  ratio  of 
the  fpace  to  be  defcribed  before  the  body  arrives  at  the 
centre. 


III. 

. ket  a body  defcend  from  reft  in  a right  Fig.vm. 
line  toward  a centre  c,  the  attractive 
force  of  which  varies  in  an  inverfe  dupli- 

I cate 
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cate  proportion  of  the  diftance  from  c; 
alio  let  the  force  at  any  given  point  o be 
f : it  is  required  to  affign  the  time  where- 
in the  body  defcribes  any  given  fpace  a o 
from  reft. 


Let  the  given  diftance  C G — r,  the  force  at  G =r  F. 
being  referred  to  any  ftandard  force  i : let  AO  — x,  AC 
— a , and  the  force  at  0 will  be  that  part  of  the  force  at 


y.1 

G,  which  is  exprefled  by  the  fraction  — , and  the 

a — x 

* Sea.  IV.  velocity  *at  0 will  be\/ ■-  . If  therefore  the  time 

Prop,  II.  a X a — x 

be  denoted  by  T,  we  have  T — X \!  — ~ x X..x 

r r*  y x » 


and  the  time  of  defcribing  AO , that  is. 


into  the  fluent  of  x y - which  may  be  obtained  from 

X 

the  following  confirmation. 

Let  C A — a,  upon  which  defer! be  a femicircle  AP  C> 
Fig.  X.  the  centre  of  which  is  D,  and  in  the  line  AC  afluming 
any  point  0,  draw  the  right  fine  OP,  then  if  AO  be  put 

- *,  the  fluent  of  V—  * \/a~x  * * - \/  a 
Fr 1 x _ Fr* 

X A P + P O = the  time  of  the  body’s  defcribing  AO 
t Stft.  ill. from  reft,  when  the  ftandards  fof  fpace,  time,  velocity,  and 
Prop.  V.  force  arc  each  afliuncJ  — i , which  may  be  thus  demon- 
strated. 


Draw  the  chords  AP  and  CP;  then  during  the  time 
in  which  the  body  defcribes  the  element  of  fpace  Os,  the 
right  fine  OP  will  become^,  and  if  Ap,  Cp  be  drawn, 
ft  nee  CPA  — Cm  A is  jangle  by  the  properties  of  the 
circle,  the  cotcmporaiy  variation  of  AP  will  be  mp, 
and  the  circular  area  ACP  will  be  during  the  fame 


time  increafed  by  the  addition  of  P C p — 


CP  X rnp 
2 > 
which 


( 
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which  will  therefore  he  the  fluxion  of  the  area  A CP,  and 
this  area  will  be  the  fluent  whereof  mCp  is  the  fluxion. 

Let  the  arc  AP  = A,  and  the  fine  OP  — S,  then_fince 
AO  — x,  AC  — a,  we  have  the  chord  AP  = V ax,  and 


its  fluxion 


•*/  — 

— ~ — vip  : Moreover,  CP  — V a*  — ax. 


V 


CP  X mp  Y 


ax 


wherefore  P C p,  or  mCp  — 

X ^ a * — - x Y ————  t^ic  ^uent  whereof  r: 

2 \/~x  4 * 

the  area  CAP  — fe&or  DP  A -f  the  triangle  CDP  — — 

4 

4.  V ^ A * 'a. li  (becaufe  the  perpendicular  D^~ 


AP 

z 


</ a x\ 


\ wherefore  the  area  CAP  ~ — Xa  -f-  — x 
) 4 4 

V a x — xx,  and  flnce  Y °x  — x x — O P — S,  the 
CAP  =z  A + S X — = the  fluent  of  — x \Z‘ 


area 


la  — x 


X x,  and  the  fluent  of  \/-^-  X \/' 


a — x X x 


V— 

v Fa 


X A+  6’  r=  the  time  of  defcribing  the  fpace  AO  from 
reft,  when  the  ftandards  of  fpace,  time,  velocity  and  force 
are  each  aflumed  % equal  1 ; but  if  the  force  be  referred  to  * Se(^  riI 
gravity,  the  time  to  one  fecond,  and  the  fpace  to  /,  which  a p.  is! 
body  defcribes  from  reft  by  the  acceleration  of  gravity  for  1 

fecond,  we  lhall  have  *the  time  required  zz  \ / — ~ — - x „ 

4 F rz  l 

A 4-  5,  exprefled  in  feconds. 

Cor.  1.  The  time  of  defcribing  from  quiefcence  any 
fpace  AO,  will  be  proportional  to  the  -(-circular  area  ACP,  f Newt, 
or  to  the  fum  of  the  fine  and  arc,  whereof  the  fpace  de-  PrinciP- 
fcribed  is  theverfed  fine,  the  radius  being  half  the  diftance  xxxir. 
of  the  body  when  quiefcent  from  the  centre  of  attrac-  Vol.  I. 
tion. 

Cor.  2.  It  may  be  remarked  concerning  this  determi- 
1 3 nation. 
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nation,  that  it  is  immaterial  in  what  meafure  the  fpaces  a , 
r,  and  / are  exprefTed,  viz.  whether  in  feet,  inches,  &c.  of 
any  nation,  provided  they  are  exprefTed  in  the  fame  meafure ; 

for  the  fluent  — X A + 6'  will  always  be  a num- 

ber, that  is,  a fradlion,  the  numerator  of  which  contains  -| 
dimenfions  of  a line,  and  the  denominator  the  fame  dimen- 
fionsof  a line,  wherefore  whatever  meafure  thofe  fpaces  be 
exprefTed  in,  the  value  of  the  fraction  mull  be  unaltered. 

Cor.  3.  If  the  body  defeends  from  quiefcence  till  it 
arrives  at  the  centre  C,  the  fpace  AO  — AC,  or  a — x, 

in  which  cafe  S — o,  and  t=\/-AZ 

X the  femicir- 

4 irf 

cumference  of  a circle,  the  radius  of  which  = -,  this 

2 

femicircumference  r=  /denoting  the  number  3. 1 41 59 


&c.  that  is,  T = — 1 r=.  feconds. 

4 r X ’A  F l 

Cor.  4.  For  example:  If  the  earth  be  confidered  as  an 
immoveable  centre  of  attraction,  and  the  moon  were  to 
defeend  toward  it  in  a right  line  by  the  force  of  the  earth’s 
gravity,  the  laft  Cor.  will  give  the  time  of  defeentj  for 
here,  fuppofing  the  earth’s  radius  to  be  — 3970  miles,  we 

ha  l __  16A  feet  _ 1 

— 3970  miles  1 3033  n 


r — I,  F =1,  p = 
3.14159,  and  a — 60  r,  the  time  therefore  of  the  defeent 


would  be  =s 


pa 


4 r X 


Vfi 


60*  x 3.14139  , c 

— -V  = 416716 

4 x s/ 1 J c 
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feconds,  or  about  4 days  and  20  hours. 

Cor.  5.  Since  * the  periodic  time  of  any  of  thejeleftial 
prmc'p!*  bodies  which  compofe  the  Tolar  fyftem  — to  4 s/  2 x into 
p,oP.  XV.  the  time  of  its  rectilinear  defeent  to  the  centre  from  reft, 
Vol.  u by  the  aCtion  of  the  centripetal  force,  it  follows,  that  the 
periodic  time  of  any  primary  or  fecondary  planet  P — 

^ 2 ^-1-  , where  P denotes  the  periodic  time  of  the  pla- 

rs/Fl 

net,  aits  diftance  from  the  centre  of  force,  Fa  number 

which 


and  Prop. 
XXX11. 
Excerpt,  e 
Kewion. 

Piincip. 
p.  *7- 
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which  is  to  i,  as  the  force  at  any  given  diftance  from  the 
centre  to  the  force  of  the  earth’s  gravity  at  the  fame  di- 
ftance from  the  earth’s  centre,  and  r — the  diftance  from 
the  former  centre  at  which  the  force  F.  Moreover, 

2 ton-  az  2 pl  a*  . ...  . , 

P1  — ■ \ -p,  j , and  F = by  which  equation  the 

abfolute  quantityofthe  centripetal  force, compared  with  that 
of  gravity  at  the  fame  diftance,  will  be  known  from  the  ob- 
fervation  of  the  revolving  body’s  periodic  time  and  diftance 
from  the  centre  of  its  orbit.  Thus,  if  the  fun’s  parallax  be 
li",  his  diftance  from  the  earth  will  equal  18751  of  the 

earth’s  radii ; let  this  = a,  and  l — — — , being  that 

13033x1 

part  of  the  earth’s  radius  which  a heavy  body  defcending 
from  reft  defcribes  in  one  fecond : ftnce  P,  or  the 
periodic  time  of  the  earth  — 365.256  x 24  X 3600 


feconds,  we  have  the  force  of  the  fun  F — 2— 


■a- 


2 X 3.14159  X 1875  1 


365. 256x24x3600*  x 


r'PH  — 

— 170313,  a number 

~ • 1 3 033x1 

exprefling  the  ratio  of  the  fun’s  abfolute  force  to  that  of 
the  earth.  Moreover,  fmee  the  fun’s  diameter  would  be 
87.545  times  greater  than  that  of  the  earth,  the  fun’s  pa- 
rallax being  1 1",  we  have  the  ratio  of  the  fun  and  earth’s 
magnitudes  equal  to  that  of  670967  : 1 ; and  the  denfitfe* 
being  as  the  quantities  of  matter  or  abfolute  forces  diredtly 
and  magnitudes  inverfely,  the  denfity  of  the  fun  will  be  to 

that  of  the  earth  as  t0  1 , or  as  U03.939.  The  fun’s 

parallax  is  affumed  1 i"by  Newton, 'according  to  the  opini-  * v . . 
be  SSm  Uterobfervations  have  Ihewn  .he parallax  to  pS? 
be  confiderably  lefs.  Euler  in  his  treatife  concerning  the  Vo1-  Hf- 
Ilf ES’ t makes  it  10' ; if  this  were  the  real  parallax  it  would  +r?p;  YV1, 

of  E^th'  Si 1 d,fa"“  frr  “sis'1“al “ kJwZ‘, 

the  earth,  and  by  the  preceding  rule  the  fun’s  abfolute  Vo).  HI. 
force  comes  out  — 2 x 3.141 59  2 x 20626  s 


365.256  x 24  x 36001  X 


ken'ofThe  obkrvaci,ons' which  were  u‘ 

vear  j-l  °f  Venas>  over  the  fun’s  difk  in  the 

eluded’  .hit  the  itZ'"  P"n  °f  .the  ,'arth>  it is  now  con- 

true  S W#  “ T-  «•  This  the 

’ n s ab(olute farce  will  appear  to  be 

to 
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to  that  of  the  earth,  as  356398  : 1. 

Cor.  5,  When  the  defcending  body  defcribes  a fpace 
x,  which  is  very  fmall  in  comparifon  with  the  diftance 

AC,  then  fince  the  time  in  general 

4 r'Fl 

A and  S at  the  very  beginning  of  the  defcent  will  become 
equal  to  each  other,  each  being  v'  — x x;  wherefore 
the  time  in  the  very  beginning  of  the  motion  — • V«*  — xx 

X \J  — , and  fince  the  time  of  defcribing  a fpace  x 
rtF  / 


• Seft.  HI.  with  the  con  flan  t force  *F 
Prop.  IV. 


FI 


we  have  the  dif- 


ference arifing  from  Galilteo’s  hypothefis  “ 


V/  ax—  xx  — 


x 

FI  t l r‘ 

that  is,  fince  x is  incomparably  fmaller  than  a,  the  dif- 

v/7  - 


ference  of  the  times  will  approximate  to 


a 


2 a — 2 r - 


FI 


In  order  to 


Fig.  IX. 


r 1 1 zr 

reduce  this  let  s — AG  being  the  altitude  above  the 
earth’s  furface  from  which  a body  begins  to  defeend. 


2 a —2  r — x 


2 s 


, and 


then  will  a — r + s , and  r 2r 

the  force  at  G,  that  is  F being  = 1,  the  difference  in  time 
/x  2 s — v 

= \A  x 


above  deferibed 


which  gives  the 


/ 2 r 

following  conftruflion.  In  the  earth  s radius  C G,  take 
G I — G A:  then  if  a body  falling  from  A defcribes  the 
fpace  AO,  the  difference  in  time  or  error,  occafioned  by 
affuming  Galilxo’s  Hypothefis  of  the  earth’s  uniform 
gravity  at  all  diftanccs,  is  that  part  of  the  whole  time 

which  is  expreffed  by  the  fraction  - ^ ^ . 

Cor,  6.  If  the  body  defeends  to  the  point  G,  where 

the 
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the  force  of  gravity  = I , the  error  in  time  fill  approxi. 
mate  to  that  part  of  the  whole  time  which  is  expreffed  by 


the  fraftion  , that  Is,  the  error  in  time  will  bear  the 

fame  proportion  to  the  whole,  as  that  of  the  height  fallen 
from  to  the  earth’s  diameter,  when  the  quantity  s vamihes 
in  refpett  of  the  earth’s  radius. 


IV. 

Let  a body  fituated  at  a,  be  attracted 
toward  a centre  of  force  c,  the  quantity 
of  attraction  being  in  the  inverfe  ratio  of 
the  diftances  from  cj  it  is  required  to  as- 
certain the  velocity  of  a body  which  has 
arrived  at  any  point  o in  its  defcent 
from  a. 


Let  AC  — a,  AO  ~ x,  GG  = r,  the  force  at  the  given  Fig,  VIII. 
diflance  CG  =1  F,  then  the  force  at  O will  be  denoted  by 

F x — - — , and  if  x — the  fpace  through  which  a body 
a — x 


muft  fall  by  the  acceleration  of  the  conftant  force  i,  to 
acquire  the  velocity  in  0,  then  the  principles  of  accele- 
^ F v x ' . , 

ration  *give  us  z — -,  and  x — Fr* — log.  a — x,  # geft.  Ill, 

. a X Prop.  V. 

which  (hould  vanifh  when  x — o ; but  when  r = o ,Fr  X Cor.  4. 

— log.  a — x,  will  cr  F r X — log.  a,  the  whole  fluent, 

therefore,  will  be  z zz  Fr  X — log.  a — .*•  + F r x 


log.  a,  or  x — F r X log, 


, and  the  velocity,  when 

a — ^ 


F is  referred  to  gravity  — %x  4 IFr  x log. — - — . 

a — x 

Let  AG  H reprefent  a circle  defcribed  by  a body  re-p;gixi, 
tained  in  its  orbit  by  a centripetal  force  C,  which  force 
varies  in  an  inverfe  ratio  of  the  diflance  from  C.  It  is 
required  to  aflign  how  far  a body  muft  fall  within  the 

circle 
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circle  from  reft  at  A,  by  the  aflion  of  the  variable 
force  at  C,  fo  as  to  acquire  the  velocity  equal  to 
that  with  which  the  'body  revolves  in  the  circle.  Let 
AC  — a,  AO  the  diftance  required  — x,  and  let  the  force 

at  A — x,  then  will  the  force  at  O — — - — , and  z fig- 

a — x 

nifying  as  before,  z — -----  , and  z — a x log.  — - — - ; 

a — x a — x 

but  the  velocity  in  the  circle  ar  the  velocity  acquired  by  a 

A C 

body  which  has  fallen  through  — , by  the  adlion  of  the  con- 

2 

' /l 

ftant  force  I,  and  will  therefore  be  rr  \A  — , wherefore 

2 

ft  Q 

we  have  by  the  problem  a X log. :r  — , and  log: 

—2 — — i- . Let  c — 2.7182818  being  the  number 
a — x 2 

whofe  hyperbolic  log.  — 1,  therefore  — — t1,  a ~ 

a — x 

2 i , aer  — a a 

at'1'  — c - x,  and  x — ; — a — a X 


Fig.  XI. 


*39347- 

If  a body  be  projected  perpendicularly  from  the  circum- 
ference with  the  fame  velocity  with  which  it  revolves  in  the 
circle,  the  height  to  which  it  will  rife  may  be  alfo  afcer- 
tained.  For  in  this  cafe,  putting  yf^_the  required  fpace 

— and  proceeding  as  before,  we  have  z — — a x log. 

a + x,  which  ftiould  vaniftt  together,  but  when  x — o, 
s — — n X log.  a,  and  by  the  problem  when  x =2  o,  z — 

— , wherefore  the  entire  fluent  will  bes  = --f  «X  log.  a 

— a X log.  a + x,  that  is,  z = - + « X log.  : 

and  fince  by  the  problem  the  body  is  fuppofed  to  con- 
tinue afeending  till  it  lofes  all  velocity,  it  follows,  that 


s:  = - + a X log. 
2 


log. 


a + x 


■ r:  o,  we  have  therefore 

a + x 

\ " 

let  t be  the  number  whofe  hyperbo- 
lic 
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lie  log.  r=  i,  wherefore 


a -f  x 


-b,  and  nr*  — a -f  x. 


and  x — a X e*  — l ~ a x .64^7. 

From  the  fame  principles  it  alfo  follows,  that  whatever  be 
the  velocity  with  which  a body  be  projefted  directly  from  a 
centre  of  force,  varying  in  the  inverfe  ratio  of  the  dillances, 
it  will  always  return : for  let y be  the  fpace  through  which 
a body  muft  defeend  from  reft  by  the  acceleration  of  the 
force  1,  fo  that  it  may  acquire  the  velocity  with  which  the 
body  is  proje&ed  from  the  point  A , then  we  have  from 
the  preceding  folution  z — — a X log.  a -f-  x,  and  the 
whole  fluent  z ~y  + a X log.  a — a X log.  a fl-  x,  or 
a 

x — y + « X log.  — ; and  when  the  velocity  of  pro- 
jeftion  is  deftroyed  or  2 — o,  the  equation  will  be 

a a X 

a X log.  j-— - — —y,  orjog.  — —y,  and  x being 

infinite,  y will  be  infinite  alfo. 

It  appears  therefore,  that  if  the  projefted  body  return! 
not,  the  velocity  of  proje&ion  muft  have  been  infinite. 


V. 

Let  a body  fituated  at  a,  be  repelled  by  Fig<  X1I< 
a force  a&ing  from  a centre  c,  always  be- 
ing in  an  inverfe  ratio  of  the  diftances 
from  c:  moreover,  let  the  force  at  any 
given  point  g = f,  it  is  required  to  afeer- 
tain  the  velocity  of  the  body  when  it  has 
arrived  at  o. 

Let  C G ~ r,  A C ~ a,  C 0 ~ x,  then  by  the  problem 

the  force  at  0 = F x r~,  and  if  2 be  the  fpace  thro’  which 

a body  muft  fall  freely  by  a ftandard  force  1,  for  example 
%hat  of  the  earth’s  gravity,  to  acquire  the  velocity  in  O,  we 

& hare 


+4 
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* Sea. III.  have  *i  — , and  re  — Fr  y,  log.  x,  when  there- 

Prop.  V.  x 

Ctr‘  4>  fore  .V  = a,  k = F r X log.  n,  but  by  the  problem  when 
x—a > «— ’o,  and  the  entire  fluents  will  beg  — Fr  xlog- 

x y ~ 

Scft.m.  and  the  velocity!  acquired  in  0 = V 4 Frl  X l°g-“. 

•jS.  ^ 


VI. 

Fverv  thine  remaining  as  in  the  laft 
proposition,  let  it  be  required  to  deter- 
mine  the  time  wherein  the  body  defenbes 
any  given  ipace  a o from  reft. 

- A.  

t Sea.  IV.  since  the  velocity f at  0 — s/  4 rlF  X log.  if  7*  be 

Prop.  V.  . j 

, Sea.  the  time  of  deforibing  AO,  we  have  5 r = * 

Prop.  III.  1 

* and  the  time  required  T = , — _ X 

’ l b 


los-J 


In  order  to  obtain  the  fluent,  let 


v/ 

fluent  of  

v/  log.  ~ 

log  - — v:  if  e be  the  number  2.7182818,  the  hyper- 
b„J logarithm  of  which  = then  will  £ = and 
, _ „ , alfo  ftnee  log.  j = «,  taking  the  duxions  £ = 

*.  t,JI=.*  = 'i'’i*krfsrt 


v/  log  £ 


ave 


<v  v * ^ " . 

butev=  1 + 1[+  1.2  + 1.2.3  1-2-34 


See.  and 


] 


[ 7J 


a v e 

y'  v 
i . 

&c,  wherefore  the  fluent  of 
l-*’i+  x/  log.  1 


3 X 7 

7 a •v  z 2 a <vx  2 a'v'2- 


fluent  of  — -^=r  — 2 avx  + + 5. , .2  + 7. 1.2.3’ 

V *y  

&c.  and  the  time  of  defcribing  ^ O required  — V X 

* /a*v  , v vz 

fluent  of  - V rT7  * 1 + 3>I  + 5.1>2  + 


« &c. 

From  the  Iaft  two  propofitions  we  might  derive  an  ex- 
planation of  the  laws  according  to  which  motion  is  com- 
municated to  bodies,  by  the  elaftic  force  of  the  air  and 
other  fimilar  fubllances ; but  the  particular  conltruCtion 
of  the  inllruments,  by  means  of  which  the  elaftic  fluid  and 
vapour  poflefling  fimilar  powers  of  elafticity  are  applied 
to  communicate  motion,  requir^that  thefe  fubjeCts  fhould 
bfe  feparately  confidered. 

The  air  is  a fluid,  poflefling  a property  which  dif- 
criminates  it  from  molt  other  fluids ; thus,  a quantity  of 
water,  mercury,  &c.  of  any  given  magnitude,  can  never  be 
reduced  in  its  dimenfions  fo  as  to  occupy  a fmaller  por- 
tion of  fpace;  whereas  the  air  by  comprefiion  fuffers  fuch 
diminution  of  its  bulk  as  is  in  proportion  to  the  ccmpref- 
fion,  that  is,  the  fpace  occupied  by  it  is  always  lefs  as 
the  compreflive  force  is  greater.  Now  flnce  aCtion  and  re- 
action are  equal  and  in  contrary  directions,  it  is  plain,  that 
whatever  force  be  neceflary  to  reduce  the  air  into  dimen- 
fions lefs  than  thofe  which  it  naturally  poflefles  in  the  at- 
mofphere,*  the  force  with  which  the  air  endeavours  to  re-  # Cotes' 
ltore  itfelf  mult  be  equal  to  that  of  compreflion  : fo  that  HyHroft.ir. 
if  a quantity  of  air  occupies  1000  times  lefs  fpace  than 
when  it  is  dift'ufed  in  the  atmofphere,  it  will  exert 
an  expanfive  force  1000  times  greater  than  that  with 
which  it  reads  againlt  the  air  furrounding  it  in  a natural 
ftate : and  this  conveys  an  adequate  idea  of  the  air’s 

K 2 elaltic 
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elaftic  force  : what  the  quantity  of  this  force  is  will 
be  made  eafily  to  appear ; for  the  elafticity  of  the  air 
near  the  furface  of  the  earth  being  equal  to  the  force  which 
compreffes  it,  we  fhall  have  the  quantity  of  the  elaftic 
force  exerted  on  each  fquare  inch  of  furface,  equal  to  the 
weight  of  the  atmofphere  prefling  upon  the  fame  furface, 
that  is,  about  15  pounds  avoirdupoife-  If  therefore  1000 
cubic  inches  of  an  be  included  in  the  magnitude  of  one 
inch,  this  included  air  will  exert  a force  of  elafticity  upon 
each  furface  of  the  cube  equal  to  the  weight  of  15000 
pounds  avoirdupoife.  Let  us  imagine  a perforation  to  be 
made  in  one  of  the  fides  of  this  cube  : if  a body,  for  ex- 
ample a leaden  ball,  be  placed  clofe  to  the  aperture,  the 
expanfive  force  of  the  air  would  propel  it;  in  this  cafe 
however  the  air  having  room  to  expand  itfelf  in  all  direc- 
tions, the  whole  force  of  it  would  rot  be  employed  in 
communicating  motion  to  the  ball:  but  if  a cylindrical 
tube,  equal  in  diameter  to  the  ball,  be  fitted  clofe  to  the 
aperture,  and  the  ball  be  placed  as  before,  the  air  now 
having  no  other  paflage  or  means  of  the  expanfion  but  by 
the  protufion  of  the  ball,  will  be  wholly  employed  in  com- 
municating motion  to  it. 

To  find  the  velocity  of  this  motion  communicated  in 
given  circumftances,  it  is  to  be  firft  confidered,  that  if  the 
force  of  the  air’s  expanfion  continued  to  aft  uniformly 
during  the  whole  progrefs  of  the  ball  through  the  barrel, 
the  velocity  communicated  would  eafily  follow  from  the 
principles  of  conftant  acceleration  : let  the  length  of  the 
barrel  be  s,  the  force  of  the  air’s  expanfion  n — 1000  times 
the  ball’s  weight,  / — 16^5  feet,  <v  the  velocity  wherewith 
the  ball  would  in  that  cafe  quit  the  barrel,  then  we  fliould 

• Sea.  Ill,  have  * v — s/ \lns  feet  in  a fecond;  but  this  velocity^ 
Prop.  V.  manifeftly  greater  than  that  which  is  in  reality  communi- 
cated ; for  although  the  firft:  effort  of  the  air  comprefled 

jnt0  JL_  of  its  natural  fpace,  is  equivalent  to  a weight  of 
1000 

1 5000  pounds  upon  every  fquare  inch  of  furface  preffed  on, 
yet  after  it  has  by  propelling  the  ball  expanded  itfelf  into 
larger  dimenfions,  the  force  whereby  it  accelerates  the 
ball’s  motion  is  proportionally  diminifhed ; when  therefore 
the  cubic  inch  of  compreffed  air  has  expanded  itfelf,  fo  as 
to  occupy  a fpace  ot  two  cubic  inches,  the  force  of  ex- 
panfion will  be  only  one  half  of  what  it  was  before,  that 
is,  a force  of  7500  upon  each  fquare  inch  of  furface,  and 
in’  proportion  for  leil'er  or  greater  furfaces. 


Cor. 
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The  elaflice  force  of  the  air  will  therefore  continually 
be  diminilhed  as  the  ball  proceeds  along  the  barrel,  and 
of  courfe  the  increment  of  velocity  generated  in  a given 
element  of  time  diminilhed  proportionally  : the  principles 
contained  in  the  preceding  proportions  will  be  fufficient 
from  having  given  the  quantity  of  compreffed  air  and  the 
denfity  of  it,  together  with  the  dimenfions  of  the  ball  and 
cylinder  to  deduce  the  velocity  wherewith  the  ball  quit* 
the  cylinder,  and  the  time  of  motion  during  its  accele- 
ration. 


VII. 

Let  b d reprefent  a cavity  which  con-  Figt  xnr, 
tains  compreffed  air,  to  this  cavity  let  a 
cylinder  a q_c  be  fixed,  and  let  a leaden 
ball  be  applied  to  a,  oppofite  to  a doled 
aperture  of  a diameter  equal  to  that  of  the 
ball  or  cylinder:  the  aperture  being  fud- 
denly  opened  the  ball  will  rufli  forth  from 
the  barrel  5 it  is  required  from  the  necef- 
fary  data  to  determine  the  velocity  with 
which  the  ball  iffues  from  c. 


Suppofe  the  compreffed  air  to  occupy  — parts  of  its 

m 

natural  bulk  in  the  atmofphere,  fo  that  the  elaftic 
force  of  it  exerted  againft  any  furface,  may  be  m times 
the  weight  of  the  atmofphere  preffing  againft  the  fame 
furface:  moreover,  let  the  cavity  contain  c cubic  inch- 
es of  this  compreffed  air,  and  let  the  diameter  of  the 
ball  or  cylinder  rr  d , its  weight  r:  w,  the  length  of  the 

JX  , 

cylinder  — A C — s,  p — 3.14159,  and  then  will  — ^ 

be  the  area  of  a circle,  the  plane  of  which  bifedls  the  ball, 
and  cuts  the  cylinder  in  a direction  perpendicular  to  the 
axis : and  fince  the  air  in  its  natural  ftate  preffes  on  a 

fquarc 
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fquare  inch  of  furface  with  a force  equivalent  to  the 
weight  of  1 5 pound  or  240  ounces  avoirdupoife,  it  follows, 
that  the  elaftic  force  of  air,  if  it  be  comprelTed  into  m 
times  lefs  fpace  than  that  which  it  occupies  in  the  atmof- 

phere,  adling  againft  the  furface  — — will  be  ^ ? 

+ 4 

ounces,  which  will  be  the  abfolute  or  moving  force 
of  the  comprefied  air  impelling  the  ball  at  A,  and  if  the 
weight  of  the  ball  be  w,  the  accelerating  force  which  ge- 
nerates velocity  in  the  ball  at  A , will  be  — -■  m~—  — 

4 DJ 

60  m dz  p 


Now,  fuppofe  the  ball  to  have  been  advanced  to  Q and 


let  A^jz.  x,  then  will  the  cylindrical  fpace  A^jz 


dzp  x 


and  fince  the  air  before  its  expanfion  occupied  a fpace  — 
c cubic  inches,  when  the  ball  arrives  at  it  will  occupy 

c -}-  *LjL?L  cubic  inches,  the  elaftic  force  therefore  of  the 
4 

4 c 


air’s  expanfion  at  f^will  be — — ^ 

240  m dzp c 


4f  + dzpA. 


4fw  + dz  pnu  x 

• Letzbe  the  fpace  through  which  a body  muft  fall  from  reft 

by  the  acceleration  of  gravity,  to  acquire  the  velocity  of  the 

. , . z40  mdz  pc  x , , 

+ c a tTT  ball  at  9,  \ then  we  have  z = —77- » and  tak- 

t Sett.  Ill,  4 c =w  -f  a p w x 

Prop.  V.  j — — 

Cor.  i.  240  me  4c  + dzpx 

ing  the  fluents  z — — ~ ' X log-  — » lliat 

is,  when  x z s,  or  when  the  ball  has  arrived  at  the  ex- 

240  me  , 4c  + dz ps 

tremity  of  the  cylinder,  z = X loS-  ~ • 

Let  A be  the  capacity  of  the  veflel  containing  the  com- 
p relied  air;  alfo  let  B be  the  capacity  of  the  barrel  cr  cy- 
...  . 4 c -f-  d1  p s A + B 

linder,  then  will  the  quantity — — ■ — — » 


and  we  fliall  have  z ca 


240  m A 


4f 
X log. 


A + B 


4 


and  the 
velocity 
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- - . * /4-X  193  X 24° Am^*) 

velocity*requiredT_  V — x V 102- 

/TSc; 280  m~A  , / , A + B 

that  is,  T = V — ^ X V'  l°g- 


^ + 

^ ’ 

inches 


* Seft,  III, 

p.  28. 


in  a fecond. 

To  find  the  time  of  the  ball’s  motion  through  any  fpace 

AO  — x,  let  T be  the  time  required,  wherefore  f T — + Prop.  III. 
’ -1  . Prop.  ill. 

\/  „ ™ „ X — r , /,  JrT^.  5 then  if  v = 


log.  of 


185280  mA 
A + B 


-./log. 


the  fluent  of  the  equation  is  obtained  from 


the  preceding  folution,  § and  we  fliall  have  the  time  of  de-  p^p^v^' 
fcribing  the  fpace  AO  ~ v/„ 


A' v <v 

2895  d^p^m  X 1 


<v  3 


, &c.  a few  terms  of  which  will  approxi- 

5.1.2  ’ 7. 1.2. 3 

mate  to  the  true  time  with  fufficient  exa&nefs,  if  the  capa- 
city of  the  barrel  does  not  exceed  the  capacity  of  the  veflel 
which  contains  the  comprefled  air,  fo  that  the  logarithm 
A _l  b 

of  the  quantity  - - — ■ fliall  not  exceed  .692  ; but  in  the 


ufual  conftru£tion  of  the  air  gun,  the  quantity 


A + B 


rarely  exceeds  — , and  confequently  its  logarithm  will  be 

iefs  than  .133;  in  which  cafe  three  terms  of  the  preceding 
feries  will  give  the  time  true  to  the  fixth  decimal  plac^. 
The  logarithms  ufed  in  this  as  well  as  in  the  preceding 
and  fubfequent  folutions  are  always  underftood  to  be  hy- 
perbolic, unlefs  the  contrary  be  exprefled. 

Cor.  1.  If  the  capacity  of  the  barrel  and  of  the  veflel 
containing  comprefled  air  remain  the  fame,  the  velocity  of 
the  ball  will  depend  only  on  its  weight  and  the  air’s  com- 
preflion,  and  not  in  the  length  of  the  barrel. 

Cor.  2.  Every  thing  elfe  being  given,  the  ball’s  velocity 
will  be  in  an  inverfe  fubduplicate  ratio  of  its  fpecific  gra- 
vity : thus,  balls  of  iron  and  lead  difcharged  from  the  fame 
air  gun  by  the  elaftic  force  of  air  equally  comprefled  and 

equal 
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equal  in  quantity,  will  iffue  forth  with  velocities  which  are 


in  the  proportion  of  \/  11.3,  \/ 7.3,  or  as  1.2  : 1. 

Cor.  3.  If  the  fpecific  gravities  of  two  balls  be  the  fame, 
the  velocities  wherewith  they  quit  the  air  gun,  will  be  in 
adireft  fubduplicate  ratio  of  the  air’s  compreflion  : thus, 
if  two  leaden  balls  be  difeharged  from  the  fame  air  gun, 
and  the  air  being  comprefled  in  one  cafe  32  times,  and  in 
the  other  8 times,  the  velocities  of  the  ball’s  egrefs  will 
be  as  2 : 1. 


Cor.  4.  The  theory  will  be  further  illuftrated  by  refer- 
ring to  an  air  gun  of  the  ufual  dimenlions,  and  from  the 
data  belonging  to  the  problem  afeertaining  the  aftual  ve- 
locity communicated  to  the  ball,  and  the  time  of  its  ac- 
celeration. 

Suppofe  the  cavity  containing  comprefled  air  to  be  a 
fphere  of  4 inches  in  diameter,  and  confequently  equal  in 
capacity  to  33.510  cubic  inches:  fuppofe  the  ball  to  be  of 
lead,  and  in  diameter  equal  .4  parts  of  an  inch,  wherefore 
the  fpecific  gravity  of  lead  being  1 1.3,  the  ball’s  weight  — 
.21913  of  an  avoiraupoife  ounce.  Moreover,  let  the  air  be 
comprefled  into  20  times  a fmallcr  fpace  than  that  which  it 
occupies  in  the  atmofphere,  and  let  the  length  of  the  bar- 
rel — s,  we  have  therefore  for  the  folution  the  following 
data,  A — 33.51,  m — zo.oo,  d — .40,  p — 3.14159, 
&c.  w ra  .21913,  s — 42.00  inches ; wherefore  the  capa- 


city of  the  barrel  — 


dxp  s 
4 


5.2778  — B : w'e  have  alfo 


A_+_B  _ 38.7  3 ,_3  ^ l0garithm  of  which  from  the 

A 33-5 1 

tables  = .06352,  which  being  multiplied  by  2.30258, 

A R 

will  become  the  hyperbolic  logarithm  of  — — — — -14626, 


, . „ 193  x 240  m A 

and  the  ball’s  velocity  at  C — >/ — X 

/'.  A+  B . / 4 x 193  x 240  x 20  x 33.51 
V'iog.-j-  = v'— 


x v/:  14626  rr  9103  9 inches,  or  758.6  feet  in  a fecond. 

In  order  to  obtain  the  time  of  the  ball’s  motion 
through  the  cylinder,  we  have  <v  — the  log,  of 
A A-  B 

T — = .14626,  and  the  other  notation  remaining 

A 

V 


[ 8i  ] 


> A -v 


2895  d^p^m 
.0085683,  and  1 


;=v/ 


v . 

+ i^+S 


.21913  X33. 51  X-I4-626  _ 

2895  X.4+X~3.i4iS9  X 20 

— 1.0508,  and  the  time 


1.2 


required 


= v/ 


nuA  v 
2895  d^p^m 


. 1 .2 


*‘  + 3~  + 

1 — — part  of  a fecond. 


&c.  = 


.0085683  X 1 .0508  = .00900  == 

In  this  problem  the  air’s  condenfation  has  been  afium- 
ed  as  great  as  can  be  ufed  conveniently  in  phyfical  experi- 
ments, but  far  fhort  of  that  which  exifts  in  fome  fubftances 
both  natural  and  artificial to  mention  a fingle  inftance 
only:  it  is  well  known  that  the  elaftic  fleam  of  gunpowder, 
which  remains  in  a fixed  ftate  till  the  inftant  of  explofion, 
poflefles  the  properties  of  air,  condenfed  in  about  1000 
times  a lefs  fpace  than  that  which  it  occupies  in  the  at- 
mofphere.  Three  \ parts  ’in  ten  of  the  gunpowder’s!  Robins* 
weight  confift  of  this  condenfed  air  or  vapour,  which  be- 
ing  fet  at  liberty  by  the  application  of  fire,  will  exert  a 
force  of  prefliire  equivalent  to  a thoufand  times  the  weight 
of  the  atmofphere  prefling  againft  the  fame  furface,  from 
which  caufe  arifes  the  great  power  of  this  fubftance  in  com- 
municating motion  to  ponderous  bodies.  This  elaftic 
fleam  like  the  air  expands  itfelf  with  a force  inverfely 
proportional  to  the  fpace  which  it  occupies,  and  confe- 
quently  the  preceding  folutionis  applicable  to  theadlior,  of 
gunpowder  as  well  as  to  that  of  air  abfolutely  comprefled, 
and  will  in  both  cafes  be  fufficiently  accurate,  provided  the 
velocity  communicated  to  the  ball  bears  a very  fmall 
proportion  to  the  velocity  with  which  the  air  or  elaftic 
vapour  would  expand  itfelf  if  not  impeded  : although 
the  impelling  force  of  the  elaftic  fleam  or  comprefled  air 
has  been  aflumed  equal  to  the  force  of  its  preflure  afting 
againft  a quiefcent  ball,  yet  this  is  ftridtly  true  only  at 
the  firft  inftant  the  ball  begins  to  be  moved;  afterwards 
the  magnitude  of  the  impulfe  fhould  be  eftimated  by  the 
difference  between  the  velocity  with  which  the  air  or 
fleam  would  expand  itfelf  if  no  ways  impeded,  and 
the  ball’s  velocity:  this  confideration  is  neceflary  to 
render  the  folution  general : if  the  accelerating  force  be 
aflumed  equal  to  the  air’s  preflure  divided  by  the  ball’s 
weight,  as  it  is  in  this  as  well  as  in  +Mr.  Robins’  folution,  t Robins* 

0 vo”Tp?;s. 
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and  we  diminilh  the  ball’s  weight  fine  limite,  the  ac- 
celerating force  will  be  infinite,  and  confequently  the  ve- 
locity generated  greater  than  any  thatisaflignable;  whereas 
it  is  impoffible  that  the  velocity  communicated  can  in  any 
cafe  exceed  that  with  which  the  fluid  would  expand  itfelf 
if  not  at  all  impeded : this  circumftance  therefore  muft  in 
fome  degree  affedt  the  truth  of  the  folution,  (notvvith- 
ftanding  the  great  denfity  of  the  ball,)  and  Ihould  be  al- 
lowed for  accordingly  whenever  great  accuracy  is  requir- 
ed. In  the  mean  time  it  may  be  remarked,  that  the  ve- 
locity with  which  the  elaftic  vapour  of  gunpowder  will 
expand  itfelf,  the  obilacles  which  confine  it  being  remov- 
ed, is  not  fufliciently  afcertained : Mr.  Robins  eflimates 
it  at  about  2000  feet  in  a fecond,  though  fome  other 
t D.  Ber-  j authors  make  it  five  times  greater.  It  is  a fubjeft 
nouilli.  which  fcarcely  admits  of  theoretical  computation;  and 
great  difficulties  occur  in  making  experiments  relative  K> 
rt.  If  the  denfity  of  the  vapour  of  gunpowder  in  its 
comprefled  Hate  were  the  fame  as  that  of  atmofpheric 
air,  its  elafticity  being  icoo  times  greater,  and  its  pro- 
grefs  was  not  impeded  by  the  grofs  matter  which  enters 
into  the  compofition  of  gunpow'der  nor  by  any  other  ob- 
fiacle,  the  velocity  with  which  the  comprefled  vapour  ex- 
pands itfelf  would  be  40900  feet  in  a fecond. 

From  the  near  agreement  between  the  experiments  of 
Mr.  Robins  on  the  adlual  velocities  of  mulket  balls,  and 
the  dedudlions  from  his  theory,  it  may  be  concluded  that 
the  velocity  with  which  the  vapour  of  gunpowder  ex- 
pands itfelf,  when  not  impeded,  is  much  greater  than 
that  of  2000  feet  in  a fecond. 


VIII. 

Fig.  viii.  Let  a body  a be  attradled  toward  a 
point  or  centre  c,  with  forces  which  va- 
ry in  that  power  of  the  diftance  from 
c,  which  is  exprefled  by  the  general  in- 


1 
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dex  n.  Alfo,  let  the  force  at  a given 
diftance  c g be  = f j it  is  required  to 
affign  the  velocity  acquired  by  the  body  in 
defcribing  any  fpace  a o from  reft  by  the 
attraction  of  the  variable  force. 

Let  CG~r,  AC  — a,  AO— x,  Oo  — x,  V the  velo- 
city of  the  body  while  it  is  defcribing  0 o : then  will  the 

n 

r Y.  a — x 

force  afting  on  the  body  at  0 — - — ~-y- > and  if  z be 

the  fpace  through  which  a body  mull  move  from  reft  by 

the  attion  of  a llandard  force  i,*  in  order  to  generate  the  # Se&.  III. 

velocity  V , the  principles  of  acceleration  give  us  z rr  Prop.  V. 

•»-H  Cur-4- 


x,  and  taking  the  fluent,  z rr  ■ 


■ F X a — x ' 


Fx  a — x 

r"  »+  I rn 

this  being  the  variable  part  of  the  fluent  which  Ihould 

"»+  1 


vanifli  when  * = o ; but  in  that  cafe 
— Far+I 


— F X a — . 


» + I r* 
Fa»  + 1 


, the  conftant  quantity  therefore 
n + 1 rn  n ixrn 

'»+  « 


being  added  to 


— F Xa- 


n + i rn- 


we  have  z rr 


»+  * 


FXanJr'—a  — x . . _ 

— the  entire  fluent,  and  the  velo- 

7i  + i r " 

city  required  in  terms  of  the  general  flandard  i,  will  be 


_ F X g”  + * — a- 


■ n + j 


n + I X rn 

Cor.  i.  If  n rr  — i,  the  expreflion  for  the  velocity  V 
fails:  in  this  cafe  the  folution  is  obtained  otherwife  from 
Prop.  IV. 

Cor.  2.  When  a — x,  and  » + i is  pofitive  ; the  whole 
fpace  to  the  centre  being  defcribed,  the  veIo<;ity  V — 

y/  F X a ”+l 


L z 


Cor, 


n + X X r 


[ ] 

Cor.  3 . When  « + i is  negative,  let « -f-  I =r  — m,  and  the 
general  equation  for  the  velocity  acquired  will  become  V— 

y/F X a~m  — a^x~m  _ \J  F X T^xm  - am~ 

and  when  x — a,  that  is,  the  whole  fpace  to  the  cen- 
tre being  delcribed,  the  velocity  acquired  at  C,  or 


F X a — xm  — a’ 


— via™  X a — xm  X r 1 


will  be  infinite.  If  there- 


fore the  force  varies  in  any  inverfe  ratio  of  the  diftances 
from  the  centre  equal  to  or  greater  than  that  which  is  ex- 
pounded by  — i,  the  velocity  acquired  by  a body  which 
has  defcribed  from  relt  any  fpace  AC  to  the  centre  will  be 
infinite. 

Cor.  4.  Let  the  whole  diftance  AC  — A,  and  OC  = P ; 
moreover,  let  n -f-  1 ^ tn,  then  if  a body  defcends  from  A 
f Vid.  fupra  towards  C,  the  velocity  acquired  at  any  point  f O will  = 
p.  83.  -•  — — 

*./ Am  — P m x F 1 . . 

V — 1 , and  F X — being  given,  the 

mrm—1  mrm—i  6 

* Newt,  velocity  will  be  proportional  to* \/  Am  — Pm  . 

Princip.  . - J 

Prop.  XL.  Cor.  5.  Since  \V -S/ ZjLtL.-lrJL--*?  if  the 

Cor.  x.  n + 1 rn 

|^Supra  p.  tjme  0f  defcribing  A 0 be  T,  we  have  the  time  of  defcribing 

• Yru  x n + 1 x x , , 

the  fpace  Oo  or  T — ■ ■ » ahd  the 

V Fxan  + l-'^\r,+  l 


Vrn 


X n -f-  1 X X 


time  T = the  fluent  of  /—  ■ - ■ - — — 

V F x «•  + * + « 

which  mull  be  determined  for  each  particular  value  of  n. 


IX, 

Let  a body  fituated  at  a,  be  attra&ed 
toward  a centre  c by  a ftandard  force  i ; 
let  ac  be  bife&ed  in  g,  and  fuppofing  the 

force 
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force  which  tends  to  c,  to  vary  in  any  ra- 
tio of  the  diftance,  which  is  expounded  by 
the  general  index  n ; it  is  required  to  aflign 
through  what  fpace  ao  the  body  muft 
move  from  reft  at  a by  the  attraction  of 
the  variable- force,  fo  that  the  velocity  ac- 
quired fhall  be  equal  to  that  which  would 
be  generated  in  a body,  defcending  from 
reft  through  the  fpace  a g by  the  adtion  of 
the  ftandard  force  i continued  uniform. 


d 

Let  AC  — a,  and  AG  ~ - ; moreover,  let  A 0 — x , 

2 

and  let  z be  the  fpace  through  which  a body  muft 
move  from  reft  by  the  acceleration  of  the  conftant  force 
i,  to  acquire  the  velocity  in  O,  Then  while  the 
body  is  defcribing  the  element  of  fpace  O o — x3 

a _ x«. 

the  force  adling  on  it  will  be  - —n — , and  by  the  princi- 


a x«  % 

pies  of  acceleration  *we  have  z — • — , and  takine  * Sea.  hi. 

, * Prop.v. 

a x " + 1 _ Cor.  4. 

the  fluents  z — — — ... , which  is  the  variable  part 

n + 1 an  r 

of  the  fluent  only,  and  fince  when  * = 0, 


■ , the  whole  fluent  will  be 


— x«  + i 

n + 1 an 


» + l'  n + 1 s -f  I an 

~ to  the  fpace  through  which  a body  muft  defcend  from 
A by  the  adtion  of  the  uniform  force  1,  fo  that  the  velo- 
city may  be  equal  to  that  which  the  body  in  O acquires 
by  the  attion  of  the  variable  force,  while  it  defcribes 


A 0 : we  have  therefore  from  the  problem 

r=T3'i+i 


n + 1 a’ 


— ~ > and 
a 


a a 


n + 1 

no,  -f-  a _ 


a 
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; wherefore  a~xn  + l = a” + l x - -,  and 

* 2 

__ » I 

a — ^ 1 + n r-«V+« 

a — ,v  “ « X — — , and  x~a  — a X 

2 2 


Cor.  i . When  a body  revolves  in  a circle,  being  re- 
tained in  its  orbit  by  a centripetal  force  at  C,  the  velo- 
city with  which  the  body  revolves  is  equal  to  that  which 
JExcerpt.  e a body  would  acquire  by  falling  from  reft,  J through 
Pnncip?'  half  the  radius,  by  the  aftion  of  a conftant  force 
p.  38.*  equal  to  the  centripetal  force  afting  on  the  body  at 
the  circumference  of  the  circle  which  it  deferibes.  It 
appears,  therefore,  from  the  folution,  that  when  a body 
revolves  in  a circle,  being  retained  in  the  circumference 
by  the  aftion  of  a centripetal  force,  the  variation  of 
which  is  expounded  by  any  general  power  of  the  diftance 
it,  the  fpace  through  which  a body  muft  be  attradled  from 
the  circumference  by  the  variable  centripetal  force,  fo 
that  it  may  acquire  the  velocity  in  the  circumference 

1 

1 + # 

, a being  the  radius  of 

the  circle. 


Is  AO  — a — a 


Cor.  2.  When  a = o,  the  fpace  AO  = a — j . 


Cor.  3.  If  a m,  that  is,  if  the  force  is  as  the  diftance 


1 


1 q®  n 

— o,  and  the  fpace  A O 


~ a,  that  is,  the  body  muft  defeend  through  the  whole 
diftance  to  the  centre. 


Cor.  4.  If  a — 


2, 


a X 


T 


— a X — I ; and  the  fpace  A 0,  through  which  a body 

muft  defeend  toward  the  centre  to  acquire  the  velocity  in 

the 
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the  circle  ==  a - a X j , that  is,  it  mull  defcend  through 
- radius. 


Cor.  5.  When  n is  — — 1,  AO  — a — ax 
which  being  a * logarithm  is  not  reducible  to  the  prefent  *r^yV* 


folution. 

Cor.  6.  Alfo,  if  n is  pofitive  and  greater  than  i,  the 
problem  is  impoffible,  but  with  fome  circumftances 
which  become  remarkable ; for  in  this  cafe  i — n muft  be 
always  negative,  and  if  n is  an  odd  number,  n -f-  1 will 

I 

j'__  •+ n 

be  an  even  number,  and  the  quantity  will  be 

2 

impoffible,  as  no  root  of  a negative  number  can  be  ex- 
tradted,  when  the  index  is  the  reciprocal  of  an  even  num- 
ber; but  if  n be  an  even  number,  n + 1 will  be  an  odd 

I 

\n  -fc- 1 


number,  and  the  root 


zir 


will  be  obtainable  in 


rational  terms,  but  the  anfwer  will  be  inconfiftent  with 
the  conditions  of  the  problem;  for  in  this  cafe  the  root 

X 

i‘  + |> 


-V)' 


being  neceflarily  negative,  the  quantity  — a 


n ■) ' + » 

X will  be  pofitive,  and  the  fpace  A 0 inter- 

cepted between  the  circumference  and  centre  will  become 
a + the  root  before  defcribed,  a quantity  greater  than 
radius,  which  is  impoffible.  It  follows,  however,  when 
the  force  varies  in  a diredt  ratio  of  the  diftance  which  is 
expounded  by  any  index  greater  than  1,  that  if  a body 
revolves  in  a circle  by  the  adtion  of  the  force,  it  cannot 
fall  from  reft  through  any  part  of  the  radius  by  the  attrac- 
tion of  the  variable  centripetal  force,  fo  as  to  acquire  the 
velocity  with  which  it  revolves  in  the  circle. 


X. 


Fig.  XV. 


* Sea.  III. 

Prop.  V. 
Cor.  4. 
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X. 

Let  bad  be  a circle  wherein  a body 
revolves,  being  retained  in  its  orbit  by  a 
centripetal  force  at  c ; let  the  force  at  the 
circumference  a be  denoted  by  1,  and 
fuppofmg  the  variation  of  the  force  at 
other  diftances  to  be  in  that  power  of  the 
diftances,  which  is  exprefled  by  the  gene- 
ral index  n:  if  a body  be  projedfed  from 
the  circumference  at  a,  and  in  a diredtion 
perpendicular  to  it  with  the  fame  velocity 
wherewith  the  body  revolves  j it  is  requir- 
ed to  afhgn  the  greateft  diftance  to  which 
it  will  afeend. 


Let  AC  — r,  the  diftance  required  AO  ~ .v,  and  the 
force  at  A being  — : i,  the  force  at  any  point  O will  be 

— , and  if  a:  be  a fpace  through  which  a body  muft 


move  from  reft  by  the  conftant  acceleration  of  the  force  i. 


to  acquire  the  velocity  in  O,  we  * have  » rr  — 


r -f 

“mT 


r , + 1 

X k,  and  taking  the  fluent  z — — - — * . , being 

+ 1 

the  variable  part  of  the  fluent  only,  and  requiring  a con* 
ftant  quantity  to  be  added  to  it. 

What  this  conftant  quantity  is  appears  from  the  pro- 
blem, for  when  .v  — o,  z — the  fpace  due  to  the  velocity 


of  projection  = — ; but  by  the  preceding  equation,  when 


x — c,  z — — the  whole  fluent  therefore  will  be 

n + I 


C 
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»•  + * 


-»  + 1 


— z ; but  as  the  body  Is 

- - n + I X r” 

fuppofed  by  the  problem  to  afcend  till  its  velpcity '=  o, 

r r r + x 

it  follows,  that  z — o — — : ~ + r 


wherefore 


r -j-  x 
rn 


n + I 


71  + I X >"* 


— *L  ^ * — , and  r -J-  x 

2, 


■n+t 


it  + 3 * r 


.n  + l 


r + * = 


- » + ?V  + t 


Xr,and  the  diftance 

2 2 J 

AO  to  which  the  body  will  afcend  — x ~ r X 


n + 


Cor.  1.  If  n = I,  that  is,  if  the  fotce  be  dire&ly  as 
the  diftance  from  C,  the  whole  fpace  iO  to  which  the 
body  will  afcend,  when  projefted  with  a velocity  equal  to 
that  with  which  it  revolves  in  the  circle,  will  be  =:  r x 

V 2 — r — r X “/  2 — i. 

Cor.  2.  If  the  force  be  inverfely  as  the  fquare  of  the 
diftance,  that  is,  if  « — — 2,  then  the  body  projected  in 
the  manner  above  deferibed  will  rife  to  an  height  — 2f 
— r rz  r,  that  is,  to  an  height  equal  to  the  radius. 

Cor.  3.  If  the  force  varies  in  an  inverfe  duplicate  ratio 
of  the  diftance,  a body  having  defeended  from  reft  through 
the  fpace  OA  equal  to  the  radius,  will,  when  it  arrives 
at  the  circumference,  have  acquired  a velocity  equal  to 
that  in  the  circle,  becaufc  the  fame  motion  will  be  ac- 
quired by  acceleration  in  this  cafe,  as  was  loft  by  retarda- 
tion in  the  laft. 

Cor.  4.  Let y be  the  fpace  through  which  a body  muft 
move  from  reft  by  ^he  acceleration  of  the  force  at  ^or  1 , fo 
as  acquire  the  velocitjr  of  projeflion : we  have  from  the  fo- 
. ■ >.  — — ‘'’  + 1 

, . r < r + x , . . r 

lution, — — r-  4-  /-a- — . = % beinp;  the  fpace 

* + 1 -A  ” + * X r”  b 1 

due  to  the  velocity  at  0 when  AO  — x:  if  then  z be 
made  — o,  and  * increafed  line  limite,  the  ultimate  va- 
lue ofy  will  give  the  velocity  with  which  a body  projeft- 

ed 
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ed  from  any  point  A will  never  return : we  have  therefore 

r ~-+~x  ” 1 

the  equation  — L -f  y — - — o,  or  y = 


n + 1 


r + x 


n + t 


ft  + i X r" 


ft  + I X rn  n + t 

It  appears  from  this  equation,  that  if  n be  any  pofitive 

number,  or  any  negative  proper  fraction,  the  velocity  with 

which  a body  mult  be  projected  fo  as  not  to  return,  is 

— — — « + » 
r x 

greater  than  any  finite  velocity;  becaufe  , 

* + 1 X r* 

in  this  cafe  is  infinite. 

Cor.  5.  If  n — — 1,  this  folution  fails ; but  the  folu- 
tion  is  obtained  from  Prop.  iv. 

Cor.  6.  If  n be  any  negative  number  greater  than  unity, 
-|-  r 

--  — becomes  evanefcent,  andj>  = — —I — ; thus 

n + 1 X r*  * + I 

if  tt  — — 2,  we  have y = — — — — = r,  that  is, 

if  the  force  varies  in  the  inverfe  duplicate  ratio  of  the  di- 
Itances  from  the  centre,  and  a body  be  projected  from  A in 
the  direction  AO , with  a velocity  which  would  be  acquir- 
ed by  a body  defcending  from  rell  through  a fpace  equal 
to  the  radius,  by  the  acceleration  of  a conllant  force  equal 
to  that  which  aCts  on  the  body  at  the  point  A , the  body 
thus  projected  will  never  return.  I hus,  if  a body  were 
projected  from  the  earth’s  furface  in  a direction  perpendi- 
cular to  the  horizon,  with  a velocity  equal  to  that  which  a 
body  would  acquire  in  defcending  from  rell  through  the 
earth’s  radius,  by  the  acceleration  of  a force  conftantly 
equal  to  the  earth’s  gravity  at  the  furface,  it  would  never 
return;  let  r — the  earth’s  radius  — 20961600  feet,  / — 
the  fpace  defcribed  from  reft  by  bodies  which  defcend  for 
» Setf.  III.  one  fecond  by  the  earth’s  gravity,  this  •velocity  — V~^Tr 

Cor'  i V'  — x idrV  x 20961600  = 36722  feet,  or  6.95  miles, 
that  is,  the  velocity  of  projection  mult  be  that  of  near  7 
miles  in  a fecond. 

Cor.  7.  If  « = — 3,  the  velocity  of  projection  above 
defcribed  is  fuch  as  is  acquired  by  a body  defcending  from 

r r 

— = -,  or  half  of  the 

3+i  2’ 

radius 


reft  through  the  fpace  — 
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radius  by  the  conftant  acceleration  of  the  force  i , which 
is  well  known  from  other  principles : for  if  the  centripetal 
force,  which  retains  a body  revolving  in  a circle,  varies  in 
an  inverfe  triplicate  ratio  of  the  diftance,  and  a body  be 
projected  perpendicularly  from  the  circumference  with  the 
fame  velocity  as  that  with  which  it  revolves  in  the  circle, 
it  will  never  return. 


XI. 

Let  a b reprefent  a line  void  of  gravity,  f;s.  xvr. 
one  extremity  of  which  is  fixed  at  a ; let 
this  line  be  fufpended  over  a wheel  b,  and 
kept  in  tenfion  by  the  weight  p.  Let  w 
be  a fmall  body  affixed  to  c the  middle 
point  of  the  firing,  and  let  w be  drawn 
out  of  its  quiefcent  pofition  through  a 
fmall  fpace  cr,  by  a force  acting  in  the 
direction  c i,  which  is  perpendicular  to 
ab,  as  foon  as  this  force  ceafes  to  a£l, 
the  weight  w will  be  accelerated  toward  c: 
having  given  the  length  of  the  firing  ab, 
the  weights  p and  w ; it  is  required  to 
determine  the  time  wherein  the  fpace  rc 
is  defcribed  by  w. 

Let  RC  — a be  the  diftance  from  which  w begins  its  mo- 
tion toward  C ; then  to  find  the  force  whereby  the  body 
nv  is  impelled  towards  C,  it  is  to  be  obferved,  that  this 
force  is  equal  to  that  which  aCting  in  a direction  CR  would 
exactly  counteradt  the  impelling  force  arifing  from  the 
tenfion  of  P . The  three  forces  which  fuftain  the  body  <w 
in  equilibrio,  will  be  in  the  direction  of  the  three  lines  RA, 

RB  and  Cl,  which  muft  be  in  the  proportion  of  the  three 
fides  of  a triangle,  which  are  refpeCtively  parallel  to  thofe 
lines : the  quantity  of  the  force  in  the  direCtiQn  Cl  will 

M 2 there- 


* Sea.  III. 
p.  28. 


+ Sea.  III. 
Prop.  III. 
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therefore  be  eafily  determined  by  drawing  B D parallel  to 
AR,  and  joining  A D ; then  lince  two  of  the  forces  are  BR 
and  RA  or  BD,  the  third  mull  be  DR,  it  follows  there- 
fore, that  the  effedt  of  the  firing’s  tenfion  to  impel  the 
body  hu  in  the  diredlion  I C,  is  to  the  tending  force  P,  as 
DR  to  RB,  that  is,  lince  DR  is  very  fmall  compared 
with  C B,  as  zC  R to  C B ; in  the  fame  manner,  when  hu 
has  arrived  at  any  point  O,  the  impelling  force  at  O will 
be  to  the  weight  P,  as  twice  the  diftance  O C from  the 
quiefcent  point  C to  half  the  firing’s  length. 

Let  the  firing’s  length  A B ~ L,  C R — a,  R O — x, 
then  from  what  has  preceded,  the  impelling  force  at  O — 

i P ^ ^ _ jg 

— , and  the  force  of  acceleration  at  the  fame 


point  — 


4 P X a — x 
hu  x L 


Let  x be  a fpace  through  which 


a body  mud  fall  from  reft  by  the  adlion  of  the  earth’s  gra- 
vity to  acquire  the  velocity  in  O,  this  will  give  us  x — 


4?  ax  — Xx  , 4 P lax  — X x 

— X , and  x = - — x ; and  if 

HU  L HU  2 L 


J ft  pi  ‘ ' 

/ rr  iq?,  the  velocity  at  *0  —\A  — - xVzax  — x 

HU  L 


let  therefore  T be  put  to  reprefent  the  time  wherein  the 

• / HU  L 

body  defcribes  P 0,  we  f fhall  have  T — "V  X 

x . / hu  L 

— — -=  , and  the  time  T — \A  — I X int0  an 

Vz  ax—xx’  *Fla 

aic  the  verfed  fine  of  which  = x,  and  radius  a,  and 
when  x = a,  or  when  hu  arrives  at  C,  the  time  will  become 


v/ 

time 


w ^ x 1—,  p denoting  the  number  3. 14159  : and 

8 PI  a1  2 r 

, / HU  L p 

of  one  entire  vibration  from  R to  D~\A  x — 


parts  of  a fecond,  and  the  number  of  vibrations  in  one  fe- 

/TPl  2_ 

cond  = \/  X f • 

An  elaflic  firing  performs  its  vibrations  in  a manner 
not  unlike  thofe  of  the  body  hu,  and  the  time  of  the 
firing’s  vibration  would  be  equal  to  that  of  hu,  provided 
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the  weight  of  the  whole  firing  were  collected  into  the 
middle  point,  every  thing  elfe  being  the  fame ; but  ac- 
cording to  the  real  manner  wherein  an  elaftic  firing  vi- 
brates, it  is  manifeft,  that  the  time  of  vibration  will  be 
lefs  than  that  afligned  in  the  problem,  every  thing  elfe  be- 
ing  given.  For  according  to  the  preceding  folution,  the 
whole  weight  moves  over  a fpace  R D,  greater  than  the 
fpace  defcribed  by  any  other  point  of  the  firing  in  the  fame 
time;  whereas  in  the  elaftic  vibration,  thofe  parts  which 
are  nearer  to  each  extremity  by  vibrating  through  lefs 
fpaces,  will  defcribe  them  in  lefs  time  than  in  the  other 
cafe,  the  accelerating  force  being  the  fame. 

The  difference,  however,  affeCting  the  vibration  of  dif- 
ferent firings  proportionally,  the  J ratio  of  the  times 
wherein  firings  of  different  weights,  tenfions,  diameters, 
and  lengths  vibrate,  may  be  obtained  from  the  preceding 
folution,  as  it  will  appear  when  thefe  deductions  are  made 
from  the  determination  of  the  real  time  wherein  an  elaftic 
firing  vibrates.  But  it  may  be  ufeful  to  give  an  ex- 
ample of  the  time  of  vibration  of  a firing,  deduced  from 
the  preceding  folution,  in  which  it  is  fuppofed,  that  the 
whole  weight  of  the  firing  is  collected  into  the  middle 
point,  in  order  that  the  difference  or  aberration  from  the 
truth  arifing  from  this  affumption  may  be  more  obvious  : 
fuppofe  the  weight  of  an  elaftic  firing  were  40  grains,  the 
length  30  inches,  the  tending  force  10000  grains : ac- 
cording to  the  rule  we  fhall  have  the  number  of  vibrations 

r , /iPl  Z /2XIOOOOXIQ? 

in  one  fecond  or  \r  — — x — ~ \S  — — — — iA 

w L p 40  x 30 

X = 36,  and  the  time  of  one  vibration  = — 

3-H159  36 

part  of  a fecond  : the  true  number  of  vibrations  in  a fe- 
cond, deduced  from  the  properties  of  the  harmonic  curve 

— 56.8  in  a fecond,  and  the  time  of  one  vibration  — — 

56.8 

part  of  a fecond. 

This  propofition  is  here  inferted,  chiefly  becaufe  in 
fome  folutions,  according  to  the  hypothefis  above  defcrib- 
ed, the  force  which  impels  the  body  w at  any  point  R,  has 
D C 1? 

been  made  t = ~xf,  inftead  of  ~~  x P its  true 
value. 

If  the  firing  be  imagined  always  coincident  with  two 
right  lines  BR,  A R,  fo  that  each  may  vibrate  backward 

and 
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aud  forward  in  the  manner  of  a cylindrical  pendulum,  on 
axes  pafling  through  A and  B:  this  fuppofition,  it  is  ma- 
nifeft,  will  not  be  extremely  different  from  the  truth  ; but 
in  this  cafe  it  will  give  the  time  too  fmall  on  account  of 
the  elaltic  firing  by  its  curvature  extending  itfclf  further 
from  the  axis  toward  thofe  parts  which  are  adjacent  to 
the  middle  vibrating  point  C.  The  times  of  vibration  of 
the  fame  firing  derived  from  this  hypothefis,  and  from  that 
of  the  harmonic  curve,  are  in  the  given  ratio  of  3.14159 

to  2 X s/l  , or  as  3 1 to  34  nearly. 

The  true  time  wherein  an  elaftic  firing  vibrates,  is  de- 
rived front  the  nature  of  the  harmonic  curve,  a few 
properties  of  which  being  premifed,  the  time  of  vibration 
may  be  deduced  from  the  principles  of  acceleration,  which 
have  been  demonftrated : thefe  properties  are  as  follow. 

r.  The  * force  by  which  any  fmall  particle  of  an  elaftic 
firing  is  impelled  toward  the  centre  of  its  curvature,  is  to 
the  tending  force  as  the  length  of  the  particle  to  the  ra- 
dius of  the  curvature. 


2.  The  perpendicular  j-  diftance  DH  of  a particle  from 
the  firing  in  its  quiefcent  pofition  is  to  the  firing’s  length, 
as  the  fame  length  is  to  the  radius  of  curvature  multiplied 
into  the  number  p 1,  p being  equal  to  3.14159,  &c.  If 
therefore  any  perpendicular  diftance  R C be  put  — a,  and 
the  firing’s  length  — L,  we  fliall  have  the  radius  of  cur- 


vature at  R = 


LL 

aP 


3.  If  the  whole  firing  be  divided  into  particles  Bb,  Deb, 
Sec.  each  particle  wili  arrive  at  the  axis  AC B at  the  fame 
inftant  of  time. 

It  is  alfo  fuppofed,  that  the  greateft  diftance  from  the 
axis  ACB  to  which  any  particle  can  vibrate,  bears  no 
fenfible  proportion  to  the  firing’s  length. 


XII. 

Having  given  the  length  and  weight  of 
an  elaftic  ftring,  and  the  weight  which 
ftretches  it  3 let  it  be  required  to  afeertain 

how 
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how  many  times  the  firing  when  put 
into  motion,  will  vibrate  in  a fecond, 
one  vibration  being  the  time  elapfed 
between  the  firing’s  leaving  any  given 
point  r,  or  one  fide  of  the  ^xis,  and  the 
inftant  of  its  arrival  at  the  fame  diftance 
on  the  other  fide. 


Let  L be  the  length  of  the  firing,  wits  weight,  P the  weight 
by  which  it  is  flretched;  then  will  the  * firing  during  any  * Smith’s 
inflant  of  its  vibration  coincide  with  the  harmonic  curve  Harmonics, 
ADC,  then  fince  the  firing’s  weight  — w,  the  weight  of  the  P'  2S5‘ 

panicle  Dd  — ^ x w,  and  Jbecaufe  the  impelling  force  t ^kid. 

which  adts  on  Dd  is  to  the  weight  P,  as  Dd  to  the  radius 


of  curvature,  that  is,  as  ()  Dd  to 


— — , we  fhall  have  the  5 Ibld 
p%  a - P- 2 54 


_ D d X pz  a 


X P,  and  the  weight 


bupra  p.94. 


force  which  impels  Dd 
Dd 

of  D d being  — —j—  X w,  the  force  which  ||  accelerates  II  Sea-. 1. 

Prop,  IX, 

the  particle  Dd  at  the  firft  inflant  of  its  motion  — 

P i>z  a 

— . Suppofe  Dd  to  have  defcribed  the  fpace  DO, 

L w 

and  let  DO  — x,  then  will  CO  — a — x,  and  the  force 
which  accelerates  the  particle  D d when  at  O,  will  by  the 


fame  method  of  reafoning  be  — 


P p1  a — . 


let  z be  the 


fpace  which  a body  mufl  defcribe  from  reft  by  the  accele- 
ration of  gravity,  fo  as  to  acquire  the  velocity  of  the  par- 


Ppi  __ 

tide  Dd  in  0,  this  will  give  z rz  x ax  — x x,  and 

L w 


Ppz 

* = 7—  X 

L ‘uj 


2 ax 


, and  the  f velocity  in  O = ^ Sedh  ]n> 

p.  z8. 


4 / 2 l P p 1 , 

\x  Lrvj  X V zxa  — XX. 

If  r be  put  equal  to  the  time  of  defcribing  4 -DO,  we  have  4.  Sedl.  m, 

T Prop.  Ill, 


J Vid.  fupra 
P-  9 S- 


T-  \/ 


zlPp* 


= v/- 


[ 96  ] 

x 

— ■=========,  and  taking  the  fluents 

V zax — xx 

X into  a circular  arc,  the  verfed 


2 IP p^  a'‘ 

fine  of  which  — x,  and  radius  — a,  and  when  DO  = DC, 

that  is,  when  x — a,  the  time  = \s  — , f w — x 

z l P p*  az  2 

:=  - jp  X j being  the  time  of  defcribing  DC,  and 

the  time  of  one  entire  vibration  — \/ — parts  of  a 

2 IP  1 

fecond,  and  the  number  of  vibrations  in  one  fecond 

x/lR 

Lav  ' 

Cor.  1.  Since  the  quantity  a,  or  the  greateft  diftance 
of  any  part  of  the  ftring  from  the  axis  during  one  vibra- 
tion enters  not  into  the  expreflion  for  the  time,  it  fol- 
lows, that  in  whatever  ratio  the  diftances  from  the  axis 
to  which  the  fame  ftring  vibrates,  the  times  of  vibration 
will  be  the  fame,  provided  thofe  diftances  be  very 
fin  all. 

Cor.  2.  Let  the  number  of  vibrations  in  a fecond  — n — 


s/PL 

L <iv 


, then  having  given  the  weight  of  the  ftring  — 


w,  and  the  tending  force  — P,  the  length  of  the  ftring 
which  makes  n vibrations  in  a fecond  will  be  L — 
2 IP 


n <iv 


Cor.  3.  If  half  the  length  of  the  ftring  be  diminilhed 
in  the  proportion  of  the  tending  force  to  the  firing’s 
weight,  the  time  of  one  vibration  will  be  equal  to  that 
wherein  a body  defcribes  from  reft  this  diminilhed  length 
by  the  force  of  gravity. 


XXt 


»/z  lPpZ  , 

Since  the  velocity  J in  O — \ — X '2  ax  — 
when  x~a,  or  when  D has  arrived  at  C,  the  velocity  will 


become 

v~r 


/zlPp* 
- V Lw 


X a. 


Co  r, 
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Cor.  4-  It  follows,  therefore,  that  the  greateft  velocities 

fenerated  in  a given  point  of  the  fame  filing,  ftretched 
y a given  weight,  but  impelled  to  different  diftances  from 
the  axis,  are  proportional  to  thofe  diftances. 

To  eftimate  the  velocity  in  a particular  cafe,  let  the 
length  of  a firing  ~ 40  inches,  its  Weight  30  grains,  the 
tending  force  m 10000  grains,  then  let  any  given  particle 

in  the  firing  vibrate—  of  an  inch  from  its  quiefcent  po- 
rtion, and  the  velocity  acquired  by  the  particle  when 

...  /z  X 193  X 10000 

coincident  with  the  axis  — — — ~ • w — X 

4°  X 3° 

'-IP  — r.n?nz  inches  in  a fecond. 

30 

Alfo  the  velocity  acquired  by  any  particle,  when  it 
coincides  with  the  axis,  may  be  eftimated  by  this  general 
rule;  multiply  the  diftance  of  the  particle  from  the  axis 
into  the  number  of  vibrations  in  a fecOnd,  this  produdl 
increafed  in  the  proportion  of  the  diameter  of  a circle  to 
its  circumference,  will  give  the  fpace  which  the  particle 
would  defcribe  uniformly  in  a fecond  with  the  velocity 
acquired. 

Cor.  5.  An  elaftic  firing,  the  weight,  length,  and  ten- 
fion  of  which  are  as  deferibed  in  the  problem,  will  vibrate 
in  the  fame  time  with  a pendulum,  the  length  of  which  is 
to  the  firing’s  * length  in  a ratio  of  w : P X p1,  p be-  * Smith’s 
ing  — the  number  3.14159;  for  the  length  of  fuch  a Harmonics, 
t „..  P-  z 59- 


pendulum  — 


p'P 


let  this  — z,  and  fince  the  time 


in  which  a pendulum  of  the  length  z vibrates  in  a cy- 

L w 


cloidal  arc  is  t p X , 

2 / 


fubftituting I°r  z 


we  j seft.  IV. 
Frop,  1. 


have  the  time  wherein  the  pendulum  z,  or  would 

P% p 

vibrate  - p x \/ ~ , which  is  the 

time  of  one  vibration  of  the  elaftic  firing  by  the  preceding 
folution.  6 

Cor.  6.  Let  T reprefent  the  time  of  one  vibration,  then 


= v/ 


2/ P‘ 


and  Tz  = 


ZIP’ 


N 


let  D ~ the  diameter 
of 
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of  the  firing,  and  c a number,  which  being  multiplied  in- 
to D1L,  will  exprefs  the  weight  of  the  firing  in  the  fame 
dimenfions  with  thofe  of  P,  fo  that  w fhall  equal  DzLc, 
then  we  fhall  have  by  fubftituting  Dl  L c for  w,  T — 

y/ , that  is,  T = £4^:  and  fince 

2 P V zip  \/  2 l 

is  a confiant  quantity,  while  the  fpecific  gravity  of  the 
firing  is  confiant,  it  follows,  that  T will  be  proportional 
D L . 

to rr-r , that  is,  the  time  of  a fingle  vibration  of  dif- 

>/  P 

ferent  firings  ftretched  by  different  weights  will  be  in  a 
ratio  compounded  of  the  joint  diredl  ratio  of  the  diameters 
and  lengths,  and  an  inverfe  fubduplicate  ratio  of  the  tend- 
ing forces. 

Cor.  7.  The  tending  forces  and  diameters  being  the 
fame,  the  tjme  of  vibration  will  be  as  the  firing’s  length  ; 
but  if  the  fame  firing  be  firetched  by  different  weights, 
the  tending  forces  will  be  in  an  inverfe  duplicate  ratio  of 
the  times  wherein  the  firing  vibrates.  _ 

Cor.  8.  Since  the  times  wherein  firings  vibrate  are  in  a 
fubduplicate  ratio  of  their  weights  and  lengths  dire&ly, 
and  an  inverfe  fubduplicate  ratio  of  the  tending  forces, 
the  particular  note  or  tone  of  a given  firing  firetched 
with  a given  weight,  may  be  known  a priori  ; provided 
a fingle  experiment  be  previoufly  made,  by  obferving  the 
note  which  is  founded  by  a firing  in  given  circumftances. 

j.  smith’s  An  f experiment  of  this  fort  was  made  by  the  late 

Harmonics,  Dr.  Smith,  matter  of  Trinity  College,  and  is  fully  de- 
P-  20;s’  feribed  in  his  excellent  treatife  of  Harmonics. 

Having  fixed  a harpfichord  wire  to  a fmall  cylinder  of 
wood,  he  fu (pended  it  fo  as  to  hang  vertically  at  the  fide 
of  the  organ  in  Trinity  Chapel,  and  by  turning  round  the 
cylinder,  to  which  the  firing  was  affixed,  was  enabled 
to  regulate  its  length,  fo  that  the  tone  fhould  precifely 
coincide  with  any  p-ropofed  note  of  the  organ  : the  lower 
extremity  of  the  firing  was  defined  by  a loop  to  which  a 
weight  of  7 pounds  avoirdupoife,  or  49000  grains,  was 
affixed,  and  it  did  not  appear  that  any  other  terminations 
were  neceffary,  either  in  the  upper  or  lower  extremity, 
the  vibration  of  the  firing  not  being  extended  lower 
than  the  beginning  of  this  loop.  When  the  firing’s 
tone  became  exactly  coincident  with  that  of  the  lower  D 
of  the  organ,  it  was  found  by  menfuration,  that  the  firing’s 

length 
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length  was  equal  to  35-5;  inches,  and  the  firing  be- 
ing cut  at  the  two  terminations,  that  is,  at  the  beginning 
of  the  loop  and  at  the  tangent  to  the.  wooden  cylinder, 
the  vibrating  part  of  it  weighed  31  grains.  Applying  Dr. 
Smith’s  or  the  preceding  folution  to  thefe  data  for  the  de- 
termination of  the  time  in  which  the  ftring  vibrated, we  have 

from  the  experiment,  L — 35-55 ’J*  — _ 4900°»  w 7-  3 1 » 
7 — 193,  and  the  number  of  vibrations  in  one  fecond,  was 


= y/iJii.^000  x-'jg  = ,31 : that  is,  the 

L<w  3 1 X 35.55 

ftring  in  its  vibratory  motion  pafled  the  axis  AB  13 1 times 
in  a fecond.  It  follows  alfo,  that  ftnce  the  note  founded  on 


the  organ  caufed  fynchronous  vibrations  in  the  air,  f and  f Newt, 
becaufe  any  number  of  thefe  vibrations  impiefles  on  the  Pri"c'P- 
ear  half  that  number  of  impulfes  in  the  fame  time,  if  by  pr°op.  xLn, 
any  means  the  air  can  be  put  into  a tremulous  motion,  fo 
that  65.5  impulfes  fucceeding  each  other  at  equal  inter- 
vals of  time  (hall  be  imprefled  on  the  ear  in  a fecond,  the 
idea  of  the  fame  note  with  that  defcribed  in  the  experi- 
ment will  be  excited ; for  the  tone  of  a note  depends  not 
on  the  loudnefs  or  foftnefs  of  the  found,  but  upon  the 
number  of  vibrations  excited  in  the  air  in  a given  time. 

Thus  a large  bell  being  ftruck  will  create  the  fame  tone 
as  to  gravity  or  acutenefs,  as  a flute  or  other  fimilar  in- 


ftrument. 

It  was  inferred  from  this  experiment,  that  the  middle 
note  in  the  organ  denominated  D vibrated  4 x 13 1 — 5Z4. 
times  in  a fecond,  and  confequently  imprefled  on  the  ear 
262  impulfes  in  the  fame  time. 

It  may  perhaps  be  ufeful  to  infert  a few  experiments 
on  harmonic  firings,  whereby  the  number  of  vibrations  in 
a fecond,  excited  in  the  air  by  any  given  note  according 
to  the  pitch  in  prefent  ufe  may  be  determined. 

The  experiment  juft  defcribed  would  have  been  fuffl- 
cient  for  this  purpofe,  if  it  were  certainly  known  what 
note  or  tone,  according  to  the  prefent  pitch,  is  the  fame 
with  the  lower  D of  the  organ  at  Trinity  College  at  the 
time  when  Dr.  Smith  tried  his  experiment:  for  at  prefent 
the  pitch  of  this  inftrument  is  confiderably  different  from 
that  which  is  in  common  ufe. 

In  order  to  afeertain  this  point,  an  inftrument  was  made 
ufe  of  purpofely  conftrudted  by  Mr.  Ramfden,  in  the  year 
1768  : the  advantages  which  it  poflefles  over  monochords 
of  the  ufual  conftrudlion  are  many.  The  ftring  AB  hangs  f;s,  xix. 
vertically,  and  its  length  is  terminated  at  A by  an  hori- 

N 2 zontal 
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zontal  edge;  alfo  the  other  point  of  termination  which  in  the 
common  monochords,  as  well  as  in  mufical  inftruments,  is 
a bridge  over  which  the  ftring  is  ftretched,  is  in  this  con- 
ftrudlion  effedted  by  two  fteel  edges  D C vertically  placed ; 
thefe  being  fixed  on  a frame  can  be  eafily  moved  in  a ver- 
tical direction,  fo  as  to  alter  the  length  of  the  ftring  in 
any  defired  proportion:  thefe  edges  are  feparated  occa- 
fionally  by  a fpring,  in  order  to  let  the  ftring  freely  pafs 
through  when  its  length  is  altered-,  and  are  clofed  again 
fo  as  to  prefs  the  ftring  flightly  when  its  length  is  properly 
adjufted.  By  means  of  this  conftru&ion  the  alteration  of 
the  tending  force  by  the  application  of  bridges,  &c.  is 
wholly  avoided  : moreover,  that  this  monochord  may  be 
univerfal,  that  is,  may  ferve  to  exhibit  a feries  of  harmonic 
tones  according  to  any  given  temperament,  viz.  Smith’s, 
Huygens’,  Ptolemy’s,  &c.  the  whole  length,  by  means- of 
a fcale  placed  immediately  under  the  ftring,  is  divided  into 
ioo  equal  parts,  and  each  of  thefe  by  a micrometer  fcrew 

fubdivided  into  1000  equal  parts,  fo  that  the  length  of  a 
given  portion  of  the  ftring  may  be  adjufted  on  the  mono- 
chord true  to  the - — - part  of  the  whole  length. 

100,000 

Two  or  three  experiments  made  on  this  inftrument 
may  be  feledted  for  the  prefent  purpofeof  determining  the 
number  of  vibrations  excited  in  the  air  by  a given  note. 

A brafs  wire  was  fufpended  on  the  monochord,  and  be- 
ing ftretched  by  102. i ounces  weight  troy,  was  fuffered  to 
remain  in  that  pofition  for  feveral  days,  in  order  that  the 
ftring  might  not  be  fubjedt  to  any  variation  during  the 
experiment : the  fteel  edges  before  defcribed  were  adjufted 
until  the  tone  of  the  ftring  was  coincident  with  that  of  g. 
fteel  key  or  fork  commonly  ufed  for  tuning  harpfichords, 
&c.  which  correfponded  with  the  loweft  D in  the  bafs.  The 
length  of  the  ftring  appeared  by  reading  it  off  from  the 
fcale  rr  38.975  inches,  and  this  length  being  cut  off  ac- 
curately at  the  points  of  termination,  the  weight  of  it  was 
found  to  be  24.35  grains,  the  tending  force  was  1 02.1 
ounces,  or  49008  grains,  we  have  therefore  to  obtain  the 
number  of  vibrations  in  a fecond,  P — 49008,  L — 
38.975,  l—  193,  w — 24-35,  and  the  number  of  vibra- 

s~  z P l 

tions  in  a fecond  — \r  — — 141.18. 

<UJ  U 

In  another  experiment  the  length  of  the  ftring  was 
40.1 54  inches,  the  tending  force  was  48024  grains,  the 
ftring’s  weight  — 22.7  grains;  this  firing  when  founded 
- was 
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was  alfo  coincident  with  the  fame  note  as  the  former,  viz. 
the  lower  D in  the  bafs,  and  by  the  rule  we  have  the  num- 

y 2 Pi 

ber  of  vibrations  in  a fecond  =:  >/  =-  — 142.6  : the 

w L 

mean  of  thefe,  and  of  a great  many  others  which  it  is  need- 
lefs  to  infert,  is  141.89  nearly,  which  we  may  eftimate  at 
j 42  without  fenfible  error;  it  follows  then,  that  the  tone 
D in  the  middle  of  the  fcale  excite  142  x 4 = 568  vi- 
brations in  a fecond. 

It  may  be  added,  that  out  of  eight  promifcuous  expe- 
riments fimilar  to  thofe  juft  mentioned,  in  which  the 
tending  forces,  lengths,  and  weights  of  the  firings  were 
in  various  proportions,  the  number  of  fibrations  in  a 
fecond,  excited  by  the  firing,  when  in  unifon  with  the 
fame  tone,  viz.  the  lower  D,  never  varied  fo  much  as  1.5 
vibrations  from  the  mean. 

This  determination  coincides  with  that  of  Dr.  Smith  ; 
for  the  pitch  of  the  organ  of  Trinity  College  is  by  eftima- 
tion  about  a hemitone  lower  than  that  which  is  in  common 
ufe  : the  exadl  difference  is  ealily  to  be  inferred  from  the 
experiments  above  defcribed  : for  according  to  thefe  expe- 
riments, the  vibrations  in  a fecond  were*  131  and  142  re-  # Supra  p. 
fpedtively,  and  the  difference  of  thefe  tones  will  be  expreff-  99. 
ed  by  a firing  divided  in  the  proportion  ofi3i  : 142, which 
ratio  is  equal  to  the  fum  of  the  ratios  of  15  : 16,  and  98403 
: 100000; f that  is,  ffnce  15  : 16  is  a hemitone,  and  the^.Smjth,g 
ratio  of  80  : 8t,  denominated  a comma,  is  fomething  lefs  Harmonics, 
than  the  ratio  of  98403  : 100000;  it  appears,  that  the  pitch  Se«.  II. 
of  the  organ  above  mentioned  is  a hemitone,  and  more 
than  a comma  lower  than  the  pitch  now  in  ufe. 

This  folution  will  enable  us  to  eftimate  the  number  of 
vibrations  excited  in  the  air  by  any  given  note, without  diffi- 
culty; for  example,  the  loweft  G in  the  fcale  will  vibrate 

once,  while  the  middle  D £ makes  - X - X 6 vibra-  t ibid 
. , r „ 1 \ 2 s*a.  ir. 

tions ; therefore,  ffnce  D by  the  preceding  determination 
caufes  568  vibrations  in  a fecond,  the  lower  G will  excite 
568  _ ... 

— 94-3  vibrations  in  a fecond.  In  the  fame  manner 

it  may  be  inferred,  that  the  higheft  G in  the  fcale  caufes 
2 2 4 

50s  X ^ X — x — rr  3029  vibrations  in  a fecond.  If 

we  add  an  o£lave  to  each  extremity  of  the  fcale,  we  fhal! 

pro- 
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probably  limit  the  fenfe  of  hearing  as  to  the  diftinft  per- 
ception of  harmonic  founds : this  being  granted,  it  will 
follow,  that  if  the  air  imprelTes  on  the  ear  impulfes  how- 
ever diftinft,  yet  if  they  fucceed  each  other  with  a velo- 
city greater  than  that  of  — - ~ — 3029  in  a fecond,  or 

flower  than  at  the  rate  of  - ■ • — zj?  in  a fecond,  no 

2x2 

diftinfr  idea  of  found,  as  to  gravity  or  acutenefs,  will  be 
conveyed  to  the  mind. 

The  properties  of  the  elaftic  firing  inferred  from  ex- 
periment have  induced  fome  authors,  not  converfant  in 
the  mathematical  part  of  harmonics,  to  imagine  certain 
analogies  between  the  principles  of  harmony  and  of  geo- 
metrical figures,  and  to  fuppofe  the  properties  of  each  de- 
Princ^les*  duc^e  from  the  other.  The  celebrated  fTartini  fell 
of  Har-  into  fome  fancies  of  this  fort,  which  discover  a confider- 

mony:  able  degree  of  a fcientific  enthufiafm;  he  found  by  taking 

fleet’s8"  ^1C  'rer^eci  fines  *n  a given  circle,  in  arithmetical  pro- 
Tranflaticn,  greflion,  if  the  lengths  of  elaftic  firings  (the  diameters 
Chap.  ].  & being  the  fame)  were  as  the  chords  of  the  arcs  correfpond- 

ciiap.  li.  jng  to  t]ie  verfefi  fines  above  deferibed,  and  the  tending 

P-1  ’ forces  were  as  the  verfed  fines  themfelves  refpedlively,  that 

all  the  firings  would  give  the  fame  tone,  and  confequently 
vibrate  in  equal  times : in  confequence  of  this  and  a great 
variety  of  fimilar  deductions  of  harmonic  properties-from 
thofe  of  the  circle,  he  concludes,  that  there  rs  a natural 
affinity  between  them,  and  feems  to  think  it  confident 
that  the  fcience  of  harmony,  which  he  fuppofes  to  be  in 
itfelf  perfect,  fhould  be  immediately  related  to  the  circle 
as  the  moll  perfect  figure. 

This  analogy,  however,  obtains  only  from  the  known 
property  of  the  circle,  in  which  the  verfed  fines  of  any  arcs 
are  in  a duplicate  ratio  of  the  correfponding  chords,  the 
diameter  being  conftant,  and  in  the  vibration  of  elaftic 
firings,  if  the  time  of  vibration  and  the  firing’s  diameter  be 
given,  while  the  length  and  tending  force  vary,  the  tend- 
ing forces  mull  be  in  a duplicate  ratio  of  the  lengths ; and 
a fimilar  analogy  might  have  been  as  eafily  deduced  from 
the  relation  between  the  ordinates  and  abfeifias  of  a para- 
bola, as  from  that  of  the  verfed  fines  and  chords  of  a circle. 

Mr.  Holder  likewife,  a gentleman  of  Oxford,  in  a 
* Nnvx  letter  to  Sir  I.  Newton*  mentions  his  having  deduced  all 
Amiquae.  the  harmonic  ratios  from  the  47th  prop,  of  the  firft  book 
of  Euclid’s  Elements,  and  infers  analogies  between  the 

pro- 
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properties  of  harmony  not  unlike  thofe  of  Tartini.  It  is 
however  plain,  that  thefe  ratios  may  be  as  well  deduced 
from  other  figures,  as  from  a right  angled  triangle ; there 
being  few  geometrical  figures,  but  what  admit  of  fimilar 
dedu&ions  of  the  harmonic  ratios.  As  to  the  effential 
difference  between  muficai  intervals,  called  concords  and 
difcords,  there  have  been  various  opinions.  The  follow- 
ing account  has  been  given  by  fome  authors : it  is  faid 
that  two  notes  conftituting  a concord,  vibrate  in  times, 
the  ratio  of  which  is  expreffed  by  whole  numbers,  either 
equal  or  prime  to  each  other  and  the  neareft  to  unity. 
Thus,  two  firings  in  unifon  vibrate  in  times  which  are  in 
the  ratio  of  equality,  and  conftitute  the  principal  of  con- 
cords. Two  firings  vibrating  in  times  which  are  as  two 
to  one,  conftitute  the  oftave,  which  is  the  concord  next  to 
the  unifon  in  degree  of  perfe&ion,  and  fo  on  to  the  interval 
expreffed  by  vibrations  which  are  in  the  ratio  of  2 : 3,  3 : 4, 
4 : 5,  &c.  It  is  added,  that  the  mind  refts  moft  fatisfied 
with  the  perception  of  thofe  ideas  of  ratios  which  are  the 


moll  precife  and  definite;  and  although  the  ratio  of  g-may 


excite  in  the  mind  as  definite  an  idea  as  that  of 


1 


when 


abftrafledly  confidered,  yet  two  lines  or  two  vibrations, 
which  are  in  the  proportion  of  1:2,  will  convey  a more 
exa&  idea  of  that  ratio,  than  two  other  lines  or  vibra- 
tions which  are  in  the  ratio  of  6 : 5,  will  convey  of  the 
latter  proportion. 


XIII. 


Let  a 1 k n X reprefent  a cylindrical  tubeFi^  xx- 
or  canal,  whereof  the  axes  of  the  two  arms  £ rincip. 

. , , ' Vol.  11. 

ia,  kn  are  vertical,  and  that  of  ik  hori-£^ 
zontal : fuppofe  that  a fluid  were  to  oc- 
cupy a part  of  this  tube,  fo  that  the  fur- 
faces  of  the  fluid  when  quielcent  ihould 
coincide  with  ef  and  cd;  let  one  of  thefe 

fur- 
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furfaces  c n be  deprefled  by  a weight  oi‘ 
other  means,  fo  as  to  coincide  with  qji  j 
being  deprefled  through  the  fpace  dh, 
the  furface  e f will  confequently  be 
raifed  through  an  equal  fpace  ea:  then 
the  weight  which  kept  c d deprefled  at  Qtt 
being  fuddenly  removed,  the  furface  at  ab 
in  the  other  arm  will  defcend  by  the  accele- 
ration of  the  fuperior  weight  in  that  arm, 
and  by  the  velocity  generated  in  the  whole 
mafs,  when  it  has  arrived  at  the  former 
or  quiefcent  pofition  e f will  ftill  defcend, 
and  confequently  elevate  with  a retarded 
motion  the  furface  qh  or  dc  to  an  altitude 
M n,  equal  to  that  of  a b from  whence  the 
defcent  began : it  is  required  to  aflign  the 
time  elapfed  between  the  inftant  the  fur- 
face ab  began  to  defcend,  and  that  at 
which  the  other  furface  becomes  coinci- 
dent with  MN. 


Let  the  axis  of  the  whole  tube  or  canal  A F 1KCM  be 
denoted  by  L,  and  the  force  whereby  gravity  would  accele- 
rate the  fluid  were  it  unconfined  = i;  then  fuppofe£/'to  be 
elevated  to  AB,  and  confequently  the  furface  CD  deprefled 
through  a fpace  CS^-AE,  and  let  EA~a\  then  conti- 
nuing the  horizontal  line  S>H  to  RS , fince  the  fluid  con- 
tained in  the  part  of  the  tube  RIKH  is  in  exadt  equili- 
brio,  the  force  whereby  the  upper  furface  BA  endeavours 
to  defcend  and  to  communicate  motion  to  the  whole  mafs 
will  be  the  column  AR,  the  altitude  of  which  ~ z a,  and 
this  column  will  be  to  the  whole  weight  of  the  fluid  as 
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2 a ; L,  wherefore  the  force  which  accelerates  the  defcent 
off  AB  - - — ; in  the  fame  manner  when  the 

furface  AB  has  by  defending  arrived  at  O,  the  force  of 

7?  A 

acceleration  — — - — , that  is,  if^O,  the  fpace  defcribed 

Li 

from  quielcence,  be  denoted  by  x,  we  have  the  force  at 


O 


2 X a 


- , wherefore  if  z be  the  fpace  through 


u 

which  a body  muft  fall  by  gravity  from  reft,  fo  as  to  ac- 
quire the  velocity  in  O,  it  will  follow,  that  z — 


2 ax 


2 X X 


, and  V the  velocity  at  O = \/ LtL 


s/TT^Tx  x:  and  if  7”  be  put  to  reprefent  the  time  of 

■ / Z -T 

defcribing  AO,  we  have  T — \A  —r  X - - — — ^ t 

^ Y zax  — xx 


and  T — A-A-  — X arc  of  a circle,  the  verfed  line  of 
4 / X « 

which  zz  x,  and  radius  zz  a ; and  when  AO  — AE,  that 

• rr-  / L P a . 

is,  when  x zz  a,  T — \x  - j—  X ~ , p being  2= 
3.14159,  that  is,  the  time  in  which  AB  arrives  at  EF  — 

/L  P 

T zz  \A  — — X : and  the  time  elapfed  between  the 
beginning  of  the  defcent  of  AB,  and  end  of  the  afcent  of 
^HtoMN—  p X v/-A. 

Cor.  T.  The  time  of  one  entire  defcent  of  the  fluid 
from  A B to  R S is  equal  to  the  time  in  which  a pendulum, 
the  length  of  which  is  half  the  fum  of  the  tube’s  axis, 
performs  one  vibration ; for  the  time  wherein  a pendu- 
lum, the  length  of  which  zz  — makes  one  vibration  — 

-VI  • 


* Sea.  IV. 
Prop.  I. 


Cor.  2.  The  time  elapfed  between  the  inftant  AB 
begins  to  defcend,  and  the  inftant  at  which  it  returns  to 

O the 


% 


a pendulum,  the  length  of  which  is  equal  in  length  to 
2 L,  performs  one  vibration. 

Cor.  3.  Since  the  diftance  AE  ~ a,  enters  not  into  the 
expreffion  for  the  time,  it  follows,  that  whatever  be  the  al- 
titude AE  above  the  quiefcent  pofition,  from  which  the 
furface  AE  begins  to  defcend,  the  time  of  the  entire  de- 


Cor.  4.  When  the  lengths  of  the  tubes  or  canals  are 
different,  the  time  of  one  entire  defcent  will  be  in  a direft 
fubduplicate  ratio  of  their  lengths. 

Cor.  5.  During  the  defcent  of  AB  to  its  original  qui- 
efcent pofition  EF,  it  will  be  continually  accelerated,  and 
the  velocity  will  be  the  greatert  at  E ; this  greateft  velocity 
will  be  a direft  ratio  of  the  diftance  AE,  and  an  inverfe 
fubduplicate  ratio  of  the  lengths  of  the  tube’s  axes,  that  is, 

EA 1 

the  velocity  will  be  in  a fubduplicate  ratio  of  . 

JLt 

Cor.  6.  The  arms  I A,  KN,  are  in  the  propofition 
vertical,  and  at  right  angles  to  an  horizontal  tube  of  com- 
munication IK,  but  if  inftead  of  this  conftruftion,  a bent 
tube  be  made  ufe  of,  no  alteration  will  be  occalioned  in 
the  folution  of  the  problem,  or  the  conclufions  derived 
from  it ; provided  thofe  parts  of  the  tube,  through  which 
the  furfaces  afcend  and  defcend,  be  parallel  to  each  other 
and  perpendicular  to  the  horizon.  For  example,  let 
AC D reprefent  a bent  tube,  the  curvature  not  extending 
above  MN ; if  this  tube  be  fo  far  filled  with  mercury  that 
the  furfaces  may  reft  on  a level  at  AB  and  CD,  when 
the  arms  MA,  ND  are  vertical,  and  motion  be  communi- 
cated to  the  mercury  by  inclining  the  tube  a little  to  one 
fide  or  the  other,  in  a plane  coincident  with  the  axes,  and 
then  reftoring  it  to  its  vertical  fituation,  the  mercury  will 
be  feen  to  vibrate  backward  and  forward,  performing 
ofcillations  through  the  longelt  and  lhortelt  fpaces  in  the 
fame  time.  If  the  length  of  the  whole  tube,  i.  e.  the 
length  of  the  ftraight  and  curve  parts  taken  together,  be 
L,  then  the  time  of  one  ofcillation,  that  is,  the  time  where- 
in one  furface  defcend*  and  the  other  afeends  from  qui- 


feent  to  R will  be  the  fame,  viz.  rr  to  p x 


efccnce 


I 
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cfcence  to  reft  again,  will  be  = p X —j  • for  exam- 
pie,  if  the  length  of  the  tube  be  z=  78.4  inches,  the  time 

/ 78-4 

of  one  ofcillation  will  be  * = 3.14159  X , — 

4 * ’93 

l fecond. 

The  time  by  experiment  is  fomething  more  than  that 
which  is  deduced  from  the  theory,  as  may  be  expefted 
from  the  friftion  of  the  mercury  againft  the  lides  of  the 
tube  which  the  theory  takes  not  into  account. 

The  length  of  the  whole  tube  or  canal  remaining,  let 
the  vertical  arms  I A,  KN  be  diminilhed,  and  con fe- Fig.  XXII. 
quently  the  horizontal  part  IK  increafed  equally,  as  in 
fig.  xxii.  then  will  the  time  of  one  vibration  continue 
as  before,  and  in  different  canals,  the  heights  of  which  are 
very  fmall  when  compared  with  their  lengths,  the  times 
of  one  vibration  will  be  nearly  in  a direct  fubduplicate 
ratio  of  the  breadths,  that  is,  of  the  horizontal  parts  of 
the  canal  or  the  diltances  between  the  vertical  arms. 

If  the  undulatory  motion  of  fluids,  the  f agitations  of  f Newton, 
which  are  but  fmall,  be  analogous  to  the  alternate  vi-  Pnncip. 
brations  of  the  fluid  in  the  canal  above  mentioned,  and  p,®1' 
fuppofing  the  altitude  of  the  waves  to  be  very  fmall  when  XLIJ. 
compared  with  their  lengths,  the  time  of  one  undulatory 
motion,  that  is,  the  time  elapfed  between  a particle  of 
the  fluid’s  leaving  the  fummit  of  one  wave  and  after  its 
depreffion  again  arriving  at  the  fame  altitude,  will  be  in 
a direft  fubduplicate  proportion  of  the  curvilinear  di- 
ftance  comprehended  between  the  fummits  of  the  two 
waves ; that  is,  fince  the  heights  are  very  fmall  when 
compared  with  the  lengths,  the  time  of  an  undulation 
will  be  in  a direft  fubduplicate  ratio  of  the  diftances  be- 
tween the  fummits  of  the  two  contiguous  waves. 

Any  number  of  forces  may  aft  in  fuch  direftions  and 
quantities,  as  to  exaftly  counterbalance  each  other;  a 
body  urged  by  thefe  forces  will  continue  at  refl ; in  this 
cafe  it  is  immaterial  what  be  the  quantity  of  matter 
afted  on,  as  the  equilibrium  above  defcribed  depends  only 
on  the  quantity  and  direftion  of  the  impelling  forces ; 
when  one  of  thefe  forces  preponderates  over  "the  refl, 
motion  is  produced,  the  quantity  and  direftion  of  which 
is  likewife  to  be  eftimated  by  mechanics,  but  here  the  mat- 
ter moved  as  well  as  the  moving  forces  muft  be  taken  into 
account.  In  theory  we  may  imagine  weights  to  be  col- 

O z lefted 
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Rifled  into  points  and  Hill  to  bear  any  afligned  proportion 
to  each  other,  we  may  alfo  imagine,  that  the  materials 
whereby  motion  is  communicated  in  mechanical  opera- 
tions are  void  of  gravity,  inertia,  and  the  partie’es  of  them 
to  move  over  each  other  without  fridlion : conclulions  pro- 
duced from  thefe  data  will  be  mathematically  true  in  the- 
ory, but  will  not  be  coincident  with  matter  of  fadt,  unlefs 
the  weights  of  the  materials  whereby  motion  is  commu- 
nicated, confidering  thefe  weights  both  as  altering  the 
moving  forces  and  the  refiftance  to  motion,  and  the  effedts 
of  fridlion  be  taken  into  confideration. 

To  ellimate  the  whole  refinance  oppofed  to  the  impel- 
ling force,  the  weights  of  the  materials  ufed  in  the  opera- 
tion mult  be  added  to  the  weight  moved,  together  with  a 
weight  equivalent  to  the  refinance  arifing  from  fridlion. 
The  weights  of  materials  whereof  inftruments  and  mechanic 
engines  are  compofed  beingconftant  in  the  fame  inUrnment 
or  engine,  their  effedts  are  cafily  allowed  for;  but  the  re- 
finance which  arifes  from  friction,  depending  on  the  velo- 
city of  motion,  as  well  as  various  other  circumltances,  is  not 
eafily  reduced  to  geometrical  menfuration  : yet  by  mecha- 
nic methods  it  may  be  almoll  wholly  removed  whenever 
it  is  thought  neceffary  to  refer  principles  of  motion  to  de- 
cifive  experimental  trials ; fo  that  in  any  cafe  we  may  with 
fufficient  certainty  al'certain  the  refiltance  which  on  all  ac- 
counts oppofes  the  communication  of  motion  by  a given 
impelling  force.  The  moving  force  itfelf  is  alfo  liable  to 
alteration  from  various  caufes ; when  the  alteration  of  the 
moving  force,  arifing  from  the  weight  of  the  materials 
which  are  ufed  in  the  communication  of  motion,  is  con- 
llant,  it  is  eafily  allowed  for  by  adding  this  difference  to 
or  fubtradling  it  from  the  moving  force  originally  impreff- 
ed  : in  other  cafes,  however,  it  happens  that  this  alteration 
of  the  moving  force  proceeding  from  the  weights  of  the  ma- 
terials ufed  in  communicating  motion  is  variable,  and  may 
therefore  caufea  variable  increafe  or  dccreafe  of  the  acce- 
leration. This  is  frequently  the  cafe  when  motion  is 
communicated  by  means  cf  lines  going  over  wheels,  pul- 
lies,  See.  thefe  lines  in  philofophical  experiments  are  ex- 
tremely thin  and  flexible,  and  the  weight  of  them  is  com- 
monly negledted,  which  may  be  done  generally  without 
error,  as  far  as  regards  the  quantity  of  matter  moved;  but 
it  will  appear,  that  the  moving  force  in  experiment  may 
become  fo  fmall  that  the  weights  of  thefe  lines  (hall  bear  a 
fenfible  proportion  to  it. 

But  in  all  cafes  where  any  phyfical  quantity,  whe- 
ther 
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ther  it  be  weight,  time,  velocity,  &c.  is  neglefled  as  1ft- 
confiderable,  the  limits  of  the  error  occafioned  by  this 
omiffion  ffiould  be  defined  generally  for  all  magnitudes  of 
the  variable  quantifies  which  are  concerned  in  the  pro- 
blem. If  the  error  of  the  refult  occafioned  by  omitttng 
any  quantity,  be  found  to  bear  fo  .fmall  a proportion  to 
the  whole,  that  it  will  be  either  entirely  infenfible  in  ex- 
periment, or  of  too  fmall  confequence  to  merit  confidera- 
tion,  it  may  be  ftill  omitted.  One  inftance  of  this  kind 
may  be  here  inferted,  as  it  relates  to  the  conflruaion  of 
experiments  hereafter  defcribed. 

Let  BCD  reprefent  a fixed  pully,  over  which  a line 
FEB  C DA  is  fufpended,  two  equal  weights  P,  P being 
affixed  to  the  extremities ; then  if  a weight  w,  heavier 
than  the  firing  EF,  be  added  to  the  higheft  weight,  it  will 
fet  the  whole  in  motion,  and  the  firing  s weight  will  ma- 
nifeftly  caufe  a retardation  of  this  motion  till  the  weights 
on  each  fide  are  at  equal  altitudes  HH,  and  afterwards 
will  increafe  the  acceleration:  the  next  propofition  is  in- 
tended to  eftimate  the  effedts  of  the  firing,  both  in  caufing 
a variation  in  the  velocities  generated  as  well  as  in  the 
times  of  motion. 


XIV. 

Let  bcd  be  a fixed  pully,  the  weight  Fig.  xxu. 
of  which  is  collefted  into  the  circum- 
ference and  = q j let  two  weights 
p and  p,  be  fufpended  at  the  extremities 
of  a line  going  over  the  pully,  and  exactly 
balancing  each  other.  If  a weight  w be 
added  to  either  fide,  the  weights  p + 
w will  preponderate  over  the  other,  and 
will  defcend  by  continual  acceleration ; 
the  moving  force  being  conftantly  = w, 
and  the  weight  moved  = 2P  + q + w, 

pro- 
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provided  the  firing’s  weight  be  too  fmall 
to  have  any  fenfible  effect ; but  if  the 
firing  operate  fenfibly,  it  is  manifefl,  that 
when  the  moving  force  w is  higher  than 
the  weight  p on  the  oppofite  fide  at  a,  the 
weight  of  the  firing  ef  will  retard  the 
defcent ; but  when  w has  defcended  fo  as 
to  become  lower  than  the  afcending  weight 
p,  the  firing’s  weight  will  cauie  an  acce- 
leration of  the  defcent : having  the  data 
above  mentioned,  together  with  the  length 
and  weight  of  the  firing,  and  ef  = the 
altitude  of  w + p above  the  weight  p on 
the  oppofite  fide,  at  the  very  beginning  of 
the  motion;  it  is  required  to  determine 
the  velocity  acquired  by  w during  its  de- 
fcent through  a given  fpace. 


» Sefl.  T. 
Prop.  IX. 


•V- 

Let  q be  the  weight  Of  Jthe  wheel  or  pully  collected  into 
the  circumference,  and  let  the  length  of  the  firing  — L, 
its  weight  — / ; alfo  let  the  difference  of  the  altitudes  of  the 
weights  P -j-  <w  and  P at  the  firft  inftant  of  motion,  that  is, 
let  EF  — b,  AO  the  fpace  deferibed  from  reft  re  x,  then  we 

• r 2 p x — bp 

{hall  have  the  moving  force  at  O — w -f ^ = 


L*v  + *px  — bp 
~~~  L 


— O,  the  * accelerating  force  at  O 


, wherefore  if  zP  + y + / + w be  put 
Ln.v  + ip  X — bp 


and  if  z be  the  fpace  through  which  a heavy  body  mud 
fall  from  reft  by  gravity,  to  acquire  the  velocity  in  O, 
Li v x + 2 p xx  — bp  x 
f Sea.  iv.  we  fhall  f have  a — ~~L&  : 

Prop.  V.  . L 


and  z — 
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IrMx  4-  Pxx  bp_x^  anj  velocity  at  O or  Tr 


\l  ^ x Lwx  + pxr—  bpx  ;nc},esor  feet  in  afecond,  ac- 
V 

cording  to  the  denomination  in  which  /,  and  the  quanti- 
ties x,  b and  L are  taken. 

^l'u?x  . 

Cor.  i . Since  the  fquare  of  the  velocity  = - g—  -f- 


being  .he  t fquare  of  .he  vein-  1%?™ 

^ ....  n 1 Cor.  3. 

city  if  the  line  were  without  weight,  it  is  raanifeit,  that 

i)  “ ' “ b P X | m m £ 1 

the  quantity  — — »s  the  variation  of  the 

fquare  of  the  velocity  occafioned  by  the  firing’s  weight; 

by  which  it  appears,  that  whenever  b — x, 

vanifhes;  that  is,  when  the  defending  weight  w is  as 
much  lower  than  the  afcending  weight  P at  the  end  of  the 
defcent,  as  it  was  above  P at  the  beginning,  the  velocity 
is  neither  increafed  nor  diminifhed  by  the  firing’s  weight. 

Moreover,  this  variation  in  the  fquare  of  the  velocity  ad- 
mits of  a maximum,  if  x is  lefs  than  b,  the  quantity 

being  greateft  when  x — — , that  is,  when  the 

afcending  and  defending  weights  are  on  a level ; at  which 
pofitions  the  variation  in  the  fquare  of  the  velocity  of  the 
defending  weight,  occafioned  by  the  firing’s  weight, 
will  be  the  greateft,  decreafing  afterwards  until  it  becomes 
= o when  x r zb:  when  x is  greater  than  b,  it  is  plain 

that^*  a(Imits  not  a maximum,  increafing 

L-  S', 

continually  as  x increafes. 

Cor.  2.  The  variation  in  the  fquare  of  the  velocity  on 

. • Px%  — bpx  x 4 / 

account  of  the  firing’s  velocity  being  , 

it  appears,  that  as  long  as  x is  lefs  than  b , this  variation 
will  be  negative;  that  is,  the  firing’s  weight  will  dimi- 
nifti  the  velocity  generated,  until  tne  defeending  weight 
has  deferibed  a fpace  equal  to  the  difference  in  altitude  of 
■ the 


5e«.  IV. 
Prop.  XIII. 

U sea.  in. 

Prop.  Hi. 
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the  firing's  two  extremities  at  the  beginning  of  motion, 
after  which  the  variation  abovementioned  becoming  pofi- 
tive,  fhews  that  the  velocity  will  afterwards  be  continually 
increafed  by  the  firing’s  weight. 


XIV. 

Every  thing  remaining  as  in  the  laft 
propofition,  let  it  be  required  to  aflign 
the  time  in  which  the  defending  body 
delcribes  the  fpace  a o from  reft. 


, , . . _ t/L'wx+px* — bpx 

Since  the  velocity  at  *0  = \J  - j — x 

V4/,  if  Vbe  the  time  of  deferibing  [| AO,  T = 

4* 

, and  the  time  reguired 


✓ L<wx  + f x*  — bp  x 
7*  — fluent  of  *\/  IlM-  x 


’ j Gy 

Vt>x  log. 

h 


✓ 


4/  V/ 

L*w  x T'px*  — bp  x 


px  -f-  ✓ L<vu  — b p p . 


•.(being  the 


V Z,  w — bp 

entire  fluent  becaufe  it  vanifhes  when  x — o)  which  will 
be  a number  exprefling  the  time  in  feconds,  if  / be  equal 
to  the  fpace  through  which  the  earth’s  gravity  accele- 
rates bodies  from  reft  in  one  fecond. 


Cor.  1.  In  order  to  facilitate  the  application  of  the  So- 
lution, the  expreflion  for  the  time  fhould  be  reduced  to  an 
approximate  value, which  will  be  mathematically  true  when 
the  quantity  p vanifhes  in  refpedl  of  w or  q\  and  if  it  be  of 
finite  magnitude,  the  approximate  value  will  deviate  lefs 
from  the  truth,  the  fmaller  proportion  p bears  to  <w  or  q. 
For  brevity,  let  q = L <w — pb,  which  will  give  the  time 

T 
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T = y/h^  x log.  and  fince/* 

lf  V q 

is  incomparably  lefs  than  y,  we  fhall  have  \/ q + p x zn 

7+  _£i=,  and  ^7Z+^Z±5I_ 

\/  y 

and  T = yy'  X 

log.  and  becaufel/dTTT+M 

is  incomparably  fmaller  2 y,  we  have  7 — ~r^~  X 

Y^pqx+px  , . 

' jy  > and  fince  vanifhes  in  refpeft  of 

V4/y*>  *7” will  become  =\/  *^4^y  * — \f  JdtUi 

Ip  2 q l 


2^  V y 

^ 4 4 0^ 


V L nu  — b p 


- VM-*  x (wW/> 

' 2 <wL—6pK  F 


is  very  fmall  in  refpeft  of  Liv,)  that  is,  T will  approxi- 
mate to  V-?--  X — 2Zw  — \/is£x  1 -t-  YlL  ' 

1 w _ zLnjj  — bp  — V /wx  + 2Iw* 

Cor.  2.  The  time  wherein  the  weight  would  defcend, 

if  the  firing  were  without  gravitv,  would  be  * \/ * Sefl.  Illj 

/ w Prop,  IV, 

feconds,  becaufe  ^ is  the  conflant  accelerating  force; 

wherefore  the  firing  will  increafe  the  time  ( b being  greater 
than  *)  1B  the  proportion  of  2 L w _ bp  to  2 El. 

In  the  preceding  corollaries  it  has  been  fup- 
pofed  that  p or  the  firing’s  weight  is  very  fmall,  when 

compared  with  the  moving  force  w,  but  when  L becomes 

confiderable  in  refpeft  of  unity,  this  approximation  will 

?heexn«Z  ‘f6  trKth  5 in  this  Cafe  be  had  to 

xpreffion  for  the  true  time  derived  from  the  folution. 

Sect. 


p 


Sect.  V. 


CONCERNING  THE  RECTILINEAR  MOTION 
OF  BODIES  IN  FLUIDS. 

IN  confidering  the  properties  of  accele- 
rated motion,  no  other  refinance  has 
hitherto  been  fuppofed  to  aft  in  oppofi- 
tion  to  the  moving  force,  except  that 
which  arifes  from  the  inertia  of  the  weights 
moved ; and  this  inertia  always  refills  the 
communication  of  motion  with  forces  pro- 
portional to  thofe  weights. 

In  the  preceding  propofitions,  therefore, 
relating  to  acceleration,  bodies  have  been 
imagined  to  move  in  free  and  unrefilling 
fpace,  and  the  general  properties  of  re- 
tarded motions  have  been  deduced  from 
thofe  of  acceleration;  the  forces  having 
been  alfumed  in  each  cafe  either  as  con- 
llant,  or  varying  according  to  fome  ratio 
of  the  dillances  from  a fixed  point. 

But  there  are  numberlefs  forces,  both 
imaginable  in  theory  as  well  as  really 
operating  in  the  production  of  natural 

phe- 
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phenomena,  which  vary  in  no  proportion 
of  this  kind,  depending  on  circumflances 
altogether  different  from  thofe  above  de- 
fcribed:  fuch,  for  inftance,  are  the  forces 
which  vary  in  fome  ratio  of  the  velocity 
which  may  be  either  diredl  or  inverfe,  and 
may  either  accelerate  or  retard  the  motion 
of  bodies  all  thefe  cafes  being  phyfically 
poffible,  and  confequently  admitting  of  fo- 
lutions  derived  from  the  laws  of  motion. 

In  the  operations  of  nature,  the  forces 
varying  with  the  velocity  are  chiefly  thofe 
which  are  oppofed  by  fluids  to  bodies 
moving  in  them.  Let  a folid  body  formed 
by  the  revolution  of  a plane  figure  about 
an  axis,  be  projected  or  any  how  impelled 
in  a fluid  in  the  direction  of  that  axis  ■,  if 
there  be  no  other  force  to  interfere  with 
thofe  of  impulfe  and  refiftance,  the  body 
will  continue  to  proceed  in  a ftraight  line'; 
and  the  enfuing  propofltions  are  intended 
to  inveftigate  from  the  neceflary  data  the 
fpaces  defcribed,  times  of  defcription,  and 
velocities  at  the  end  of  the  given  fpaces  or 
times. 

The  properties  of  refilling  forces  which 
are  oppofed  by  fluids  to  bodies  which 
move  in  them  may  probably  be  more  ob- 
vious, if  the  nature  of  fluid  fubltances  as 

p 2 diflin- 
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diftinguifhed  from  folids  befirft  confidered. 
Suppofing  all  bodies  to  be  formed  of  ele- 
mentary hard  and  folid  particles  of  differ- 
ent forms,  it  appears  evident  from  various 
experiments,  that  the  force  whereby  the 
parts  of  bodies  cohere,  depends  upon  the 
quantity  of  iurface  wherein  the  elemen- 
tary particles  touch  each  other,  as  a proxi- 
mate or  immediate  caufe,  fo  that  if  thefe 
particles  be  fpherical,  the  quantity  of  fur- 
face  in  contact  being  incomparably  lefs 
than  if  the  particles  were  cubes,  prifms, 
pyramids,  or  pther  folid  figures  terminated 
by  plane  furfaces,  it  follows,  that  the  force 
whereby  the  particles  cohere  is  in  a phyfical 
fenfe  evanefcent,  which  will  be  the  more 
apparent  by  the  following  argument. 

Let  two  fpheres  of  equal  diameters  and 
fenfible  magnitudes  touch  each  other:  the 
contadt  will  be  incomparably  lefs  than 
that  of  any  two  plane  furfaces  however 
fmallj  and  it  is  an  eafy  propofition  to 
demonftrate,  that  the  points  wherein 
equal  fpheres  touch  each  other,  are  in  a 
diredl  ratio  of  their  diameters  ; where- 
fore, if  two  fpheres  phyfically  evanefcent 
be  in  contadf,  the  quantity  of  touching 
furface  muft  be  incomparably  lefs,  than 
that  between  the  two  fpheres  of  finite 

mag- 
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magnitude  which  were  before  mentioned; 
from  all  which  confiderations,  it  plainly 
appears,  upon  the  hypothefis  of  the  fphe- 
rical  figure  of  the  particles  which  com- 
pofe  fluids,  how  great  mull  be  the  facility 
of  motion  among  their  parts. 

To  the  preceding  arguments  add  that 
which  follows : if  the  number  of  points - 
wherein  a given  fpherical  particle  was 
touched,  increafed  in  the  fame  proportion 
as  the  diameters  were  diminifhed,  it  is 
evident  that  the  quantity  of  contact  on  the 
furface  of  each  fphere  would  not  be  at  all 
diminifhed  from  the  argument  of  the 
fpheres’  diameters  being  evanefcent ; but 
fince  when  a number  of  equal  fpheres  are 
included  in  a folid  fpace,  no  fingle  fphere 
can  be  touched  in  more  than  twelve 
points,  it  follows,  that  while  the  fpheres’ 
diameters  are  diminifhed,  the  number  of 
contacts  in  the  furface  of  each  fphere  re- 
mains the  fame,  and  therefore  the  quan- 
tity of  contact  exifting  in  the  furface  of 
any  one  fphere  is  ftill  in  proportion  to 
the  diameters. 

Confequently,  if  thefe  particles  be  per- 
fectly hard,  round  and  fmooth,  and  of 
evanefcent  magnitude,  there  will  be  no 
lefiftance  to  the  motion  of  bodies  which 

im- 
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impinge  on  or  move  through  them,  ex- 
cept that  which  arifes  from  the  inertia  of 
the  particles  difplaced,  and  this  conveys  to 
us  the  idea  of  a perfect  fluid.  Few  of 
thefe,  however,  exift  in  nature,  perhaps 
none  whofe  parts  are  wholly  free  from 
prindp!*  fn&ion,  cohefion,  and  tenacity.  Air,  * 
Prop!  xl.  mercury,  and  water,  have  been  efteemed, 
adfinem.  ag  to  philofojftiical  purpofes,  perfeCt 
fluids,  the  cohefion,  friction,  &c.  of  their 
parts,  being  fcarcely  if  at  all  fenfible  in 
experiment.  In  other  cafes  the  degrees  of 
fluidity  are  various.  Of  the  perfect  fluids 
above  mentioned,  water  and  mercury  be- 
ing mixed  with  heterogeneous  fubftances, 
become  (with  very  few  exceptions)  lefs 
fluid  than  before : Of  this  kind  are  folu- 
tions  of  gums  and  falts,  together  with 
oils,  balfams,  &c.  which  are,  however  of 
a more  fluid  nature  than  honey,  clays, 
bitumen,  and  fimilar  fubftances,  the  de- 
grees of  tenacity  and  cohefion  between 
the  particles  of  which,  rank  them  among 
folid  as  well  as  fluid  bodies,  the  properties 
of  both  which  they  feem  to  participate 
in  an  imperfeCt  degree.  The  refiftance 
which  fubftances  of  this  kind,  i.  e.  im- 
perfect fluids,  oppofe^  to  bodies  imping- 
ing on  them,  or  moving  through  them, 
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depends  on  the  cohefion,  tenacity,  and  fric- 
tion, as  well  as  the  inertia  of  the  matter 
moved}  the  geometrical  eflimation  of 
which  circumftances  being  of  no  material 
ufe  in  phylical  enquiries,*  the  illuftrious  * 
author  of  this  theory,  has  chiefly  confi-  y°i-  *£L 
dered  the  properties  of  retardation  which ad' fiVnem- 
bodies  fuffer  when  moving  through  the 
perfect  fluids,  the  cohefion  and  fridfion 
among  the  parts  of  which  are  in  a phyfi- 
cal  fenfe  evanefcen't. 

Since  therefore  the  refinance  which  is 
oppofed  to  folid  bodies,  moving  in  the 
perfedl  fluids,  proceeds  from  their  inertia 
only,  it  is  to  be  next  obferved,  that  a body 
when  proiedted  or  + impelled  in  empty  + i.  Law  of 

c r ...  . 1 r . ,r  r J Motion. 

lpace,  will  continue  its  motion  uniform- 
ly in  a flraight  line ; but  a body  being 
projedted  or  any  how  impelled  in  a fluid 
cannot  proceed  in  the  diredtion  of  its  mo- 
tion without  difplacing  the  fluid,  and  by 
communicating  ^motion  to  it  lofes  an  equal  |f  J*" 
quantity  of  its  own  motion:  this  gives  us 
the  idea  of  a fluid’s  refiftance,  the  quantity 
of  which  will  manifeftly  depend  on  the  form 
and  magnitude  of  the  moving  body,  and 
the  velocity  of  its  motion : for  a greater 
body,  will  difplace  a greater  quantity  of  the 

fluid 
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fluid  than  a fmaller  one,  every  thing  elfe 
being  the  fame  ; and  the  greater  the  velo- 
city wherewith  a body  moves  in  a fluid, 
the  more  motion  will  be  communicated  to 
the  fluid  (the  exa6t  law  not  being  here 
confidered)  and  confequently  loft  to  itfelf. 

Moreover,  the  refiftance  will  depend  on 
the  fluid’s  denfity,  every  thing  elfe  being 
the  fame;  for  it  is  manifeft,  that  it  will 
require  more  force  to  difplace  a given 
quantity  of  mercury  than  the  fame  quan- 
tity of  water,  and  a quantity  of  water  than 
an  equal  quantity  of  air,  if  the  times  be 
equal  wherein  thefe  effetfts  are  produced, 
and  the  times  are  always  by  the  definition 
of  forces,  both  of  acceleration  and  retarda- 
tion, affumed  equal  in  eftimating  the 

ef  Motion  °f  motion  -f- generated  or  de- 

ftroyed. 

Since  the  parts  whereof  fluids  are  com- 
pofed  are  hard  folid  bodies,  fubje£l  to  the 
fame  general  mechanic  laws  as  other  bo- 
dies, the  ratio  of  the  refiftances  oppofed 
to  bodies  which  move  in  fluids  of  given 
denfities,  and  with  given  velocities,  may 
be  inferred  from  the  principles  of  me- 
chanics. 


I. 
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I. 


If  two  plane  furfaces  move  in  fluids, 
and  in  directions  perpendicular  to  the 
refpeCtive  planes,  then  will  the  refin- 
ances to  their  motion  be  in  a direCt  du- 
plicate ratio  of  their  velocities,  the  joint 
ratios  of  the  areas  of  the  planes  and  den- 

M 

fities  of  the  fluids : that  is,  if  — be  the 

m 

V 

ratio  of  the  refinances,  — that  of  the  ve- 

v 

AN 

locities,  and  — , — the  ratios  of  the  areas 
a n 

and  fpecific  gravities  refpe&ively,  the  ra- 
tio of  the  refinances  will  be  defined  by 

..  . M V2  A N 

tins  equation  — = — X — X — . 

m v 2 a n 


For  the  motion  loft  by  either  plane,  for  example  by  A, 
in  a given  time,  will  be  the  fame  as  the  motion  which 
would  be  communicated  by  the  fluid  impinging  perpen- 
dicularly again!!  it  when  quiefcent  with  the  velocity  V • 
and  the  fame  reafoning  may  be  applied  to  the  other  plane 
a : this  motion  communicated  in  a given  time  will  be 
as  the  number  of  particles  and  force  of  each.  The  ratio 
of  the  number  of  particles  impinging  on  the  planes  — 

~ x ~ > and  the  ratio  of  the  forces  of  each  particle 

refpe£lively_r:  — x — , fo  that  the  ratio  of  the  quan- 
tities of  motion  communicated  to  the  quiefcent  planes 
m a given  time,  by  the  fluids  impinging  perpendicularly 

Q_  with 
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with  the  velocities  V,  <v,  will  be  the  fum  of  the  ratios 
A ' V V N 

— X — x — X — ; that  is,  the  ratio  of  the  quantities 

a <v  <v  n 

of  motion  loft  in  a given  time  bv  the  planes  A , a,  mov- 
ing with  the  velocities  F,  <v  refpedtively,  or  the  refiftances 
oppofed  to  their  motion  will  be  defined  by  the  equation 

M V*  A N 

— — — r X — X — . 

m *v  a n 

Cor.  i.  In  this  propofition  the  dircdlion  of  the  plane's 
motion  has  been  affirmed  always  perpendicular  to  the 
planes  themfelves.  Now,  let  their  motion  be  in  a di- 
redlion  any  how  inclined  to  the  planes,  the  number  of 
the  particles  will  be  diminilhed  in  the  ratio  of  the  ra- 
dius to  the  fine  of  the  inclination  above  deferibed;  alfo, 
the  force  of  each  particle  will  be  diminilhed  in  the  fame 
ratio : wherefore  on  both  accounts  the  refiftance  deter- 
mined as  before  will  be  diminilhed  in  a duplicate  ratio  of 
the  radius  to  the  fine  of  inclination  ; let  therefore  R — 
radius,  and  S,  s the  fines  of  the  angles  in  which  the  planes 
A,  a are  inclined  to  the  diredlions  of  their  motion,  and  it 
follows,  that  to  eliimate  the  ratio  of  the  refiftances  to  the 
. 5*  R 1 S* 

two  planes,  the  ratios  -=-r  X — r or  - muft  be  added 
r R s r 

to  the  ratio  of  the  refiftances  before  determined,  fo  that  on 

M V'-  A N S* 

all  accounts  — = — ~ X — X — X — - . 

m u a it  s z 


Cor.  2.  If  equal  planes  move  in  a given  fluid,  and  in 
diredlions  equally  inclined  to  themfelves,  then  becaule  in 

. . r A N S*  , M Vz 

this  cale  — rr  — — — — i,  we  have  — --  — : that 

a n s m 1 

is,  the  refiftances  are  in  a duplicate  ratio  of  the  velocities. 

Cor.  3.  If  the  lame  body  of  any  fhape,  moving  in  a 
given  fluid  with  different  velocities,  always  preferves  the 
fame  pofition  in  regard  to  the  diredtion  of  its  motion,  the 
refiftances  will  be  in  a duplicate  ratio  of  the  velocities. 

The  preceding  propofition  exprefling  the  proportion  of 
the  refilling  forces  only,  will  not  enable  us  to  afeertain  the 
abfolutc  quantity  of  refiftance,  which  a body  adlually  meets 
with  in  palling  through  a medium,  but  which  mull  ne- 
ceflarily  be  known,  in  order  to  determine  the  retardation 
or  decrement  of  velocity  in  a given  time.  As  when  bo- 
dies are  accelerated  the  moving  force  is  eftimated  by 
weight  *,  fo  the  refilling  force  in  retarded  motions  is  alio 
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equivalent  to  a weight:  when  a body  thrown  perpen- 
dicularly upwards  in  empty  fpace  is  refilled  by  the  iorce 
of  gravity,  this  refinance  is  always  equal  to  the  body’s 
weight,  fo  that  the  retardation  of  all  bodies  is  the.  fame;  . 
but  the  refinance  oppofed  to  bodies  moving  in  fluids,  is  a 
weight  which  varies  with  the  velocity  being  in  the  dupli- 
cate ratio  thereof,  and  the  efiimation  of  this  refifbince  a 
priori,  from  the  neceffary  data,  is  attended  with  confidei- 
able  difficulties,  involving  the  confideration  of  impadl  re- 
latively to  weight:  for  in  this  cafe,  it  mufi  be  determined 
what  weight  is  equal  to  the  impadl  of  the ’body  moving 
againfi  the  particles  of  the  fluid,  or  which  is  the  fame,  the 
impadt  of  the  particles  of  fluid  linking  againfi  the  folid 
when  quiefeent  with  the  fame  velocity. 

Sir  I.  Newton  milled  not  wholly  to  theory  either  for 
the  determination  of  the  ratio  of  the  refinances,  nor  the 
abfolute  quantity  of  them  ; but  inflituted  various  experi- 
ments, wherein  it  appeared  that  the  refinances  were  by - 
fome  trials  in  a ratio  rather  greater  f,  and  by  others  in  a t Newton, 
ratio  fomething  lefs  than  the  duplicate  ratio  of  the  veloci- 
ties:  thefe  differences  being  no  more  than  what  the  un-”prop',  xl. 
avoidable  imperfections  in  experiments  of  this  kind  might  Scholium.’ 
occafion,  he  was  at  length  fatisfied,  that  the  refinances  to~ 
a given  body  moving  in  the  fame  fluid  were  in  a duplicate 
ratio  of  the  velocities,  under  certain  reilri&ions  and  con- 
ditions, &c.  hereafter  deferibed  ||.  - Up 

He  alfo  found  that  the  refiflance  ;£  oppofed  to  a globe,  + N, 
moving  uniformly  in  a fluid,  was  to  the  conllant  refifting  Hrincip.’ 
force  or  weight  whereby  the  whole  motion  of  the  globe  Vo1- 
would  be  deflroyed,  during  the  time  of  its  deferibing  2-f  vYYVir 
diameters  uniformly  with  the  given  velocity,  as  the  den- 
fity  of  the  fluid  to  the  denfity  of  the  fphere,  which  gives 
the  abfolute  quantity  of  refiflance  oppofed  to  the  body’s 
motion,  the  denfities  of  the  fphere  and  fluid,  the  diameter 
of  the  fphere,  and  velocity  of  its  motion  being  known, 
as  will  hereafter  appear. 

The  principles  of  refiflance  being  difeovered  by  Sir  f. 

Newton,  and  confirmed  fully  and  eflablifhed  by  the  fuc- 
ceeding  age,  the  fubje£t  may  be  probably  more  obvious  if 
confidcred  fynthetically ; which  method,  though  unfit  for 
making  difcoveries,  is  efleemed  the  mofl  proper  to  exhibit 
the  known  principles  of  fcicnce  iR  regular  and  fyflematic 
order,  i he  following  propofition  is  intended  to  deter- 
mine  the  abfolute  refiflance  oppofed  to  a body  moving  in 

* fluid,wuh  a given  velocity,  that  is,  to  determine  a weight 
equivalent  to  that  refiflance. 


Qjj 


If. 


o 
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II. 

A plane  furface  moving  in  a fluid,  in  a 
direftion  perpendicular  to  the  plane,  is  op- 
pofed  by  a refiftance  equal  to  the  weight 
of  a column  of  the  fluid,  the  bale  of  which 
is  the  refilled  furface,  and  the  altitude 
equal  to  that  through  which  a bodv  muft 
fall  from  reft  by  the  acceleration  of  gra- 
vity to  acquire  the  velocity  of  the  moving 
plane. 

Fig. XXIV,  Let  the  line  AB  reprefent  the  projedlion  of  the  plane 
moving  in  the  direction  C D,  which  is  perpendicular  to 
it;  and  fuppofe  that  during  its  retarded  motion  it  has  ad- 
vanced from  its  pofnion  AB  to  a b,  defcribing  the  ele- 
mentary fpace  or  parallelopepid  A Bab,  with  a given 
velocity  V.  Then  will  the  plane  AB  communicate  motion 
to  the  particles  difplaced,  and  will  itfelf  lofe  an  equal 
quantity  ; and  by  the  principles  of  bodies’  collifion,  the 
quantity  of  motion  loli  by  the  refilled  plane  will  be  the 
fame,  as  that  which  the  particles  would  communicate  to 
it  in  the  fame  time,  were  the  plane  quiefcent,  and  the  par- 
ticles impinged  upon  it  with  the  fame  velocity.  We  are 
only  then  to  afcertain  what  weight  is  equivalent  to  the 
impaft  of  a given  quantity  of  fluid  linking  againlt  the 
plane  with  a given  velocity,  and  communicating  motion 
to  it  while  it  is  defcribing  an  evanefcent  fpace.  Let  a cy- 
lindrical velTel,  the  bafe  of  which  is  horizontal,  be  filled 
with  a fluid  equally  denfe  with  that  which  refills  the  mov- 
ing plane  above  defcribed,  the  altitude  of  the  fluid  above 
the  bafe  being  equal  to  that  from  which  a body  mud  fall 
by  the  acceleration  of  gravity,  fo  as  to  acquire  the  velo- 
t Bernoulli  city  of  the  plane’s  motion:  then  if  an  J aperture  be  made 
Hydrorty-  in  the  bafe,  the  fluid  will  rulh  forth  with  a velocity  equal 

Seft'Tv.  to  t*iat  plane’s  motion. 

Now,  let  the  plane  be  applied  under  the  aperture  and 
parallel  to  it,  and  the  veflel  being  kept  conllantly  full, 
let  the  plane  bp  continually  raifed  fo  as  to  approach  the 
aperture  : the  fluid  will  ftrike  againfl  it  with  a conti- 
nually decreafing  velocity,  till  at  lalt  when  the  plane 

is 
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is  juft  contiguous  to  the  aperture,  the  motion  will  be  eva- 
nefcent;  and  when  the  motion  of  the  fluid  is  vanifhing, 
the  plane  will  fultain  the  weight  of  the  incumbent  column, 
that  is,  a column  of  the  fluid,  the  bafe  of  which  is  the  plane 
prefled,  and  height  equal  to  that  of  the  fluid’s  furface  from 
the  aperture  : but  the  velocity  of  the  fluid  when  juft  ifiu- 
ing  out  of  the  aperture,  is  equal  to  that  which  a heavy 
body  acquires  in  falling  through  the  perpendicular  diftance, 
between  the  aperture  and  fluid’s  furface;  wherefore  the 
nafeent  impuli'e  of  a fluid,  aCting  perpendicularly  on  the 
plane,  is  equal  to  the  weight  of  a column  of  the  fluid  : 
the  bafe  of  which  equals  the  aperture,  the  altitude 
being  the  fame  with  that  of  the  fluid’s  furface  above  the 
aperture  : but  the  refiftance  to  the  plane  from  the  fluid, 
is  equal  to  the  motion  communicated  to  the  plane  by  the 
nafeent  impulfeof  the  fluid  ftriking  it  when  quiefeent  with 
a velocity  equal  to  that  of  the  plane’s  motion  ; wherefore 
the  refiftance  to  a plane,  when  moving  in  a fluid  in  a di- 
rection perpendicular  to  itfelf,  is_equal  to  the  weight  of  a 
column  of  the  fluid,  the  bafe  of  which  is  the  refilled  fur- 
face, and  altitude  equal  to  that  from  which  a body  muft 
fall  from  reft  by  the  acceleration  of  gravity  to  acquire  the 
velocity  of  the  plane’s  motion. 


Cor.  i.  The  refinances  to  the  fame  body  moving  with 
different  velocities  in  the  fame  fluid,  are  in  a duplicate 
ratio  of  their  velocities,  becaufe  the  bafe  of  the  columns 
of  fluid  equal  to  the  refiftances  being  given,  their  altitudes 
will,  by  the  propofition,  be  in  a duplicate  ratio  of  the  ve- 
locities wherewith  the  plane  moves.  The  other  corolla- 
ries alfo  which  were  deduced  from  the  firft  propofition 
follow  from  this  by  the  fame  methods  of  inference. 

Cor.  2.  If  a cylinder  moves  in  a fluid,  fo  that  the  di- 
rection of  its  motion  (hall  always  coincide  with  the  axis  of 
the  cylinder,  the  anterior  plane  furface  only  will  commu- 
nicate motion  to  the  fluid,  becaufe  the  curved  furface  be- 
ing parallel  to  the  direction  wherein  the  whole  body  moves, 
neither  accelerates  nor  retards  the  particles  of  the  fluid ; 
thefe,  as  well  as  the  cylinder,  being  fuppofed  fo  fmooth 
that  no  friction  can  have  fenfibie  effect.  Let  then  d — 
the  diameter  of  the  cylinder,  p — 3.14159,  &c.  V the  ve- 
locity of  the  cylinder’s  motion,  z the  altitude  from  which 
a heavy  body  muft  fall  to  acquire  the  velocity  V •,  more- 
over, let  the  fpecific  gravity  of  the  fluid  be  expounded  by 

I ; then  will  — the  area  of  the  cylinder’s  bafe,  and 
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■ — ~ - will  be  the  magnitude  of  a'  cylinder,  whofe  dia- 
meter is  d,  and  altitude  — z,  and  the  weight  of  a cylin- 
drical column  of  the  fluid,  the  bafe  of  which  6qual  the 


bafe  of  the  cylinder  and  altitude  — z,  is — , 

4 

which  is  equal  to  the  rcfiftance  f oppofed  to  a cylinder 
moving  in  a fluid,  the  denflty  of  which  is  — 1,  the  cylin- 
der’s velocity  being  r=V*.  when  referred  to  the  gene- 
ral ftandard  i||,  or  — \/ 4 lz,  when  referied  to  the  velo- 
city of  2/  in  a fecond,  which  gravity  generates  in  one  fe- 
cond  of  time„ 


Cor.  3.  Let  the  weight  of  the  cylinder  — w,  and  let 
F — its  retardation,  meafured  by  the  velocity  deftroyed 
in  a given  time  in  reference  to  that  which  is  dellroyed  or 
generated'by  gravity  in  the  fame  time  ; then  fince  we  have 

in  1 general  — ——  .X.  that  is,  the  ratio  of  the  forces 

of  retardation  is  compounded  of  the  direft  ratio  of  the  re- 
filling forces,  and  the  inverfe  ratio  of  the  weights  moved. 


z d 1 t 

flnee  by  Cor.  2.  M — ”,  and  ^zz  w,  we  have  F — 

4 


the  force  which  retards  the  cylinder  in  the  circum- 

4 <w 

fiances  above  deferibed. 


The  refiftance  to  a plane  moving  in  a fluid  with  a 
given  velocity,  and  in  a direction  always  perpendicular  to 
itfelf,  may  be  denominated  the  whole  refinance,  to  di- 
ftinguilh  it  from  the  diminilhed  refinances,  which  are 
oppofed  to  the  plane  when  moving  with  the  fame  velocity, 
but  in  direftions  inclined  to  the  plane  at  various  angles; 
and  if  the  bafe  of  a column  of  the  fluid  be  equal  to 
the  moving  plane,  and  the  altitude  the  fame  as  that  from 
which  a body  mult  fall  by  the  conllant  acceleration  of 
gravity  to  acquire  the  velocity  of  the  plane’s  motion,  the 
weight  of  this  column  diminilhed  in  a duplicate  propor- 
tion of  radius  to  the  fine  of  the  angle  at  which  the  plane 
is  inclined  to  the  direftion  of  its  motion,  will  be  the  re- 
fiftance to  the  plane’s  motion  eltima.ed  in  a direction  per- 
pendicular 
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pendicular  to  the ‘plane;  but  the  refinance  eftimated  in  the  * Seft.  V. 
diredtion  of  the  plane’s  motion  will  be  different  from  the 
former  as  will  appear  by  the  fubfequent  propofuion. 


III. 

Let  ab  reprefent  a plane,  moving  in  Fis- xxv- 
a fluid  in  the  direction  af,  with  fuch  a 
velocity  as  would  be  acquired  in  falling 
from  reft  by  the  acceleration  of  gravity 
through  a fpace  = af.  Then  will  the 
refiftance  to  the  plane,  eftimated  in  the 
direftion  of  its  motion  af,  be  equal  to 
the  weight  of  a column  of  the  fluid, 
whofe  bafe  = the  plane,  and  altitude  = 
the  fpace  af  diminifhed  in  a triplicate 
ratio  of  the  radius  to  the  fine  of  the  angle 
at  which  the  plane  is  inclined  to  the  di- 
reftion  of  its  motion. 

For  the  refiftance  eftimated  in  the  direction  perpendicu- 
lar to  the  plane  is  equal  to  the  weight  of  a column  of  fluid, 
the  bafe  of  which  is  the  plane,  and  altitude  AF,  diminifh- 
ed in  the  duplicate  f proportion  of  the  radius  to  the  fine  t Se<T  V, 
of  the  angle  in  which  the  plane  is  inclined  to  the  diredtion 
of  its  motion-  In  the  line  AF  take  AC  to  A F as  the 
fine  of  inclination,  that  is,  the  fine  of  CAB  to  radius; 
through  C draw  C B perpendicular  to  AB,  then  will  AF 
be  to  BC  in  a duplicate  ratio  of  the  radius  to  the  fine  of 
incidence  CAB  : the  refiftance,  therefore,  in  the  diredtion 
BC  will  be  the  weight  of  a column  of  the  fluid,  the  bafe 
of  which  is  the  J plane,  and  altitude  BC.  Fro^i V' 

The  line  BC  will  therefore  reprefent  the  force  of  refift- 
ance in  that  diredtion,  the  plane’s  furface  remaining  the 
fame:  to  eftimate  the  refiftance  in  the  diredtion  AC  re- 
folveifC  into  two,  whereof  DC  is  in  the  diredtion  CA 
and  BD  perpendicular  to  it;  then  the  force  DB  will  not 
contribute  to  retard  the  progrefs  of  the  plane  in  the  di- 
redtion 
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region  AC,  but  will  impel  it  in  a lateral  dire&ion  only, 
and  CD  will  be  the  only  force  of  refiltance  afting  in  the 
diredlion  oppofite  to  that  of  the  plane’s  motion  : but  fince 
AF  : AC,  C B and  DC  are  in  a continual  proportion,  we 
fliall  have  AF : DC : AF 3 : AC3,  or  as  AC 3 : BC'>,  that  is, 
the  whole  or  greateft  refiftance,  if  it  were  perpendicular  to 
the  plane  is  to  the  refiftance  eftimated  in  the  direction  CA, 
in  a triplicate  ratio  of  radius  to  the  fine  of  inclination. 

Cor.  i . Let  another  plane  IB  be  joined  to  the  former  at 
an  angle  ABI  — twice  the  angle  of  inclination  BAD,  and 
then  let  BI  be  taken  — BA,  and  draw  IK  parallel  to  AC : 
alfo  draw  BL  perpendicular  to  IK,  and  fuppofing  thefe 
two  planes  to  move  in  the  dire&ion  AC  or  IL,  then  will 
the  refiftance  to  the  plane  IB  eftimated  in  the  direftion  of 
its  motion,  be  equal  to  the  weight  of  a column  of  fluid, 
the  bafe  of  which  is  equal  to  IB,  and  altitude  the  fpace 
due  to  the  ’velocity  of  the  plane,  diminiihed  in  a triplicate 
ratio  of  the  radius  to  the  fine  of  inclination,  wherefore 
the  whole  refiftance  to  both  planes  in  the  direftion  of  their 
motion  will  be  the  weight  of  a column  of  the  fluid,  the 
bafe  of  which  is  equal  to  the  planes,  and  altitude  the  fame 
with  that  juft  defcribed.  Moreover,  the  lateral  force  BD 
will  be  counterafted  by  an  equal  and  oppofite  force  LB ; 
and  confequently  the  remaining  forces  of  refiftance  being 
in  the  direftion  K L or  BC  will  only  retard  the  progrefs  of 
the  planes,  but  will  not  alter  the  direction  of  their  motion. 

Cor.  2.  Let  any  folid  formed  by  the  revolution  of  a 
plane  figure  round  an  axis,  be  projefted  or  any  how  im- 
pelled in  a fluid  in  the  direflion  of  that  axis,  and  let  the 
planes  of  two  circles  be  drawn  perpendicular  to  the  axis, 
and  contiguous  to  each  other : then  will  the  circumferences 
of  the  circles  include  an  annular  fpace,  which  will  be  the 
fluxion  of  the  furface  of  the  folid.  If  a tangent  be  drawn 
to  this  furface  in  the  fame  plane  with  and  meeting  the 
axis,  it  appears  from  the  preceding  corollary,  that  the 
refiftance  to  the  annulus  or  elementary  fpace,  will  be  equal 
to  the  weight  of  a column  of  the  fluid,  the  bafe  of  which  is 
the  annulus,  and  the  altitude  equal  to  the  fpace  due  to  the 
velocity  with  which  the  folid  moves,  diminifhed  in  a tri- 
plicate ratio  of  the  tangent  to  the  ordinate  correfponding. 

Cor.  3.  The  weight  defcribed  in  the  laft  Cor.  will  be 
the  fluxion  of  the  refiftance,  if  this  be  exprefled  in  terms 
of  the  abfeifla  and  conftant  quantities,  the  entire  fluent 
will  give  the  whole  refiftance  oppofed  to  the  folid,  efti- 
mated in  the  direftion  of  its  motion. 


IV. 
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IV. 

If  a fphere  and  cylinder  of  the  fame  Fig.xxvn 
diameter,  move  with  equal  velocities  in^p 
the  fame  fluid,  and  if  the  dire&ion  of  the  SSp!1* 
cylinder’s  motion,  coincides  with  its  axis,  XXXIV‘ 
the  refiftance  oppofed  to  the  motion  of 
the  globe,  will  be  to  the  refiftance  op- 
pofed to  the  cylinder  in  the  ratio  of  one 
to  two. 

The  fluid  in  which  the  fphere  and  cylinder  move  is  fup- 
pofed  to  be  fo  comprefled,  that  the  preflure  on  every  part  of 
the  moving  bodies  fhall  be  the  fame,  as  when  they  are  at 
reft:  moreover,  it  is  aflumed  as  true,  that  the  hinder  part 
of  the  folids  contributes  nothing  to  the  refiftance,  which 
will  be  the  fame  as  if  the  anterior  part  only  were  expofed 
to  the  fluid,  the  weight  and  every  thing  elfe  remaining. 

Let  CT  be  the  line  which  the  fphere’s  centre  C de- 
fcribes  during  its  motion,  the  velocity  of  C being  equal 
to  that  which  is  acquired  by  a heavy  body  which  defcends 
from  reft  by  the  acceleration  of  gravity  through  the  fpace 
z.  Alfo,  let  CD  be  a diameter  perpendicular  to  CT, 

GED  being  the  plane  of  a femicircle,  which  pafies  through 
CT.  In  the  femicircle  GED  draw  any  radius  CA;  draw 
AB  perpendicular  to  CE,  ab  parallel  and  contiguous  to 
AB,  and  am  parallel  to  CT ; moreover,  through  the  point 
A draw  AT,  a tangent  to  the  circle  at  A. 

Suppofing  the  plane  CEG  to  revolve  round  CET  as 
an  axis,  the  evanefcent  arc  A a will  generate  an  eva- 
nefcent  furface,  which  will  be  the  fluxion  of  the  fur- 
face  of  the  fphere  : if  this  fluxional  area,  which  we  may 
denote  by  b,  moved  in  the  fluid  in  a direttion  perpendi- 
cular to  its  plane  with  the  velocity,  which  a heavy  body 
would  acquire  by  falling  freely  through  a fpace  z,  the 
refiftance  to  its  motion  would  be  the  weight  of  a column 
of  the  fluid,  of  which  the  ^magnitude  — b z;  but  as  this  J Seft.  V. 
evanefcent  furface  is  inclined  to  the  dire£lion  of  its  mo-  fJr0P-  *• 
tion  CT\n  an  angle  ATC,  the  whole  refiftance  bz  muft 
V?  diminifhed  in  a triplicate  ratio  of  radius  to  the  fine  of 

ATCy 


t >3°  1 


. Seft.  V.  ATC-,  that  is,  in  the  -ratio  of  AT’:  ASH  which .will 
Prop.  ill.  ive  the  fluxion  of  the  refiftance  to  the  folid  in  the  di- 

t'°r‘  *'  c . . ^ z *^JL-  whatever  be  the 

jrefhon  of  its  motion  CT  — AT3  w 

curve  GE  ; and  fvnee  CE  is  tire  quadrant  of  a circle,  and 

— eAl  the  fluxion  of  the  refiftance  = b*  * 

~~  CA3 

££*:  making  EC  = r,  C B = tf,  B b = *,  P = 
^14159,  &c.  from  the  properties  of  the  circle,  = 
and  by  ftmilar  triangles  A a : w« : : AC:  AB , 

or  which  gives  ^ : 

moreover,  the  circumference  of  the  circle  generated  by 
the  point  s,  while  GEC  revolves  round  CE  as  an  axis, 
will  be  zf  X which  feeing  multiplied  into 

r*  - will  give  2 p t x,  for  the  fluxion  of  the 

Aaor  </~i  ZTHi  t 

furface  of  the  folid ; and  * being  the  fpace  due  to  the  ve- 
locitv  of  the  fphere’s  motion,  2 przx  will  be  the  whole 

v refiftance  to  the  % evanefcenc  rehftcd  furface,  fuppofing 
tSea.V.  reliftaSce  to  t 4 perpendicular  to  it;  this  being 

LSS&S  o U: os  being  to 

Prop.  HI.  *3  . i pr  zx3 x , the  reftflance  to  the  evanefeent 

Cor.  z.  —5  gives  > 101 

area,  eilimated  in  .he  direflion  of  its  motion 
rtRWncf  to  the  whole  fotface  = the  fluent  of  ■ ■ — — 

_ ei**,  or  when  * = r,  the  reflflance  to  the  hemifphere 

, „a,  v.  s liA , bn,  the  reftflance  | to  the  cylinder  moving  with 
Prop.  II.  2 . . pd^Z 

f* - the  fame  velocity  in  the  **««  <*  it!  ~ “ 

V,  which  is  to  the  reftflance  juil  found  ^ as  2 : . . 


Pr 


velocity  _ x • 

i the  fpecific  gravity  of  the  fluid  being  = i. 


V. 
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V. 

The  force  of  refinance  which  is  oppofed  Newt, 
to  a fphere,  moving  in  a fluid  with  any 
given  velocity,  is  to  the  force  which  would  xxxvnI- 
deftroy  the  fphere’s  whole  motion,  in  the 
fame  time  in  which  it  defcribes  uniformly 

g 

- parts  of  its  diameter,  as  the  denflty  of 
3 

the  fluid  to  the  denfity  of  the  fphere. 


Let  the  fpecific  gravity  of  the  fphere  be  to  that  of  the 
fluid  as  n : i,  alfo  Jet  M be  the  refitting  or  moving  force 
which  would  deftroy  or  generate  the  fphere’s  motion  in 
tlie  time  defcribed  in  the  propofition  : let  the  fphere’s 
, d^  p 7i 

weight  — - — = V the  velocity  of  the  fphere’s  mo- 
V1 

tion,*  x — — - the  altitude,  from  which  a body  mull  fall  j!  Seft- 
4 / ' rrop.  V. 

from  reft  by  the  acceleration  of  gravity  to  acquire  the  ve- 

8 d 

locity  V : then  will  a body  defcribe  the  fpace  J — uniformly  t Seflj  TII. 
with  the  velocity  V , in  the  fame  time  wherein  it  defcribes 

4 (/ 

— , when  it  is  retarded  or  accelerated  by  a conftant  force 

M 

— j which  deftroys  or  generates  its  whole  velocity  V.  To 

*<L 

find,  therefore,  the  refilling  force  M,  or  retarding  force 
M . 

— , which  will  deftroy  the  whole  motion  of  the  fphere 
projefted  with  the  velocity  V,  while  it  defcribes  a fpace  — 

4 d , 

— by  an  uniformly  retarded  velocity,  we  lhall  have  \V  — £ Se^TI1* 

v Isf  x ~J  x 4 A but  II  r — y \ lx,  wherefore  X II  SuPra* 

R z 


» Sea.  v. 

Prop.  ]V. 


Fie:. 

XXV11I. 


3 
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~A** 


rr  — anc^  M or  fince  <p  = ^ ^ -,  it  follows 


that  Af  zr  — , the*.uniform  refilling  force  which 
would  deltroy  the  fphere’s  whole  motion  in  the  fame  time 
it  defcribes  the  fpace  — with  an  uniformly  retarded  ve- 
8 d 

locity,  or  — with  the  fird  velocity  of  projection  continued 

uniform  ; which  velocity  is  in  both  cafes  equal  to  that 
acquired  by  a heavy  body  defending  from  red  through 
V 1 

the  fpace  z — — But  the  redding  force  oppofed  to 
4 * 


the  fphere’s  * motion 


_x-pdz 


which  is  to 


; p dz  n 


the 


8 ' 8 
weight  or  reddance  which  would  generate  or  dedroy  the 
fphere’s  velocity  V,  the  fame  time  in  which  the  fphcre  de- 

8 d 

fcribes  uniformly  the  fpace  — , with  the  velocity  of  pro- 
jection V,  as  i to  n;  that  is,  as  the  fpecidc  gravity  of  the 
fluid  to  that  of  the  fphere. 


VI. 

Let  a fphere  of  given  diameter  be  pro- 
jected in  a fluid,  the  fpecific  gravity  of 
which  is  to  the  fpecific  gravity  of  the 
fphere  as  i : n : having  given  the  velocity 
of  projection  from  the  point  c,  let  it  be 
required  to  aflign  the  velocity  of  the 
fphere’s  motion  at  any  given  point  o. 

Let  the  velocity  of  projection  be  that  which  a heavy 
body  acquires  in  defending  the  fpace  b from  red;  alfo  let 
the  fphere’s  diameter  = d,  and  £0  — x,  p — 3.14159, 
/ — 193  inches,  z the  fpace  through  which  a body  de- 
lcends  by  gravity  from  red  to  acquire  the  fphere’s  velocity 

in 
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in  O,  then  the  only  force  which  adts  on  the  fphere  while 
it  is  defcribing  the  evanefcent  fpace  O o,  is  that  which  re- 
tards its  motion,  and  is  ~ H therefore  Oo  — x, 

4 an  ; 

■ I™,  and'  — ' — > and  tak- 

4 an  f z 4 n a 


we  (hall  have  z — • 


ing  the  fluents  log.  z — — - , which  fhould  vanifh  to- 

gether, ; but  when  x ~ o,  it  follows  from  the  problem, 
that  z — b,  confequently  log.  z zz  log.  b ; the  entire  flu- 

n x g * 

ents  therefore  will  be  log.  z ~ log.  b , and , 

& ° 4 n d 4 k a 

— log,  b — log.  z — log.  — : let  e — 2.7187.8,  being 

the  number  the  hyperbolic  logarithm  of  which  — 1,  and 


> — 
O ___  4 n d 


we  (hall  have  — = e 


and  z =:  b X e 


3 * 
4 n d 


and 


S' — If. 

the  fphere’s  velocity  at  O or  V — \S  b x e 4"  when 
the  velocity  is  referred  to  the  general  ftandard  1,  but  if  it  be 
compared  with  the  velocity  2 / in  a fecond  which  gravityf  f Sedt.  Ill 
generates  in  defcending  bodies  in  one  fecond  of  time,  we  P*  lS* 


Ihall  have  V 


=v/; 


4 1 b X e 


. 3 * 
’4  net 


v/  4 lb 
3*  * 

£ 3 lid 


Cor.  1.  The  velocity  loft  by  a globe  projedted  in  a 
fluid  during  the  time  of  its  defcribing  the  fpace  x,  will  be 
equal  to  that  part  of  the  initial  velocity  which  is  exprefled 


3 X 
8 n d 


by  the  fradtion 


as  before. 


— 1 


If. 

„ 8 71  d 


, the  letters  e,  x,  v,  d fignifying 


Cor.  2.  Thus,  fuppofe  a globe  be  projedted  in  a fluid 
of  the  fame  denflty,  and  to  defcribe  a fpace  equal  to  three 

of  its  diameters,  then  x — 3 d,  and  11 - — and  the 

8 71  d 8 


velocity  loft  = 


— 1 11 .48 

f ~ *7 


, that  is,  a globe  moving 


in 
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in  a refilling  medium  of  the  fame  dcnfity  with  itfelf 

through  a fpace  equal  to  3 of  its  diameters,  lofes  ■ 1 

parts  of  the  velocity  with  which  it  was  projefted.  It 
may  be  here  remarked,  that  the  editor  of  Dr.  Hellham’s 

IHdiham’s  le&ures,  from  the  fame  data  t makes  the  loll  velocity  — 
Ledtures,  1 7 


p.  366. 


||  Newt. 
Princip. 
Vol.  III. 
Prop.  X. 


inflead  of 


1 1 .48 
~^7 


of  the  whole  velocity  of  projection;  but 

his  expreflions  for  the  velocity  loll  by  a body  moving 
through  a refilling  medium,  are  by  no  means  deducible 
from  or  confident  with  the  Newtonian  propofitions  which 
are  there  referred  to. 

Cor.  3.  From  this  folution  we  may  obtain  the  quantity 
of  motion  w'hich  would  be  loll  in  any  given  time  by  the 
earth,  if  the  medium  through  which  it  moved  were  of 
equal  dcnfity  with  the  atmofphere  at  the  earth’s  furface. 
Suppofe  the  time  of  motion  to  be  one  year,  and  fince  the 
fun’s  parallax  is  8"6,  the  fun’s  dillance  from  us  — about 
24000  of  the  earth’s  radii,  or  12000  diameters,  it  follows, 
that  in  the  circumference  of  the  earth’s  orbit  there  are 
contained  24000  X 3.14159  — 75398  diameters,  and  in 
one  year  the  earth  will  have  moved  through  a fpace  equal 
to  75398  of  his  diameters,  and  if  the  mean  denfity  of  the 

earth  be  to  that  of  air  ||  as  5 : or  as  4000  : 1,  we  lhall 

oOO 

have  in  the  preceding  exprefiion  for  the  velocity  loll  » — 

X x 

4000,  — rr  75398,  and  7.068,  then  will  the  velo- 


city loll  r; 


ebn“-  1 


>173 


-ii  1174 

8 n d ' * 


part  of  the  whole. 


<2  X 

Cor.  4.  When  the  quantity  is  very  fmall,  the  ve- 


8 n d 


2 X 

locity  loll  will  approximate  very  nearly  to  -2—^ , becaufe 

3* 

in  that  cafe  t%ni  — 1 + ■5^7,  and  - — — — - = 

Znd  11  8 „d 


thus 


[ J3  5 1 


thus  to  aflame  an  'example  from  Sir  I.Newton,  let  a globe 
of  the  fame  denfity  with  water  be  projedted  through  a me- 
dium of  the  fame  denfity  with  that  of  air  near  the  earth’s 
furface,  and  let  it  be  required  to  aflign  the  motion  loft 
during  the  time  the  fphere  is  defcribing  a fpace  equal 

d 2 X 

half  its  diameter;  here  we  have  a?  — — , n — 860,  - — • 

2 8 n a 

— — ? — — • —1 * * * * * * * *  X—-  , fo  that  the  globe  will  have  loft  that 

137O0  4586 

part  of  its  whole  velocity  which  is  exprefled  by  the  fradlion 

— — . This  fhews  how  nearly  this  approximation  is  to 

4586  • , • , 
the  true  value;  the  error  not  being  fenfible  in  the  ex- 

preffion  above  deduced,  which  coincides  with  that  of  Sir 

I.  Newton  to  an  unit  in  the  denominator. 


Cor.  5.  It  follows  alfo,  that  if  the  velocity  of  projedlion 
from  C be  to  that  of  the  fphere  when  at  any  point  of  the 
fpace  defcribed  O,  as  m to  1,  then  will  the  fpace  CO  or* 


8 n d 


X log. 


Thus,  J fuppofe  a fphere  moving  in  a 


fluid  of  the  fame  denfity  with  itfelf  lofes  half  its  velocity, 
then  will  m — 2,  * — I,  and  the  fpace  defcribed  by  the 

. , 8 d . 8</x. 6031472  „ „ 

fphere  = — ■ X log.  2 =:  — 1.84839  X d-, 

3 , 3 

the  fphere  therefore  lofes  half  its  velocity  before  it  has 
defcribed  a fpace  equal  to  2 of  its  diameters. 

The  theory  of  reflftances,f  oppofed  to  bodies  moving  in 
the  perfect  fluids,  is  demonftrated  by  Sir  I.  Newton  only 
uuder  certain  conditions  and  reftridtions,  which  may  be 
here  mentioned. 


1.  The  particles  of  fluid  wherein  the  body  moves  are 
fuppofed  to  be  perfedly  nonelaftic. 

2.  The  fluid  is  imagined  to  be  infinitely  comprefled. 

The  former  condition  is  ftridtly  applicable  to  the  perfedt 

fluids,  mercury,  water,  and  even  to  air,  when  the  refilled 

body  moves  flowly,  in  which  cafe  the  aerial  particles  fin- 
gly  confidered,  may  be  juftly  imagined  to  Aide  away  from 

bodies  moving  through  them  without  adhefion,  in  the  fame 

manner  as  thofe  particles  which  compofe  water  or  mercury. 

This  is  only  meant  to  diftinguilh  the  nonelaftic  particles 

from  thofe  which  by  rebounding  from  an  impadl  would 

tend  to  increafe  the  refiftance  beyond  that  which  is  aflign- 


* Newt. 
Princip. 
Vol.ll. 
Prop.  XL. 
in  Scholio. 


Fi*. 

XXVIII. 


J Newt. 
Princip. 
Vol.  II. 
Prop. 

xxxvnr.’ 

Cor.  4. 


f Ibid. 
Vol.  II. 
Prop.  XL. 
Sec. 
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||  Sctf.V. 
Prop.  II.  & 
Prop.  IV. 


ed  in  the  theory.  The  other  condition,  i.  e.  that  of  in- 
finite  comprcffion,  obtains  not  in  any  fluid  whatever,  fome 
allowance  therefore  is  due  on  this  account:  but  in  expe- 
riments made  on  bodies  moving  very  flowly,  this  allowance 
will  be  of  no  material  confequence,  becaufe  from  the 
flownefs  of  the  motion,  the  parts  left  by  the  fphere  during 
its  progrefs  will  be  inftantly  occupied  by  the  furrounding 
fluid  ; but  when  the  velocity  of  projedtion  is  confiderably 
increafed,  the  laws  of  refinance  demonftrated  by  Sir  I. 
Newton,  depending  on  the  effects  of  the  inertia  of  the 
matter  difplaced  only,  mud  not  be  expeited  to  correfpond 
with  matter  of  fadt.  Thus,  cannon  or  mulket  fliot  pro- 
jected with  velocities  from  400  to  1600  feet  in  a fecond, 
by  their  great  velocities  leave  behind  them  during  their 
paflage  through  the  air,  either  partial  or  entire  vacuity; 
when  the  velocity  is  equal  to  that  of  1 600  feet  in  a fecond, 
the  fpace  deferibed  by  the  ball  as  it  moves  along,  is  an 
abfolute  vacuum,  for  the  air  by  its  elafticity  rufhes  into 
empty  fpace  with  a velocity  of  no  more  than  1 296  feet  in 
a fecond,  and  will  not  therefore  move  with  fufficient  cele- 
rity to  fill  up  the  fpace  deferted  by  the  ball  in  its  paflage. 
It  follows  therefore,  that  a ball  moving  with  this  velocity 
is  refilled  by  the  whole  preflure  of  the  atmofphere,  exclu- 
five  of  the  effedls  arifing  from  the  air  difplaced,  and  this 
additional  refinance  mult  in  moll  cafes  be  very  great:  for 
example,  the  diameter  of  an  iron  24  pounder  being  5.457 
inches,  we  lhall  have  the  area  of  a great  circle  of  the  ball 
— 23.3S5  inches,  and  allowing  15  pounds  avoirdupoife 
for  the  preflure  of  the  atmolphere  upon  each  fquare 
inch,  the  refinance  to  the  ball’s  motion  arifing  from  the 
air’s  preflure  — 23.385  X 15  r=  350.78,  or  a weight  of 
350.78  pounds : to  this  mufl  be  added  the  refinance  which 
is  caufcd  by  the  inertia  of  the  air  difplaced  : fuppofe  the 
ball’s  velocity  to  be  1600  feet  in  a fecond,  and  z rr  the 
fpace  through  which  a body  mufl  fall  by  gravity  to  acquire 
the  velocity  of  1600  feet  in  a fecond,  then  will  this  fpace 
«k  — 39793  feet;  and  becaufe  the  ball’s  diameter  — 5.457 
inches,  the  area  of  a great  circle  rr  . 16240  parts  of  a foot, 
and  the  refinance  to  the  ball’s  motion  being  equal  to  the 

weight  of  a column  of  air, ||  the  altitude  of  which  — 

feet,  and  bafe  — . 16240  parts  of  a fquare  foot  will  be  equal 
in  weight  to  3231  cubic  feet  of  air,  or  3755  ounces  — 
234.8  pounds:  this  being  added  to  350.7  before  found, 
becomes  585.5  pounds  for  the  whole  refinance  arifing  from 

inertia 
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inertia  and  preflure.  * Mr.  Robins  found  by  experiment, 
that  the  refiftance  was  about  540  pounds,  which  is  lefs  than 
thatjuft  determined  by  44. 5 pounds;  this  difference  may  be 
eafily  accounted  for  from  the  method  adopted  by  Mr.  Ro- 
bins for  determining  the  refinance,  which  was  by  finding 

3 

what  refinance  was  oppofed  to  a ball  of  - inch,  moving 

4 

with  a given  velocity, and  inferring  from  thence  what  would 
be  the  refinance  to  a ball  of  5.457  inches  diameter,  if  the 
velocity  were  nearly  the  fame;  by  which  it  is  manifefi,  that 
a fmall  error  in  the  original  experiment,  for  determining 
the  leffer  refinance,  will  caufc  a confiderable  variation  in 
the  greater  refinance,  if  it  be  inferred  from  the  leffer. 

There  is  another  circumfiance  alfo  which  tends  fiill  to 
increafe  the  refinance  to  bodies  moving  with  very  great 
velocities,  fuch  for  inftance  as  1800  or  2000  feet  in  a fe- 
cond.  In  this  cafe  the  air  being  condenfed  before  the 
ball  exerts  a force  of  elafticity  againft  it  in  proportion  to 
the  compreflion  ; and  it  is  this  repulfion  which  renders  any 
augmentation  of  the  velocities  of  military  proje&iles  be- 
yond 1200  or  1300  feet  in  a fecond,  of  little  ufe  in  in- 
creafing  either  the  horizontal  range,  or  the  effedual  impe- 
tus of  the  bullet. 

This  elaftic  force  which  the  air  exerts  againfi  bodies  of 
fmall  weight,  but  moving  with  confiderable  velocities, 
may  become  fo  great  in  proportion  to  the  weight,  as  not 
only  to  defiroy  the  motion  communicated,  but  even  to  re- 
pel them ; which  is  obferved  frequently  to  happen  when 
very  fmall  fhot  are  difcharged  by  a large  quantity  of  pow- 
der; in  which  cafe  the  fhot  return  back  in  a direction 
contrary  to  that  in  which  they  were  projefted ; and  it 
feems  at  firft  fight  fingular,  although  ftridly  coincident 
with  the  theory,  that  a fmaller  charge  of  powder  by  giv- 
ing the  fhot  lefs  initial  velocity  will  caufe  it  to  fly  fur- 
ther than  a greater  charge,  if  the  quantity  of  the  charge 
fltould  exceed  a certain  limit. 


VII. 

Every  thing  remaining  as  in  the  laft 
proportion,  it  is  required  to  determine 

s the 


* Robins’ 
Gunnery, 
Vol.  I.  p. 
142. 


Fie. 

XXVIII, 


t >38  ] 

the  time  in  which  a body  defcribes  any 
given  fpace  co. 


i * 


* Seft.  VI.  The  velocity  • at  the  point  0 r:  v/ ,4 

X t 

Prop.  VI. 

4 Seft.  Til.  If  therefore  the  f time  required  be  T,  we  fhall  have  T — 
Prop.  Ill,  j_*  3 

• 8 n (f  # m • b n d 

x e — - , and  the  time  requiied  = fluent  of  : to 

V^4  lb 

obtain  the  fluent  let  elnd  = t/,  wherefore  — - = log.  <y, 

, , 8 n d v . . —7  8 nd  . 

and  x — —j~  X ~ > therefore  xe  = —j-  x v,  the 

8 n d in  d 

X <1/  — X e 8 d , and  the 


fluent  of  which  — 
time  required  — 


3 

8 nd 


3 

3 *■ 


X e%ni ; but  this  quantity 


3 X Y\lb 

fliould  vanilh  with  x the  fpace  deferibed,  but  when  x ~ o, 

ind  8 nd  , 

■•xjzx:  Xe  — 7— : if  therefore 

3 X V 4 lb 
in  d 


3 X s/  4 16 


3 X V 4 lb 
fhall  have  the  time  T — 


be  fubtraCted  from  the  fluent  juft  found,  we 
8 nd 


V\ib 


JJL 

_ 8 n d 


X e ' — 1.  In  thefe 


cafes  the  body  is  fuppofed  to  be  aCted  on  by  no  other  force 
except  thofe  of  projection  and  refiftance,  and  confequently 
moves  with  a velocity  continually  retarded  ; but  if  a body 
be  impelled  through  a fluid  by  the  force  of  gravity,  this 
force  compounded  with  that  of  refiftance  may  generate  ei- 
ther a retarded  or  accelerated,  or  in  fome  extreme  cafes,  as 
it  will  hereafter  appear,  an  uniform  velocity  of  motion : and 
if  the  body  be  aCted  on  by  no  force  out  of  the  vertical  di- 
rection in  which  gravity  aCts,  that  is,  if  it  be  either  gra- 
dually accelerated  from  quiefcence,  or  be  projected  in 
a vertical  line,  the  motion  will  be  rectilinear. 


VIIL 
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VIII. 

Let  a fphencal  body  defcend  in  a fluid  Fis:XXIX* 
from  reftj  having  given  the  diameter  of 
the  fphere  and  its  .fpecific  gravity,  re- 
latively to  that  of  the  fluid,  it  is  required 
to  aflign  the  velocity  of  the  fphere  at  any 
given  point  o of  the  fpace  defcnbed  ao. 


Let  the  t fphere’s  diameter  = d,  the  fpecific  gra-  J Euler, 
vity  of  the  fphere  = *,  that  of  the  fluid I = i j alfo  let 
the  fpace  AO  which  the  fphere  has  deicribed  from  Gunnery, 

. dz  p.n  Prop.  11. 

and  = *:  fince  the  fphere’s  weight  rr  —j—  and 

d3  p 

the  weight  of  an  equal  bulk  of  the  fluid  — n 

being  greater  than  t,  the  abfolute  or  moving  force 
whereby  the  fphere  endeavours  to  defcend  will  be  ” 


d^p 
6 ’ 


which  will  be  always  the  fame,  whatever  be  the 


velocity  of  the  fphere’s  motion  (it  being  fuppofed  always 
that  the  fluid  is  infinitely  compreffed) : but  the  refiftance 
oppofed  on  account  of  the  ^here’s  motion  will  depend  on 
the  velocity.  Let  z be  the  fpace  through  which  a body 
mult  fall  by  its  gravity,  fo  that  it  may  acquire  the  velocity 
of  the  fphere  in  the  point  0 : then  we  fhall  have  the  refift- 


ance oppofed  to  the  ffphere  equal  to  the  weigkt^^-  ; 

abCqlute  force  therefore,  whereby  the  fphere  endeavours  to  Cou 

defcend  will  be  upon  the  whole  ^ ^ ■”  — — LflfL 

v 6 6 8 


and  this  weight  being  ||  divided  by  the  mafs  moved  ii  Seft.  T. 
will  be  the  force,  which  accelerates  the  fphere  while  it  Prop.  IX, 
is  defcribing  0 o j and  fince  the  weight  of  the  fphere 
p.d*  n 

ls  — — £-'  > we  fhall  have  the  accelerating  force  = 


i 


1_-15  . 

n ifnd' 


and  from  the  principles  of  * acceleration 


S a 


* Se«.  III. 
Prop.  V. 
and  p.  56. 
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= 1 — - X x,  and  by  reduction  ——  = 

n 4»  d 4«  d 

X 7C 

: to  obtain  the  fluent. 


Ancl  — \d—  32:  ^xn — 1 — 3* 

let  4 d x n — 1 — 3z  = <i/:  taking  the  fluxions,  we  have 

X *1/ 

3 z = — <v,  and . — , the  fluent 

4 d x n — 1 — 3 x 3*w 

of  which  — — - X log.  u — — - X log.  4 d X » — * 
3 3 

X I *"  — — — — — - 

— 3 z,  wherefore  — — — - X log.  4 X » — 1 — 3*, 
which  quantities  fhould  vanifh  together,  becaufe  by  the 
prob.  when  k~o,/“0:  but  when  z — o, ^ X log. 

4<*'X*  — 1 — 3 z becomes log.  4^  x » — 1 ; the 

3 

X I 

entire  fluent  therefore  will  be  - — — — — log. 
\»d  3 h 

4^  X s — 1 — xz  „ , 

• - — . Let  e zz  2.7 1828,  &c.  being  the  num- 

4 d x n — 1 

ber  the  hyperbolic  log.  of  which  zz  1,  and  we  fhall  have 

4^  x n—  1 — 32  — zfi  L5 . 

, ; ;•  — — e * —i  — j , and 


4 d X n — i 

3~ 

4 ^ X » — • I 


ifd  x n — \ 


= «-/ 


3^ 


4n,<  , wherefore  x — t-f*  x 


3* 


» — 1 X 1 — c *nd : and  if  the  velocity  at  O,  be  re- 
ferred to  the  velocity  which  the  earth’s  gravity  generates 
in  bodies  each  fecond  of  the  time  wherein  they  fall,  / be- 
ing zz  i6t‘i  feet  or  193  inches,  we  fhall  have  the  velocity 

Sea.  111.  at  Q - *\Jl6ld  — x V 

,28.  3 . 

Cor.  1.  If  the  fpecific  gravity  of  the  globe  be  infinite, 
when  compared  with  that  of  the  fluid  wherein  it  de- 
fends, that  is,  if  n be  increafed  fine  limite,  the  quantity 

3 X 

_ -i-f  will  be  evanefcent,  and  e *nd  will  become  zz 
4 nd 


1 
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JdL  - x 

3*  and  , e *r,i ^ — , : wherefore  the 

,-^,a  ~ 4»' 

velocity  will  = \/  — - * 4 ?x » which 

is  the  velocity  * acquired  by  a body  defending  from  reft  * Seft.  III. 
in  vacuo  by  the  acceleration  of  gravity  through  the  fpace  x.  Prop.  V. 

Cor.  2.  If  the  denfity  of  the  globe  is  not  increafed  fine 
limite,  but  bears  a confiderable  proportion  to  that  of  the 
fluid,  the  velocity  acquired  by  the  globe  defcending  in  the 
fluid  through  the  fpace  x will  approximate  to  the  quan- 
_ 

tity  y/  4 lx  X i — , becaufe  t 4”“  = I — 


3 x j_  -2JL — nearly,  from  which  the  approximation  is 

t^nd 

eafily  deduced.  For  example,  if  a fpherical  body  of  the 
denfity  of  water  defcends  in  air  from  reft  through  any  fpace 

x,  let  V —V  klx,  be  the  J velocity  which  the  body  would  t Se£h  IIF. 
acquire  by  dmcending  through  the  fame  fpace  in  vacuo,  cor.  3.  * 
then  will  the  air’s  refiftance  deftroy  that  part  of  the  whole 

velocity,  qjft^which  is  exprefled  by  the  fraction  — -, 

that  is,  fince  in  this  cafe  n — about  860,  the  velocity  loft  * 

*1  x • • 

will  be  = V X — =-? , which  will  be  very  near  the 

‘ - 13780  d 

truth  when  the  quantity  x,  ^>r  the  fpace  fallen  through, 
exceeds  not  the  diameter  of  the  ball  in  a proportion  of 
above  100  to  i. 


c-  rr  — a.  / dl  X n — I — IfL 

Cor.  3..  Since  V — S'  x 1 — e *ndt 


. 3 * 
4 * 4 


if  x be  increafed  fine  limite,  the  quantity  e 4”a  will  ap- 
proximate to  and  will  ultimately  — o,  wherefore  the  velo. 
city  acquired  by  the  fphere  will  continually  approximate 


to  \/ 


16  Id  X n — 1 


, as  a limit  which  it  can  never  ex-. 


ceed,  or  even  attain  to  in  any  finite  time. 

Cor.  4.  Although  a fpherical  body  defcending  from 
reft  in  a fluid,  cannot  attain  to  its  mathematical  limit,  or 

m axi- 


al 
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maximum  of  velocity  in  any  finite  time,  yet  it  will,  in  de- 
fending through  a few  diameters,  approach  fo  nearly  to 
it,  that  the  velocity  will  afterwards  become  to  all  obferT 
vation  uniform. 

Thus  a fphere,  the  denfity  of  which  is  twice  as  great 
as  that  of  the  fluid  wherein  it  defcends,  will  in  defcribing 
16  diameters  only,  arrive  at  its  maximum  of  velocity 


within  — part  of  the  whole  ; for  if  we  put  x — 16  d, 
800  r 


n — 2 ; then  = 6,  and  t 6 — 

4 n d 


403 


; and  1 — 


t ° rz  and  \/  1 — e — — , and  the  ve- 

403  o 00 

locity  after  the  fphere  has  defcribed  16  diameters  r: 


« / 16  id  x » — 1 .. 

V'  ■ X s nfi 

3 


being  equal  to  the  limit  or 


greateft  velocity 


. /ibid  x n — 1 ... 

within*  Iefs  than 


1 

800 


part  of  the  whole,  which  difference,  is  far  Iefs  than  can  be 
obfervable  by  the  fenfes ; the  fphere  therefore,  after  it  has 
defcribed  the  fpace  juft  mentioned,  may  be  confidered  as 
moving  uniformly. 


IX. 

The  greateft  velocity  which  can  be 
acquired  by  a fpherical  body  defcend- 
ing  in  a fluid  is  equal  to  that  which 
would  be  acquired  by  it  in  defcending 
from  reft  in  vacuo  by  the  conftant  force 
of  its  comparative  gravity,  through  a 

fpace  which  is  to  - of  the  diameter,  as 

the 


* 


4 
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the  deniity  of  the  fphere  to  the  denfity  of 
the  fluid. 


For  when  the  fphere  by  falling  from  reft  in  a fluid  me- 
dium has  acquired  its  greateft  velocity,  the  increment  of 
velocity  is  nothing,  that  is,  the  force  of  refiftance  is  equal 
to  the  body’s  weight,  and  confequently  the  force  of  ac- 
celeration is  nothing.  Let  therefore  the  denfity  of  the 
globe  be  to  that  of  the  fluid  as  n : i,  the  globe’s  diameter 
— d,z  the  fpace  through  which  a body  mull  fall  from  reft 
bv  gravity  to  acquire  the  greateft  velocity  above  defcrib- 

ed,  then  we  fhall  have  the  f accelerating  force  :=  i Prop.  VIII. 

it 


_ X— , which  by  the  problem  muft  = o;  wherefore 
4 n d 

-2-2- , 4-  — r=  I,  and  3 z = 4 d x n — 1,  and  z — 
4 n d n 


4 d X n — 


-,  equal  to  the  fpace  due  to  the  greateft  ve- 


locity acquirable  by  the  fphere;  and  if  / = 193  Inches,  we 

/,  id  * „ 1 • Se^*  nr 

have  the  greateft  #velocity  = \r  — . : but  a ProP- v. 

3 Cor.  3. 

fpace  which  is  to  as  n : 1 becomes  , and  if  the 

weight  of  the  fphere  in  vacuo  be  4^  its  comparative 
gravity  whereby  it  endeavours  to  defcend  in  the  fluid 
o 

=:  P — - , and  the  X force  whereby  it  is  accelerated  in  t Sett.  jr. 

n Prop.  IX. 


its  defcent  — 


n — I 


: and  the  velocity  generated  in  the 


fphere  defcending  from  reft  in  vacuo  through  a fpace 

4”  d , „ c n — I S~~.  4 dn  n—  1 ||  Sett.  III. 

— - by  the  ||  force  — — = 4/  X -L-  X prop.  v. 

3 * 3 » Cor.  3. 

— \j 1 . but  this  is  the  greateft  velocity  which 

the  fphere  can  acquire  in  its  defcent  by  the  preceding 
part  of  the  folution. 

Or  thus : Suppofe  it  were  required  to  aflign  how  far  the 
fphere  muft  fall  from  reft  in  vacuo  by  the  aCtion  of  a con- 

ftant 


« 
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flant  force,  equal  to  that  by  which  it  endeavours  to  defcend 
in  the  fluid,  fo  that  it  may  acquire  the  limit  or  greateft  ve- 
locity  above  deferibed.  The  notation  remaining  as  before, 
we  have  the  force  which  accelerates  the  fphere’s  defeent  = 

* and  V the  greateft  velocity  = \! -lb  1,1  x ” ~ * ; 

n 3 

then  fince  if  5 is  the  fpace  which  a body  deferibes  from 

||  Seft.  III.  reft  by  the  acceleration  of  any  conftant  force  F,  while  the 

^ velocity  /'is  generated,*  we  have  always  S = — 1 ; ap- 

4 IF 

plying  this  to  the  prefent  cafe,  V — the  greateft  velocity 
Prop.  ViJI,  acquirable  by  the  fphere  = j d x n 1 t p — 


n — I 


, 0 V%  16  1 J X n — \ 

, and  5 = — = x 


3 4X»— ix/ 

zz  H.,  the  fpace  required,  which  is  to  parts  of  the 
3 3 

diameter  as  n : 1,  or  as  the  denfity  of  the  fphere  to  the 
denfity  of  the  fluid. 


X. 

Spherical  bodies  of  very  fmall  diameters 
defcend  in  fluids  fpecifically  lighter  than 
themfelves,  with  nearly  uniform  veloci- 
ties, which  are  in  a dire£l  fubduplicate 
ratio  of  their  diameters,  the  fluid  wherein 
they  defcend  being  the  fame. 

• Sea.  V.  For  the  velocity  * of  any  fphere  which  defeends  in  a fluid 
Prop.  VIII.  of  half  its  fpecific  gravity,  through  a fpace  equal  to  16  of 
Cor.  4.  jts  diameters,  will  approach  to  its  limit  or  the  greateft  ac- 
quirable velocity  within  part  of  the  whole;  wherefore, 

if  the  defeent  were  continued  for  an  unlimited  fpace,  the 
velocity  generated  during  this  defeent  would  not  be  more 

than 
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ftan  _L  part  of  that  which  the  body  poflefled  after  hay- 
800 

ing  defcribed  16  diameters;  wherefore  the  velocity  after 
that  time  may  be  regarded,  in  a phyfical  fenfe,  as  abfo- 
lutely  uniform  : but  while  the  diameter  of  a fphere  is  di- 
minifhed,  the  fpace  of  1 6 diameters  is  diminifhed  in  the 
fame  proportion*  and  when  the  diameter  becomes  evanef- 
cent,  the  fphere  will  have  defcribed  1 6 diameters  in  the  leaft 
fenfible  portion  of  its  defcent:  the  velocity  therefore  of  the 
defcent  will  be  as  to  obfervation  entirely  uniform-  The 
fame  reafoning  may  be  extended  to  the  defcent  of  fpherical 
bodies  of  any  other  fpecific  gravity,  their  diameters  be- 
ing diminilhed  fine  limite.  Let  d — the  diameter  be  ex- 
preffed  in  inches,  n — the  fpecific  gravity  of  the  defending 
fphere,  that  of  the  fluid  being  1 ; moreover,  let  / — 1 93 
inches,  then  we  have  the  limit  or  greateft  velocity  which 
the  fphere  can  acquire  by  defending  in  the  + fluid  — 


v/. 


16  Id  X n — I . 


inches  in  a fecond  5 and  by  wHat  has 
5 

preceded,*  this  will  be  the  uniform  motion  with  which 
fpheres  of  evanefcent  diameters  defcend,  arid  in  the  fame 


being  conftant,  the  velocities  will  be 


in  a fubduplicate  ratio  of  the  diameters. 

Although  it  would  be  extremely  difficult  to  reduce  the 
propofitions,  relating  to  the  velocities  acquired  by  fpheri- 
cal bodies  which  defcend  in  fluids  to  experimental  trials, 
when 'the  velocities  are  corifiderably  accelerated;  yet  by 
obferving  the  defcent  of  fmall  fpheres,  the  velocities  of 
which  are  uniform,  the  theory  admits  of  eafy  illuflrations 
from  matter  of  faft.  The  veflel  ufed  for  the  purpofe,  was  a 
cylinder  of  6 inches  in  diameter  and  about  5 feet  in  height. 
In  the  firft  place,  fuch  a veflel  being  filled  with  water,  if  a 
number  of  fmall  fpherical  bodies  of  different  diameters,  but 
of  the  fame  fpecific  gravity,  fuch  as  very  fmall  leaden  Ihot, 
globules  of  mercury,  &c.  be  at  once  fuffered  to  defcend 
from  reft  through  the  water,  the  larger  bodies  will  be  ob- 
ferved  to  precede  the  other  in  their  defcent,  and  that  in 
exaft  order,  no  fmall  body  being  ever  feen  defending  fo 
fall  as  the  larger  ones,  the  velocity  of  defcent  alfo  will  be 
to  all  appearance  uniform  : thefe  experiments  fo  far  cor- 
refpond  with  the  theory,  from  which  it  has  been  deduced, 
that  the  uniform  velocities  with  which  fmall  fpheres  de- 
fcend in  fluids,  are  in  a fubduplicate  ratio  of  their  dia- 

T meters. 


+ Sett.  V. 
Prop.  IX. 

* Supra, 
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meters.  This  is  an  illuftration  of  a general  kind,  that 
which  follows  is  more  particular. 

But  it  may  be  firft  noted  that  the  diameter  of  a fphere 
is  obtained  far  more  exadtly  from  having  given  its 
fpecific  gravity  and  weight,  than  from  direft  menfura- 
tion..  Let  d — the  diameter  of  a fphere  in  inches,  alfo  let 
» be  its  fpecific  gravity,  that  of  water  being  = j,  and  <ur 
the  weight  in  grains  determined  by  obfervation,  then  we 

(hall  always  have  d — — l3  x .19612. 


To  apply  this,  the  fpecific  gravity  of  a number  of  fmall 
leaden  fhot  was  determined  by  weighing  them  in  air  and 
water,  and  found  to  be  11.1,  and  the  weight  of  a fingle 
fhot  fele&ed  from  the  reft  weighed  1.05  grains;  where- 
fore to  find  the  diameter,  we  have  n — 11.1,  w =.  1.05 


+ Se£t.  V. 
Prop.  IX, 


parts  of  a grain,  and  the  diameter  = — 5 3 x .19612 

rz  .089  parts  of  an  inch  : this  fphere  was  obferved  to 
defcend  in  the  veflel  of  water  60  inches  from  reft  in  fome- 
thing  more  than  two  feconds,  as  nearly  as  could  be  deter- 
mined. According  to  the  approximated  theory  it  fhould 
have  defcribed  almoft  61  inches  in  the  fame  time, 
for  according  to  this  rule,  the  f velocity  of  defcent  z= 

16  Id  X n — 1 = v/I  |6  X 191  X .089  x 10.1 


3 


3 


— 30.48  inches  in  a fecond.  It  will  appear  from  an  en- 
fuing  propofition,  in  which  the  real  time  is  inveftigated 
wherein  a fphere  defcribes  from  reft  in  a fluid  any  given 
fpace  by  conftant  acceleration,  how  much  the  experiment, 
and  this  approximate  value  for  the  uniform  velocity  de- 
viate from  the  truth. 

In  the  mean  time  it  may  be  remaiked,  that  the  experi- 
ment is  fufficient  to  fhew  the  coincidence  of  the  approxi- 
mate theory  with  matter  of  fait,  fo  as  to  juftify  the  conclu- 
fions  which  will  be  deduced  from  this  propofition. 

It  appears  therefore,  that  the  velocities  acquired  by 
fmall  fpherical  bodies  which  defcend  in  fluids  are  fuffi- 
ciently  confident  with  the  theory,  when  examined  by  fuch 
trials  as  can  be  made  on  fpheres,  the  magnitudes  of  which 
however  fmall,  are  yet  fubjefl  to  accurate  and  decifive 
menfuration;  we  may  therefore,  without  danger  of  error, 
extend  this  reafoning  to  bodies  whofe  minutenefs  renders 
filch  real  menfuration  impoflible.  In  all  cafes  it  follows 
from  the  theory,  that  homogeneal  fpheres  of  the  leaft  fen- 

fibic 
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ible  magnitude  will  J defcend  in  a given  fluid  with  velo-  j propt 
cities  to  all  obfervation  uniform ; which  velocities  are  in  hujue. 
a fubduplicate  ratio  of  their  diameters,  and  the  fmaller 
thefe  diameters  are,  the  more  near  will  the  approxima- 
tion be  to  the  theory.  The  fame  laws  of  defcent  will 
alfo  obtain  in  evanefcent  particles,  the  figures  of  which 
are  nearly  fimiiar,  although  not  fpherical,  but  in  various 
degrees;  this  too  is  confirmed  by  experiment,  although 
in  a lefs  precife  way  than  the  preceding  truths.  For  if  a 
quantity  of  fteel  or  brafs  filings,  or  other  minute  homoge- 
neal  bodies  of  irregular  lhapes,  be  caufed  to  defcend  from 
reft  in  a fluid,  you  will  always  obferve  the  largeft  bodies 
to  precede  the  others  in  their  defcent : the  velocities  alfo 
with  which  thefe  bodies  defcend,  as  in  the  former  cafe, 
being  uniform. 

To  apply  thefe  principles : It  was  obferved  that  a fphere 
of  leadf  the  diameter  of  which  = .089  parts  of  an  inch, 
defcended  from  reft  in  water  with  a .velocity  of  about  30 
inches  in  a fecond.  If  therefore  the  diameter  of  this  leaden 
fphere  be  diminifhed  in  the  proportion  of  n ; 1 , the  velocity 

of  defcent*  will  be  only  the  — — ~ part  of  the  former  ve-  * Prop.X, 

y/  n huju*> 

Jocity  : thus  if  the  diameter  be  diminilhed  in  the  ratio  of 
a million  to  one,  that  is,  if  the  diameter  rr  .000000089 
parts  of  an  inch,  the  velocity  of  defcent  will  be  rr  .03 
parts  of  an  inch  in  a fecond ; and  if  the  diameter  be 
again  diminilhed  in  the  fame  proportion,  that  is,  of 
1000000  : x,  the  velocity  of  the  particles’  defcent  will 

be  only  .00003  in  a fecond,  or  about  ~~  of  an  inch 

in  an  hour,  allowing  no  additional  retardation  for  the  ef- 
fefts  of  tenacity  or  cohelion.  To  apply  this  reafoning, 
we  obferve  that  if  the  parts  of  fome  fubftances,  having 
been  feparated  by  diflblving  menftrua,  are  lhaken  toge- 
ther, fo  as  to  be  diffufed  uniformly  over  the  whole,  they 
will  continue  for  fome  time  apparently  quiefcent,  and  at 
length  will  be  obferved  to  defcend  equably  ; and  from 
what  has  preceded,  with  a greater  or  lefs  velocity,  ac- 
cording to  their  magnitude  and  denfity,  in  reference  to 
that  of  medium.  Thus  Ihould  the  diameters  of  the  par- 
ticles be  equal  to  .0890  parts  of  an  inch  diminilhed  in  a 
duplicate  ratio  of  1000000  to  1,  and  their  fpecific  gravity 
11.1  times  greater  than  that  of  the  fluid,  the  velocity  of 

T 2 their 
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£heir  uniform  defcent  will  be  that  of  about  — of  a* 

10 

inch  in  an  hour,  provided  the  particles  be  fpherical,  or 
not  greatly  deviating  from  that  figure.  But  the  diminu- 
tion of  the  parts  of  folid  bodies  diflblved  in  fluids  is  not 
limited  to  that  juft  defcribed,  either  by  obfervation  or  any 
method  of  argument  hitherto  made  ufe  of.  On  the  con  • 
trary{  argument^,  fuch  as  the  nature  of  the  fubjeft  admits, 
will  induce  us  to  conclude,  that  fince  matter  confidered  at 
occupying  fpace  in  a metaphyflcal  fenfe,  is  divifible  fine 
limite,  fo  the  adlual  divifion  of  material  fubftance  which 
is  effetted  by  natural  caufes  is  unlimited,  as  to  our  power 
of  eftimating  it  by  obfervation  ; there  is  certainly  no  fub- 
divifion  which  can  be  exprefled  by  numbers,  but  what  we 
may  reafonably  fuppofe  to  be  exceeded  in  the  operations 
of  nature.  We  may  therefore  j uftly  imagine  the  magnitude 
of  the  particles  of  fome  fubitances  exifting  in  a ftate  of  fo- 
lution,  to  be  far  lefs  than  that  of  the  particles  which  defcend 
in  water  with  a velocity  of  .108  parts  of  an  inch  in  an 
hour,  and  that  in  any  aflignable  ratio:  if  the  dia- 
meters are  lefs  than  that  above  mentioned  in  the  ratio  of 
ioooooo  : 1,  the  velocity  of  this  defcent  will  be  diminilh- 
ed  in  the  ratio  of  1000  : 1,  and  will  be  therefore  equal  to 

that  of  — part  of  an  inch  in  1000  hours,  being  diminilh- 

10  1 • 

ed  in  a fubduplicate  ratio  of  the  particles’  diameters  j 
wherefore  the  particles  would  be  above  a year  in  defend- 
ing through  one  inch  in  the  fluid  ; and  it  is  obvious,  that 
the  magnitude  of  the  particles  may  be  ftill  diminilhed,  fo 
that  the  defcent  fhall  not  be  fenfible  in  any  aflignable  time. 
This  eonclufion  will  be  true,  without  making  any  allow- 
ance for  thd  effefts  of  fri&ion,  cohefion,  and  tenacity, 
which  exift  in  all  fluids  in  a greater  or  lefs  degree,  although 
in  water  and  mercury,  termed  perfedl  fluids,  they  are 
fcarcely  if  at  all  fenfible  in  experimen  t : but  in  other  fluids, 
a refi fiance  to  the  defcent  of  bodies  will  be  oppofed  by 
the  tenacity,  as  well  as  the  inertia  of  their  parts. 

It  will  follow  upon  the  whole,  that  if  the  diameter  of 
diflolved  particles  defending  with  a flow'  and  uniform 
motion  in  fluids  void  of  tenacity  and  fri&ion  be  known, 
and  their  denfity  with  that  of  the  fluid  be  given,  the  ve- 
locity of  their  defcent  may  be  afe ertained  a priori,  and 
<onverfely,  if  their  velocity  of  defcent  be  obferved,  and 
their  denfity  with  that  of  the  fluid  be  known,  the  dia- 
Fw-  - , ' metef 
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meter  of  the  particles  may  be  deduced*  provided  they  are 
fpherical,  or  of  other  given  figure,  not  deviating  greatly 
from  tfiat  of  a fphere.  Let  v be  the  parts  of  an  inch 
tyhich  thefe  particles  defcribe  in  their  defcent  in  one  fe- 
cond,  alfo  let  the  denfity  of  the  particles  be  to  that  of 
the  fluid  as  n:  i,  then  will  the  diaqiece£  of  the  fpheres  — 

3 

16/  x — ===i  Parts  an  *nc^’  ^ ^eing  = 193  inches. 

Thus,  fuppofe  particles  of  copper  diflolved  in  fpirit 
Df  nitre,  were  obftrved  to  fubfide  one  inch  in  .48  part* 

of  an  hour,  that  is,  part  of  an  inch  in  a fecond : 


and  fu 
ed  to 


1728 


ippofing  the  particles  to  be  fpherical,  let  it  be  requir- 
determine  their  diameter  : here  referring  to  the  laft 

article,  we  have  v — --*■  ^ , I — 193,  and  if  the  fpecific 

gravity  of  copper  be  to  that  of  aqua  fortis,  as  9 : 1.3,  we 

frail  haye  n rr  — — 6.9231,  and  the  diameter  of  the 


f 


articles  !—  — 


18205000000 


1728*  X 16  X 193  X 5-9231 

part  of  an  inch. 


= Id's  than 


XI. 

Let  a fperical  body  defeend  in  a fluid  F>g-xxix, 
from  reft  at  a,  having  given  the  diameter 
of  the  fphere  and  its  fpecific  gravity  rela- 
tively to  that  of  the  fluid ; it  is  required 
to  aflign  the  time  in  which  the  fphere  de- 
feribes  any  fpace  a o. 

The  notation  of  the  eighth  propolition  remaining, 
fiBtc  the  Telocity  f at  any  point  0 — ^ x ” 1 1 VIII. huj< 


i 


X 


• st  a.  in. 

Prop,  III, 


[ »J°  1 

> ' JL*  _ 

X i — * 4"  , iff  be  the  time  of  motion,*  we  lhall 

have  T—y/  -r.  3 =■  x — > * V>"  , and 


i6Jd  xn  - i v/j  _ 


the  time  of  defcribing  AO  zz  v/ 


16  x Id  X n — i 


fluent  of 


fr:  to  obtain  the  fluent,  let 


J _ 3« 

Vr  4 n i _ 

^ I — f “ -w. 


wherefore  i — e 


i* 

’ 4 n at 


rr 


s * 


tnd  taking  the  fluxions  — — , x « 4’"1  = zvv,  and 

4 tt  d 

3 * 

fince  i — vx  zz  e 4B‘<,  multiplying  one  fide  by 
— ^ ^ and  the  other  by  its  equal V*  ^ ^ , we 


3 * 

4>d 


3' 

8 w n d 

have  x = 51 , and 


3 x i — -w  - 


«y 


I — <z/ 


* - 

3 X . —it"  v^TFB  3 
: the  fluent  of  — - — ^ is  = — x hyperbolic 


i — v 


logarithm  of  - : the  fluent  therefore  of — — 

i — e *nd 

, „ ^ rSnd  v 8 nd  t + v 

— the  fluent  of X -x  = — — X log.  - — — 

3 i —v  3 X a i — v 

4”<*  , i + V i — 

= 3 * 


. 3X 

’4  nd 


1* 

’4  nd 


>,  and  the  time  re- 


qai,ed  = V— V,_/  w 


e\ 

X fluent  of 


=V 


I + s/ 1 — <r 


3 vi^yW.li ===== 

16  Ux*  — i 3 . ✓ 

i — V i — v 


«»<* 


3> 

■4n< 
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nx  d 

X n—  I 


X log. 


i + 


— 1 e — feconds. 


i — >/ 1 —t 


3 sc 

47i(t 


Cor.  i.  When  n is  increafed  fine  limite  the  fphere’s  mo- 
tion will  not  be  retarded  by  the  medium  through  which 

!£. 

it  defcends,  in  this  cafe  e 4 " d approximates  to  i ■ 


3* 


4 nd* 


/ ^ i + \Z^- 

and  log.  » + y--«  4‘  = iog W 


axv/  the  time  of  defcribing  any  fpace  x there- 

4 » « 

fore  will  be  ^ ■ X -y  fecondi, 

3/  x « — i * 

which  appears  alfo  from  Seft.  III.  Prop.  IV. 

The  times  wherein  fpherical  bodies  defeend  from  reft  in 
fluids,  determined  by  theory,  admit  of  very  exaft  experi- 
mental proof.  In  order  to  render  trials  of  this  fort  capable  , 
of  variety,  a hollow  brafs  fphere  was  conftrudted,  which  by 
means  of  an  aperture  could  be  fo  loaded  with  leaden  fhot, 
fand,  &c.  that  its  fpecific  gravity  might  be  altered  in  any 
afligned  ratio;  the  aperture  being  clofed,  the  whole  figure 
was  perfectly  fpherical : that  the  diameter  might  be  afcer- 
tained,  and  the  fpecific  gravity  be  afterwards  fixed  for  the 
experiment  with  greater  certainty,  the  fphere  was  fo  adjuft- 
ed  by  inclofed  weights,  that  it  would  reft  in  water  perfectly 
quiefeent  wherever  it  was  placed  : after  this  adjuftment,  the 
weight  was  found  to  be  — 1093  grains,  and  fince  the  fpeci- 
fic gravity  was  the  fame  as  that  of  the  water  wherein  it  was 
immerfed,  referring  to  the  preceding  rule,f  we  lhall  have  f Page  14*. 

«—  — i 

the  fphere’s  diameter  = 1 0^3 3 X . 1 96 1 2 — 2.0202  inches : 
a weight  of  273  grains  being  inclofed  in  the  fphere  when 
adjufted  in  the  manner  above  deferibed,  the  whole  weight 
muft  now  be  1366,  and  its  fpecific  gravity  to  that  of  wa- 
ter, as  1366  to  1093,  that  is,  as  1.25  : 1 ; upon  letting  this 
fphere  defeend  in  water  from  reft,  it  was  obferved  that  the 
time  of  defcribing  60  inches  was  about  3 feconds. 

To  compare  this  experiment  with  the  theory,  we 
have  the  diameter  of  the  fphere  d ~ 2.0202  inches* 

x 


t *52  3 


, ,3*  180  , - . 

* r=  60,  n = 1.25,  and  = 17.82,  and 


4»</  10.101 


1 + V^i  — g 4"‘ 

\ — \Zi~  ~ 

Dies 

;o. 

1 + 1 — g ~ r" 

1 — i — e""4"* 


=:  219360000,  the  logarithm  of 


which  from  the  tables  r=  8.341 1574,  which  being  multi- 
plied by  2.3015850,  will  become  19.206,  the  hyper- 


bolic logarithm  of 


i : we  have  alfo 


v/ 


«l  d 


3 / X n — I 


- v/idil 


X 2.0202 


3 x 193  x .ZS 


= .14767,  and 


the  time  of  defcent  by  theory  = \f  — — - - ■ x log. 

lly.n  — 1 ^ 


1 + 1 — < 


. 3* 
4 nd 


3JL  = 19-206  x .14767  = 2.83  fo- 

1 —V  i-e""*nd 

conds.  The  fphere  defcended  upon  trial  in  3 feeonds, 


17 

which  deviates  from  the  theory parts  of  a fecond. 

too  r 

A few  particulars  relative  to  the  method  of  making 
thefe  experiments  accurately  may  be  inferted.  The  fphere 
fhould  be  very  fmooth,  in  order  that  no  diminution  of  mo- 
tion may  arife  from  fri&ion. 

2.  That  the  fphere  may  begin  its  defcent  at  a definite 
inftant  of  time,  it  fhould  be  fufpended  by  a very  fine  filk 
line,  fo  as  to  be  juft  under  the  water’s  furface:  if  the  line 
be  divided  with  fciflars  at  the  beat  of  a pendulum  clock, 
the  beginning  of  the  defcent  will  be  eftimated  without 
error. 

3.  The  weight  of  the  fphere  fhould  be  fo  difpofed,  that 
the  centre  of  gravity  may  be  in  the  fame  vertical  line  with 
tbe  centre  of  the  fphere  and  the  point  from  which  the 
fphere  is  fufpended,  and  fhould  be  fomewhere  near  the 
loweft  furface  of  the  fphere  when  fufpended. 

The  want  of  due  attention  to  thefe  particulars  has  oc- 
cafioned  the  refults  of  fome  experiments,  which  have  been 
made  on  the  defcent  of  bodies  in  fluids,  to  deviate  confi- 
dcrably  from  the  theory,  whereas  the  proper  precaution  in 

con- 


r 
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conftrufting  the  experiment  being  obferved,  the  theory 
will  be  found  to  agree  with  matter  of  fa£t  to  a very  fatis- 
fattory  degree  of  precifion. 

By  altering  the  quantity  of  weight  inclofed  within  the 
fphere,  the  times  of  defcent  may  be  varied  in  any  ratio.  The 
enfuing  table  will  lhew  the  refults  of  feveral  experiments 
made  by  incloling  different  weights  within  the  fphere,  after 
it  had  been  adjufted,  fo  as  to  remain  in  water  quiefcent 
wherever  it  was  placed,  in  which  cafe  it  has  already  been 
Ihewn,  that  the  fphere’s  f weight  1093  grains,  and  the  f Page  151. 
diameter  — 2.0202  inches. 

No.  I. 

The  weight  inclofed  was  1 x grains,  and  confequently  « 
or  the  fphere’s  fpecific  gravity  was  that  of  water  be- 


[Experiment  | 

Time  of  de- 
fcribingfrom 
reft  doinches 
in  water  by 
experiment. 

Mean  time 
of  defcent. 

Time  by 
theory. 

Error  of 
experim. 

1 

2 

»4  1 

14.6 

13.94 

+ .66 

3 

H 1 

No.  II. 

The  weight  inclofed  within  the  fphere  was  3 grains, 
and  confequently  n,  or  the  fphere’s  fpecific  gravity  in  re- 
ference to  water  — — — that  0f  water  beinp  — 1. 

1093  s 


Experiment  | 

Time  of  de- 
fcribingfrom 
reft  by  expe- 
riment 60 
inches. 

Mean  of 
thefe  obfer- 
vations. 

Time  by 
theory. 

Error  of 
experim. 

1 

2 7 • 4r 

2 

27 

27.3 

26.66 

. + -67 

3 

27  i 

• 

No. 
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No.  III. 

The  weight  inclofed  in  the  fphere  was  1 grain,  and 

confequently  the  fphere’s  fpecific  gravity  — — — that  of 

, . io93 

water  being  — i . 

o 


Experiment 

Time  of  de- 
feribing  6o 
inches  from 
reft  by  expe- 
riment. 

Mean  of 
thefe  obfer- 
vations. 

Time  by 
theory. 

Error  of 
experim. 

i 

45 

2 

44  i 

44-33 

46.21 

— 1.88 

3 

43-  l 

Thefe  experiments  are  coincident  with  the  computed 
times  to  a fufficient  degree  of  examined,  confidering  the 
extreme  nicety  requifite  to  condruCt  them  fo  as  to  be  con- 
fident with  the  conditions  required  by  the  theory  : for  it 
is  almod  impoflible  to  prevent  fome  fmall  degree  of  ofcil- 
lation  in  the  fphere  while  it  defcends ; it  is  alfo  equally  dif- 
ficult to  make  the  figure  fo  perfect  that  thedefcent  may  be 
precifely  in  a vertical  line.  It  is  alfo  to  be  noted,  that 
when  the  inclofed  weight,  which  may  properly  in  this 
cafe  be  termed  the  moving  force,  is  very  fmall,  as  in  the 
lad  fet  of  experiments,  it  is  very  difficult  to  fay  that  it 

fhall  not  vary  — or  — part  of  the  whole  from  the  truth: 
4°  5°  . 

for  in  this  cafe,  the  unavoidable  errors  (however  fmall)  in 
the  condru&ion  of  weights  may  confpire  with  thofe  of  ba- 
lancing the  fphere  in  the  water  previous  to  the  experi- 
ments. Thefe  caufes  are  certainly  fufficient  to  create  fome 
aberration  of  the  time  by  experiment  from  that  which  is 
deduced  from  computation,  no  greater  difagreement  how- 
ever is  obferved  between  the  theory  and  matter  of  fad, 
than  what  fhould  be  rather  attributed  to  thofe  caufes  than 
to  any  imperfection  in  the  theory. 

When  a body  is  immerfed  in  a fluid,  it  will  either  *af- 
cend  or  defeend  according  as  its  weight  is  lefs  or  greater 
than  that  of  an  equal  bulk  of  the  duid:  in  either  cafe  the 
body  may  be  confidered  as  afled  on  by  three  forces,  one 
'n  whereof 
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whereof  is  its  weight  or  natural  gravity,  which  is  dimi- 
nilhed  by  the  weight  of  an  equal  bulk  of  the  fluid  ; thefe 
two  forces  always  aft  in  a direftion  oppofite  to  each 
other,  and  are  invariable  in  quantity,  whatever  be  the 
velocity  with  which  the  fphere  moves.  To  thefe  mull  be 
added  a third,  i.  e.  that  of  refiftance,  which  will  depend 
both  in  direftion  and  quantity  on  the  fphere’s  motion;  if 
the  fphere  afcends,  the  force  of  refinance  confpires  with 
that  of  gravity,  but  the  fum  of  both  forces  is  lefs  than 
the  weight  of  a quantity  of  fluid  equal  in  magnitude  to 
the  folid,  for  which  leafon,  the  fphere  will  continue  to 
afcend  in  the  direftion  of  the  ftronger  impulfe. 

In  the  preceding  propofitions  the  fpherical  bodies  have 
been  fuppofed  to  defcend  in  the  fluid,  and  from  the  laws 
of  this  defcent  it  has  appeared,  that  bodies  of  the  greateft 
known  fpecific  gravity,!  if  they  be  divided  into  fufliciently 
minute  parts  by  the  menllrua  wherein  they  are  diflolved, 
may  remain  fufpended  in  them  for  any  length  of  time.  In 
this  manner  will  aqua  regia  or  even  ether  hold  fufpended 
the  parts  of  that  moll  ponderous  of  all  metals  gold  : and 
in  the  fame  manner  air  will  retain  water  fufpended  in  it, 
when  once  fubdivided  into  fufliciently  minute  parts;  and 
various  fimilar  initances  will  naturally  fuggeii  themfelves. 
But  another  difficulty  attends  thefe  phenomena  which 
Ihould  be  here  taken  notice  of. 

Although  the  laws  of  refiftance  will  fufliciently  explain 
the  reafon  why  bodies  when  diflolved  remain  fufpended  in 
fluids  fpecifically  lighter  than  themfelves,  yet  it  does  not 
follow  from  any  thing  that  has  preceded,  how  a body  di- 
vided into  parts  however  minute,  can  poflibly  afcend  in  a 
fluid  fpecifically  lighter  than  itfelf ; whereas  it  is  well 
known  that  in  fome  folutions,  when  the  folid  is  to  be  dif- 
folved  is  placed  at  the  bottom  of  a veflel  into  which  the 
diffolving  fluid  is  poured,  the  parts  of  the  folid  during 
the  folution,  without  any  motion  whatever  being  com- 
municated to  the  veflel,  will  be  diffufed  throughout  the 
fubftance  of  the  diffolving  fluid,  appearing  at  firft  fight  to 
overcome  the  natural  tendency  of  all  bodies  toward  the 
earth’s  centre,  and  to  have  fome  new  power  of  afeent  im- 
prefled  upon  it  in  confequence  of  the  difunion  of  its  parts. 
How  far  this  is  in  reality  the  cafe  may  probably  appear 
from  the  fubfequent  propofitions  and  arguments  deduced 
frpm  them. 
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Fig.  XXX. 


t Sea.  V. 
Prop.  IV. 


* Sea.  I. 
Prop.  IX. 
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XII. 

If  a fpherical  body  of  a given  diameter 
be  immerfed  in  a fluid,  and  if  the  fphere’s 
weight  bears  no  fenfible  proportion  to  the 
weight  of  an  equal  bulk  of  the  fluid,  the 
velocity  of  its  afcent  will  be  uniform 
from  the  firft  inftant  of  its  motion,  and 
will  be  the  fame  as  that  which  a heavy 
body  acquires  in  falling  from  reft  by  the 

acceleration  of  gravity  through  — of  its 

3 

diameter. 

Let  the  afcent  of  the  fphere  begin  from  quiefcence  at 
A.  and  let  AO  — x:  moreover,  let  z be  the  fpace  through 
which  a body  muft  fall  from  reft  by  the  acceleration  of  gra- 
vity, fo  as  to  acquire  the  velocity  in  O.  Then  will  the  re- 

, i 25 

fiftance  J to  the  fphere’s  motion  at  Oz:  the  weight 

8 

d being  the  fphere’s  diameter,  and  p — 3.14159,  Sec.  the 
fphere’s  weight  will  alfo  refill  the  afcent,  and  if  n be  a very 
fmall  fraction  reprefenting  the  fpecific  gravity  of  the  fphere, 

its  weight  will  be  exprelfed  by  — wherefore  — ~ ■’  -f. 

tdz  z 

will  be  the  whole  force  of  refiftance  oppofed  to  the 
b 

fphere’s  afcent:  but  the  force  whereby  the  fphere  endea- 
vours to  afeend  is  the  weight  of  a quantity  of  the  fluid 

equal  in  bulk  to  the  fphere,  which  weight  = , becaufe 

the  fpecific  gravity  of  the  fluid  is  — 1 ; wherefore  the 
force  which  upon  the  whole  impels  the  fphere  in  its  a f- 

p d*  p d3  n p d1  z.  , ,v.  , . ,.  ... 

cent  — — — - — » and  this  being  divided 

600 

p d ^ n 

by  the  * fphere’s  weight  - - - - , will  give  the  force  where- 

by 
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by  the  fphere  is  accelerated  at  O,  which  will  therefore  be 

i , 3 2 . or  fince  j yanilhes  in  refpedt  of  

* 4 nd 

i 3 z 

11- , the  force  of  acceleration  will  be  — — — — 

4 n d ^ — 


and 


from  the  principles  before  ||  demonftrated,  we  have  - — p.*8. 

X ?c  — i,  and 


Seft.  Ill, 


4^— 3* 
4 n.  d 


•H-,  X x — z,  or 
4.  n a 

_ — - , wherefore  — — . 

4 d — 3' z \n  a 


n 
x 

4 n d 


— l°g-  4 d — 3 a:  be- 

„ j ..  3 

ing  the  variable  part  of  the  fluent,  to  which  if  the  con- 

ftant  part  + j log.  \d  be  added,  we  lhall  have 

L x log.  4 ^ • Let  e — 2.71828,  being 

~ 3 4« 

the  number  the  hyperbolic  logarithm  of  which  is  equal  to 
1 ; this  will  give  4 d~pL  *"d=°>  (becaufe  Il- 

ls infinite,)  and  confequently  \d  — 3 z — o,  or  z = 1^-, 

. S 16  l d * Se£t.  Ill, 

and  if  /=  193  inches,  the  * velocity  at  0 = V ~~j—  Prop.V. 

inches  in  a fecond,  which  is  the  fame  velocity  which 
would  be  acquired  by  a heavy  body  which  falls  by  the 
acceleration  of  gravity  from  reft  through  a fpace  equal  to 

1 of  the  fphere’s  diameter.  Since  this  reafoning  is  ap- 
3 

plicable  without  the  lead  alteration  to  any  other  point  ^ 
in  which  cafe  the  velocity  at  i^will  come  out  the  fame  as 


before 


= V-i 


6 Id. 


inches  in  a fecond,  it  follows,  that 


3 t 

the  velocity  of  the  fphere’s  afcent  is  entirely  uniform. 


Cor.  1.  A globe  without  weight  afcends  in  fluids  of  any 
different  denfities  with  the  fame  uniform  velocity,  pro- 
vided the  diameter  of  the  globe  be  unaltered. 

Cor.  2.  Globes  without  weight  of  different  diameters 
afcend  in  fluids  with  uniform  velocities,  which  are  in  a 
diredt  fubduplicate  ratio  of  their  diameters. 


Cor. 


[ ] 


Cor.  3.  The  conclufions  deduced  from  this  propofition, 
follow  alfo  from  Prop.  VIII.  where  the  velocity  of  the 

fphere’s  defcent  is  Ihewn  to  be  V — * ” -1 

3 

X \/  1 — e n being  alTumed  greater  than  1.  If 

» be  aflumed  lefs  than  1,  fo  that  the  fphere  may  afcend 
in  the  fluid,  the  inveltigation  will  be  in  every  Hep  the 
fame  as  before,  except  as  far  as  regards  the  quantity  n — 1 , 
which  will  become  1 — n ; fo  that  the  velocity  of  the 
fphere’s  afcent  will  be  defined  by  the  equation  V — 

16  l d X.  1 — n / — -^-d  • 

V  X i — e 4 5 and  if  « = o, 

3 

___  i* 

as  in  the  propofition  juft  demonftrated,  e *nd  zt  o,  and 

rr  /T&Td  , • 

V — \r  as  before. 

3 


Cor.  4.  If  the  fphere*  ftiould  not  be  abfolutely  without 
weight  when  compared  with  the  weight  of  an  equal  bulk 
of  the  fluid  wherein  it  is  immerfed,  yet  the  preceding 
principles  will  be  fufiiciently  true  for  any  pradlical  appli- 
cation of  them  to  matter  of  fa£l,  provided  the  fpeeific 
gravity  of  the  fpheres  be  not  in  a greater  proportion  to 
that  of  the  fluid,  than  of  about  1 to  rpo:  for  in  this  cafe, 
the  error  of  the  rules  for  determining  the  Velocity  of  afcent 

will  not  exceed  — — part  of  the  true  velocity,  which  would 
200 

not  be  fenfible  in  obfervation  : and  in  general,  if  the 
fphere’s  fpeeific  gravity  be  a fmall  fradtion  n,  that  of  the 
fluid  wherein  it  is  immerfed  being  — 1,  the  error  of  the 
preceding  rule  arifing  from  the  fphere’s  weight,  will  be 
that  part  of  the  true  velocity  which  is  exprelfed  by  the 
fradtion  4 which  appears  from  infpedting  the  rule  in 
Cor.  3 . 

Thefe  conclufions  feem  to  be  related  to  feveral  natural 
phenomena,  the  folution  of  which  from  mathematical 
principles  requires  fome  confiderations  to  be  premifed. 

Although  it  is  certain  that  no  material  fubftance  is  defti- 
tute  of  gravity,  yet  it  is  equally  true  that  there  are  fluids 
in  nature  of  fo  rare  and  fubtle  a texture,  that  their  weight 
is  infenfible  in  regard  to  any  difcoverable  effedts  produced 
by  it  in  fome  natural  phasnomena. 


Among 


[ J5  9 ] 


Among  thefe  phsenomena  muft  be  reckoned  the  minute 
bubbles  or  fpherical  cavities,  which  afcend  in  fluids  during 
fermentations,  folutions,  &c.  Thefe  fmall  cavities  are  filled 
with  airs  orelaftic  vapours  of  different  kinds, fome  of  which 
are  fpecifically-  heavier  than  common  air,  and  fome  far 
lighter  than  that  fluid.  Others  again  confift  of  a fpecies 
of  vapour  fo  rare  that  its  weight  is  fcarcely  fenfible:  but 
whatever  be  the  quality  of  thefe  vapours,  their  weight 
affeCts  not  perceptibly  the  velocity  of  the  afcending 
fpherical  cavities  containing  it,  which  appears  from  Cor. 
4.  huj.  according  to  which,  if  the  fpecific  gravity  of 
the  included  vapour  were  only  600  times  lefs  than  that  of 
the  fluid  wherein  the  fpherules  afcend,  the  variation  of  the 
velocity  occafioned  by  the ‘weight,*  will  be  no  more  than 
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part  of  the  whole,  which  is  intirely  infenfible  in  ex- 


periment. 

That  the  contents  of  all  thefe  aerial  fpherules  are  elaftic 
is  manifeff  from  their  cavities  admiting  of  dilatation  and 
comprdfion.  For  it  is  evident  to  the  fenfes,  that  heat  or  a 
diminution  of  external  preffure,  will  caufe  them  to  expand 
into  larger  portions  of  fpace,  whereas  the  application  of 
cold  or  an  additional  preffure  will  create  a diminution  of 
their  bulk  : and  if-  the  temperature  of  the  fluid  wherein 
they  afcend  and  the  external  preffure  remain  the  fame, 
their  diameters  will  be  unaltered. 

The  laws  according  to  which  a fpherical  body  without 
weight  afcends  in  any  fluid,  demonftrated  in  Prop.  XII. 
huj.  are  applicable  to  theafcentof  the  minute  air  bubbles 
above  mentioned,  although  the  figure  of  a fpherical  bub- 
ble will  be  changed  during  its  afcent  in  a fluid  if  the 
diameter  be  confiderable ; yet  when  the  fpheres  contain- 
ing thefe  vapours  are  very  fmall,  no  fuch  alteration  in  their 
figure  takes  place,  which  may  be  known,  not  only  from 
their  apparent  perfectly  globular  form,  but  from  their 
equable  and  vertical  afcent:  whereas  when  the  diameter 
is  fo  great  that  the  figure  fuffers  alteration,  the  fphere’s 
motion  is  neither  equable  nor  in  a vertical  line,  but  in  va- 
rious irregular  directions,  tending  however  upon  the  whole 
conllantly  upward,  it  muft  alfo  be  added,  that  although 
thefe  fpherules  being  lefs  compreffed  as  they  approach  the 
furface  of  the  fluid,  the  elafticity  of  their  contents  will  ne- 
ceflariiy  caule  an  increafe  of  their  diameters,  yet  this  in- 
creafe  will  be  fo  fmall  in  mod  cafes,  that  the  velocities  as 

fherebyinCd  ^ P*  Xl1*  wil1  n0t  be  fenfibIy  affeded 


To 


Fig.  XXX. 
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To  illuftrate  this,  let  FCE  reprefent  the  furface  of  a 
fluid  of  the  fame  denfity  with  water,  B a fmall  aerial  fphere 
afcending  in  the  vertical  line  BC;  produce  BC  to  A,  fo  that 
CA  may  be  equal  to  34  feet:  now  it  is  manifeft,  that  the 
preffure  upon  the  fphere  at  B will  be  as  the  fpace  BA,  and 
confequently  if  the  depth  BC  Ihould  be  one  foot,  the  dif- 
ferent preffures  at  B and  C will  be  as  BA  : CA,  or  as 
34  : 33;  and  the  diameter  of  the  fphere  at  B will  be  to  its 
5 Vid.  infra  diameter  at  C in  an  Jinverfe  fubtriplicate  ratio  of  34  : 33, 
P*  >63-  or  as  10 1 : 102  nearly:  which  proportion  of  inequality  is 
fo  fmall,  that  the  diameter  of  the  fphere  may  juftly  be 
Regarded  as  conftant  during  the  whole  of  its  palfage  from 
B to  C.  This  being  the  cafe,  the  velocity  cf  the  fphere’s 
afcent  may  be  eftimated  from  having  given  its  diameter, 

JSe£t.  V.  by  referring  to  the  preceding  f Prop,  in  which  it  is  (hewn 
rop.  XII.  that  the  velocity  of  the  afcending  fpherule  is  intirely  uni- 
form, and  equal  to  that  which  a heavy  body  acquires  in  de- 
fending from  reft  by  the  acceleration  of  gravity  through 


a fpace  equal  to  — of  the  fphere’s  diameter.  So  that  if 
d — the  fphere’s  diameter,  <v  the  velocity  of  its  afcent. 


/ — 193  inches,  it  has  been  Ihewn,  that  2=  y/AAi, 


2 tjj 

and  confequently  d ~ To  apply  this,  fuppofe  it 

were  obferved  that  a fmall  air  bubble  afcendcd  in  water  at 
the  rate  of  three  inches  in  a fecond,  and  let  it  be  required 
to  determine  its  diameter  ; here  v — 3,  and  by  the  rule 


, 3 3X9  1 . r • u 

d — — : - — — part  of  an  inch. 

16/  16  x 193  1 14 

This  folution  is  fufticiently  exatt  for  determining  the 
afcent  of  aerial  fpherules  in  water  and  in  fluids  of  ftmilar 
denfity,  (as  long  as  the  atmofphere  prefles  upon  their  fur- 
face,)  through  a fmall  fpace.  The  proportion  of  BA  to  CA 
is  increafed  either  by  leffening  or  removing  the  preffure 
of  the  atmofphere,  by  increafing  the  fpace  B C through 
which  the  fphere  afcends,  or  by  caufing  the  fphere  to  af- 
cend  in  a fluid  of  great  denfity  compared  with  that  of  wa- 
ter, fuch  as  mercury:  for  in  this  latter  cafe,  the  height  AC 
— 34  feet  muft  be  diminilhed  in  the  proportion  of  14  : 1, 
XXX  as  to  become  2.44  feet : let  this  — CD,  if  therefore  the 
lg'  ' fpherule  afcends  through  BC  =z  1 foot,  the  preffures  at 
B and  C would  be  as  3.44  : 2.44,  or  as  BD  : CD,  and  the 
diameters  at  B and  C in  a fubtriplicate  ratio  of  2.44  : 3.44; 

which 
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which  is  too  gfeat  a proportion  of  inequality  to  admit  of 
the  diameters  being  regarded  as  conftant.  In  thefe  cafes 
recourfe  muft  be  had  to  a fubfequcnt  propofition  in  order 
to  determine  the  velocities  and  times  of  afcent. 

It  is  next  to  be  confidered  in  what  manner  thefe  aerial 
bubbles  aft  during  fermentations,  folutions,  &c. 


XIII. 

When  a folid  body  is  immerfed  in 
fluid  which  diflolves  it,  the  parts  of  the 
diflolved  fubftance  although  of  greater 
fpecific  gravity  than  the  menftruum,  are 
yet  elevated  fo  as  to  be  diffufed  in  fome 
degree  over  the  whole  mafs,  and  this  ele- 
vation of  the  particles  is  caufed  by  the 
globules  of  vapour  which  efcape  from  the 
folid  during  its  folution. 

The  difcoveries  of  Dr.  Black,  Sir  J.  Pringle,  Dr.  Mac- 
bride,  &c.  relative  to  certain  airs  or  vapours  exiiling  with- 
in the  fubftance  of  bodies  in  a fixed  or  latent  ftate,  feem 
to  make  it  evident  that  the  power  whereby  the  parts  of 
bodies  cohere,  arifes  from  the  aftion  of  thefe  vapours,  or 
as  they  have  been  denominated,  aerial  fluids. 

On  this  account  fixed  fair  has  been  termed  the  cement-  f Mac- 
ing principle,  and  although  other  caufes  maypoflibly  con-  bricle’s 
cur  in  the  produftion  of  the  folidity  of  bodies’  textures, 
yet  it  follows  indubitably  from  the  admirable  experiments 
of  the  gentlemen  juft  mentioned,  that  when  the  fixed  air 
which  naturally  exifts  within  the  pores  of  a fubftance 
is  abftrafted  from  it,  the  cohefion  of  its  parts  is  at  the  fame 
time  deftroyed;  and  the  principle  is  ftill  rendered  more 
obvious  from  reftoring  the  cementing  power  or  fixed 
air,  whereby  in  many  cafes  a new  cohefion  of  parts  takes 
place,  caufing  the  feparated  particles  of  the  body  to  re- 
unite into  a folid  mafj.  Thus,  if  animal  flefh  be  im- 

X jnerfe^ 
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merfed  under  water,  after  fome  time  fmall  bubbles  of  air 
will  be  obferved  to  rife  in  the  water,  a fign  that  fermen- 
tation has  hegun  to  dilTolve  the  texture  of  the  flefh  : which 
by  this  procefs  being  deprived  of  its  natural  quantity  of 
fixed  air,  lofes  its  cohefive  firmnefsof  texture  and  becomes 
putrid:  but  if  a fufficient  quantity  of  fixed  air  be  rellored 
to  it,  the  putrid  flelh  will  recover  its  folidity  of  texture, 
and  become  as  fwcet  to  the  fmell  as  before.  What  more 
particularly  belongs  to  the  fubjett  of  the  propofition,  is 
an  appearance  always  obferved  during  the  termenfative 
piocefs  jult  mentioned  ; as  foon  as  the  air  bubbles  begin  to 
arife,  fmatl  particles  of  the  flelh  are  likewife  detached  from 
the  putrefeent  fubftance,  and  afeend  to  the  top  of  the  wa- 
ter ; and  this  afeent  is  caufed  by  the  bubbles  of  fixed  air 
which  afeend  during  the  fermentation.  Each  of  thefe  bub- 
bles would  if  unimpeded  rife  with  a velocity  which  a 
heavy  body  acquires  in  defeending  from  reft  by  the  acce- 
leration of  gravity  * through  a fpace  equal  to  — of  the 

fphere’s  diameter:  but  if  any  folid  fubftance  be  attached 
to  it,  the  fphere  will  neverthelefs  afeend,  although  more 
flowly,  provided  the  weight  of  the  attached  particle  ex- 
ceeds not  the  weight  of  a (quantity  of  the  fluid  equal  in 
bulk  to  itfelf  and  the  fphere  taken  together;  and  this  will 
be  true  whatever  be  the  fpecific  gravity  of  the  particle 
which  is  elevated  by  the  amending  bubble  of  air. 

In  like  manner  during  folutions  of  faline,  metalline,  or 
other  bodies,  vapours  of  various  kinds  are  obferved  to 
arife  in  fmall  bubbles,  and  to  efcape  from  the  furface  of 
the  diflolving  fluid  ; and  it  is  not  improbable,  that  how- 
ever thefe  vapours  may  differ  in  pofiefiing  fpecific  proper- 
ties peculiar  to  each,  yet  that  of  caufing  or  contributing 
to  the  coherence  of  the  parts  of  bodies  may  be  a property 
common  to  them  all : however  this  may  be,  it  feems  ma- 
nifeft,  that  the  numerous  aerial  fpherules  which  afeend 
from  any  fubftance  immerfed  in  a diflbl  ving  fluid,  carry  up 
with  them  the  difunited  parts  of  the  folid,  and  in  greater 
or  lefs  quantity,  according  to  the  magnitude  of  the  parts 
and  their  denfity  in  reference  to  that  of  the  diflolving 
medium.  An  inltancc  of  this  kind  may  be  eafily  obferved 
by  immerfing  a piece  of  fugar  in  a glafs  veflel  of  water, 
the  air  bubbles  during  their  afeent  viflbly  carrying  up 
v.ith  them  long  ftreams  of  the  diffolved  fugar. 

In  what  manner  tho- difunited  parts  of  bodies  of  the 
greateft  fpecific  gravity  when  once  elevated  in  menftru- 
i urns. 
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urns,  are  notwithdanding  their  denfity  there  held  fufpcnd- 
ed,  has  been  already  defcribed.  t + 1 age  '4?‘ 

The  diameters  of  the  fpherules  of  air  which  afcend 
daring  fermentations,  folutions,  &c.  have  been  hitherto 
conddered  as  invariable,  which  will  be  nearly  true,  pro- 
vided they  continue  to  fuffer  invariable  compredion,  and 
the  temperature  of  the  fluid  continues  the  fame.  Although 
it  has  been  fhewn,  that  during  a fphere’s  J afcent  through  J Page  160. 
anyfmall  fpace,  the  compredion  alters  not  very  confidera- 
bly,  as  long  as  the  atmofphere  continues  to  prefs  on  the 
furface  of  the  duid,  yet  when  that  predure  is  either  re- 
moved or  much  diminifhed;  or  if  the  duid  diould  be  ex- 
pofed  to  various  degrees  of  heat,  the  diameters  of  the  af- 
cending  bubbles  will  vary  in  fo  great  a degree  that  the 
velocity  of  alcent  will  no  longer  be  deducible  from  the 
rules  already  demonftrated.  In  order  to  invedigate  the 
velocity  with  which  a fpherule  of  air  or  vapour  afcends, 
allowing  for  the  variation  of  the  diameter,  the  eft'etlls  of 
heat  are  not  confidered,  it  being  impodible  to  reduce  them 
to  geometrical  eftimation.  The  temperature  of  the  duid 
therefore  in  which  the  aerial  fpherules  arife  being  the  fame, 
the  only  alteration  in  their  magnitudes  and  diameters  will 
be  occafioned  by  the  variable  predure  ailing  upon  them  at 
different  didances  from  the  furface  of  the  duid:  this  al- 
teration of  the  diameter  will  depend  on  the  law,  which  the 
fpaces  occupied  by  the  eladic  vapour  obferve  in  reference 
to  the  refpedive  predures : and  it  is  * found  by  fome  ex-  * Robins* 
periments  which  have  been  made  on  the  fubjedl  (although  Gunnery, 
not  yet  fufficiently  extenfive  to  entirely  edablifh  the  pro- 
polition,  but  which  mull  at  prefent  be  allowed  as  true  in 
order  to  proceed  with  the  argument)  that  the  eladic 
forces  exerted  by  a given  quantity  of  this  vapour,  will 
be  greater  in  the  fame  proportion  as  the  fpaces  occu- 
pied by  it  are  lefs:  and  it  is  evident  that  the  eladic  force 
mud  be  equal  to  that  of  compredion,  whenever  the  mag- 
nitude of  the  fpace  occupied  remains  the  fame.  This 
being  the  cafe  as  long  as  an  air  bubble  remains  at  the 
fame  depth,  the  diameter  will  not  be  altered;  but  as  the 
fpherule  approaches  the  furface  of  the  duid,  the  pref- 
er6 will  be  diminifhed,  and’  confequently  the  capacity 
increafed  in  the  fame  proportion  : that  is,  the  fphere’s 
magnitude  will  be  in  an  inverfe  proportion  of  the  didance 
of  its  centre  from  the  furface  of  the  duid  (the  predure  of 
the  atmofphere  not  being  at  prefent  conddered),  and  confe- 
quently the  fphere’s  diameter  will  be  in  an  inverfe  fubtri- 
plipate  ratio  of  the  fame  dillance.  If.  therefore  at  any  given 

X 2 didanc? 
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diftance  from  the  furface  a,  the  diameter  is  b,  let  d be  the 
diameter  at  any  other  diftance  x,  then  by  the  rule  we  have 

i j 7 t .bars 

c : d ::  *7  : a 3,  or  d — — — . 

x i 

It  has  already  appeared,  that  the  increafe  of  the  fphere’s 
diameter  will  caule  a continual  acceleration  of  the  afeent, 
and  this  being  the  real  manner  in  which  aerial  fpheres  af- 
cend  in  fluids,  flrould  next  be  confidered. 


XIV. 


Fig. xxxi.  Let  fce  reprefent  the  furface  of  any 
fluid,  b a fpherule  of  air  or  elaftic  vapour 
beginning  to  afeend  in  it,  in  the  vertical 
line  bc:  produce  ec  to  a,  fo  that  ca 
may  be  the  altitude  of  a column  of  the 
fluid,  the  weight  of  which  is  equal  to  that 
of  the  atmofphere  prefling  againfl:  a given 
furface  j then  the  velocities  of  the  amend- 
ing fphere  at  any  given  points  o,  q^>  will 
be  in  an  inverfe  ratio  of  the  fixth  root  of 
the  diftances  oa,  q^a,  when  the  fphere’s 
Specific  gravity  is  diminifhed  fine  limite. 


Let  the  fphere’s  diameter  when  at  B — b,  and  fup- 
pofe  the  fphere  to  have  afeended  to  the  point  O ; and  let 
1 Supn.  AO  — x,  AB  — a,  then  will  the  diameter  of  the  J fphere  at 

I 

q — /'  * L. ; alfo  the  quantity  of  contained  air  or  va- 

pour  being  invariable,  the  fphere’s  fpecific  gravity  will 
be  inverfely  as  its  magnitude;  wherefore  if  the  fpecific 


• X 

gravity  at  B be  ~ m>  at  0 it  will  become  — m x — • 


Lejt 
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Let  a be  the  fpace  through  which  a body  muft  fall 
from  reft  by  the  accleration  of  gravity,  fo  that  it  may 
acquire  the  velocity  of  the  fphere  in  0;  and  ft  nee  the 
force  which  acclerates  an  afeending  fphere,  the  dia- 
meter of  which  = d,  and  its  fpecific  gravity  = »,  is 


, fubftituting  || 


4 nd 


b a* 

i 

x "s' 


. , , mx  c UProp. 

for  d,  and  — for  n,  xill. 

ad  finem. 


the  f force  which  accelerates  the  fphere  at  O will  be 
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- — j-;  and  if  l — 193  inches,  the  velocity  of  the  fphere 


atO=Vl^i  = -Lx  V|6^;  and  Vi 

3^  x*  3 3 

being  conftant,  it  follows,  that  the  velocity  will  be  in-  . 
verfely  as  the  fixth  root  of  x,  or  of  the  fphere’s  diftance 
from  the  point  A. 

When  the  fpecific  gravity  of  the  fpherule  is  evanefeent, 
and  the  fluid  wherein  it  afeends  is  not  prefled  by  the  at- 
mofpheres,  the  velocities  will  be  in  an  inverfe  ratio  of  the  Fig.  XXXI, 
fixth  root  of  the  diftances  from  the  fluid’s  furface:  for  in 
this  cafe,  the  point  a will  coincide  with  the  fluid’s  fur- 
face  at  c. 

If  it  be  required  to  aflign  the  velocity  at  any  given 
point  O,  fuppofing  the  fpecific  gravity  of  the  fphere  too 
confiderable  to  be  negledted,  the  problem  will  be  more 

difficult ; 
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difficult : for  in  this  cafe  the  relation  of  « and*  mall  be 
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whole  equation  be  multiplied  into  y,  the  value  of  which 

ay  x 


is  to  be  afterwards  determined.:  this  will  give.xy 


tnx 


3 z y a x 

— zy  — — 1 — — ~ zy  -f-  zy  (becaufe  the:fluent  of  zy 


\tnx 


?b 


Z. 

3 za  sxv  . 


is  by  the  fuppofition  — zy).  Subtracting  zy 

4 mx^b 

from  each  fide,  and  dividing  by  z,  we  have  y — — 

z 1 

9 «3  x3 


U. 


a 


4 m x 1 b 


■ ,,  y __  3a  * 

- and  - = — , or  log.  y 

1 f-  y t'tnx1  b 

\ 


Afinb  ' 


% I 

_ _T  T 
qa  x 


and  ife  ~ 2.71 82, &c.  it  will  follow,  that y — e *mh 


and  confequently  xy  — - ~ xe 

m x 

— the  fluxion  of  zy  ; it  appears  therefore  that  the  quan- 


4 mb 


X I 


a 

mx 


the  fluent  of  xe 


z 1 
7 7 

l9  a x 
4 mi” 


tity  fought  or  z r: 


.a 

X l“^c 


. ? 


z » 

.sZiZ 

4 * 


XV. 


[ l67  3 


XV. 

Every  thing  remaining  as  in  the  laft 
proportion,  let  it  be  required  to  deter- 
mine the  time  in  which  the  fphere  of  air 
or  vapour,  beginning  its  afcent  from  b, 
defcribes  any  given  fpace  bo. 

Since  the  fluxion  of  the  fpace  — — x,  and  the  fphere’s 
/ 1 

velocity  # at  0 = \J~~  ■ ^ a~  , it  follows,  if  the  time  re-  xiv°P* 


3 x 


quired  be  put  = T,  that  jTr: 
v/  3 X 6 


X ^ 3*J 
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r : — \J — but  when  x ~ a,  by  the  problem 
196  lb  a* 


7—0,  the  entire  fluent  will  therefore  be  T 
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feconds. 
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Cor.  i.  When  x — o,  the  fphere  will  have  afcend-  p.  xxxi 
ed  through  the  whole  fpace  to  the  point  a,  and  in  this 

cafe,  the  whole  time  of  afcent  — . Thus 

fuppofe  a veflel  of  12  inches  in  height  to  be  filled  with 

water,  and  let  an  air  bubble  of  — — - part  of  an  inch  in  dia- 

100 

meter  begin  its  afcent  from  the  bottom  of  the  veflel. 

Here 
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Here  (the  preflure  of  the  atmofphere  upon  the  water’s  fur- 
face  being  removed  by  an  air  pump,)  to  find  the  time  of 

the  fphere’s  afcent,  we  have  a ~ 12,  b — — , /=  iQ- 

100 

and  the  time  required  =:  l.^  . , — 3.2  fe. 

196  X 193  X— 
too 

conds. 

Cor.  2.  If  two  equal  fpherules  of  air  begin  to  afcend  in 
a fluid  of  a given  fpecific  gravity  from  reft  at  different 
depths,  the  times  of  afcent  to  the  furface  will  be  in  a dirett 
ratioof  thofe  depthsorof  the  fpaces  deferibed  by  the  fpheres. 

Cor.  3.  If  the  fphere’s  diameters  at  the  firft  inftant  of 
motion  fhould  be  unequal,  the  times  will  be  in  a diredl 
ratio  of  the  depths,  and  an  inverfe  fubduplicate  ratio  of  the 
diameters. 

c£-i  It  appeared  from  the  preceding  propofitions,  that  in 

fluids  of  conftant  temperature,  a ipherical  body  of  eva- 
nefeent  weight  would  afcend  uniformly;  and  that  the  velo- 
fio'^xTf  °^#  a^"cent  would  be  equal  to  that  which  a heavy  body 
1 p' ' * acquires  in  falling  from  reft  by  the  acceleration  of  gravity 

through  — of  the  fphere’s  diameter,  provided  the  diameter 

fuffered  no  fenfible  alteration  either  from  a variable  preflure 
or  temperature:  but  when  a veffel  of  any  liquor  is  placed 
under  the  receiver  of  an  air  pump,  and  the  air  either  parti- 
ally or  almoft  wholly  exhaufted,  the  preffures  on  the  air  bub- 
Fig.  XXXI.  b]es  wiH  vary  confiderably.  Suppofe  BC  to  reprefent  the 
depth  from  the  furface  through  which  the  fpherules  afcend 
from  reft ; and  let  CA  be  the  height  of  a column  of  the  fluid 
equal  to  the  preflure  of  the  atmofphere : if  that  portion  of  the 
air  be  exhaufted  from  the  receiver,  which  is  expreffed  by  the 
D A 

fra&ion  — ; the  force  of  preflure  at  B will  be  to  the  force 

at  C,  as  BD  : CD-,  which  preffures  may  vary  in  any  ratio 
of  inequality,  according  to  the  quantity  of  air  remaining 
in  the  receiver:  and  this  appears  to  be  the  reafon  why  the 
air  bubbles  which  arife  in  water, &c.  when  placed  in  vacuo, 
increafe  to  fo  great  a magnitude  before  they  arrive  at  the 
furface ; whereas  if  the  preflure  of  the  atmofphere  is  not 
removed  from  the  fluid’s  furface,  the  diameters  of  the 
fpherules  alter  not  very  much  in  afeending  through  a 
fmall  fpace.  The  rapid  acceleration  which  is  alfo  ob- 
ferved  in  aerial  fpherules  which  afcend  in  fluids  is  the 

llfi7 
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included  in  the  exhaufted  receiver  of  an  air  pump,  is  the 
immediate  confequence  of  their  increafing  diameters;  for 
it  has  been  (hewn  in  this  cafe,  that  the  velocity  of  afcent 
on  account  of  their  variable  J diameter  is  in  an  inverfe  ra-  t Sea.  V. 
ratio  of  the  fixth  root  of  the  fphere’s  diftance  from  the  l’roP,xlv 
furface,  and  confequently  when  it  arrives  at  the  furface, 
the  velocity  wouJd  be  greater  than  any  that  could  be  aflign- 
ed,  were  jt  not  for  the  remaining  part  of  the  air,  which 
can  never  be  wholly  exhaufted  from  the  receiver,  and  the 
change  of  the  fpherical  figure  caufed  by  the  increafed  mag- 
nitude of  the  cavity  occupied  by  the  elaftic  vapour. 

There  is  alfo  another  caufe  which  prevents  the  accele- 
ration from  being  increafed  beyond  a certain  limit:  it  may 
be  mentioned  in  this  place:  the  propofitions  relating  to 
the  afcent  of  aerial  fpherules  are  demonftrated  on  a fup- 
pofition,  that  the  force  whereby  a body  endeavours  to  a f- 
cend  in  a fluid  is  equal  to  the  difference  between  the  weight 
of  the  folid  and  of  an  equal  bulk  of  the  fluid,  which  is  true 
(even  in  a phyfical  fenfe)  only  while  the  velocity  of  afcent 
is  inconfiderable  : this  is  the  cafe  when  air  bubbles  afcend 
through  fmall  fpaces  in  fluids  expofed  to  the  preffure  of 
the  atmofphere,  but  when  the  velocity  is  very  much  in- 
creafed, by  removing  the  compreffure  of  the  atmofphere, 
fo  as  to  bear  a confiderable  proportion  to  that  with  which 
the  fluid  which  impels  the  afcending  fphere  would  ru(h 
into  empty  fpace,  if  no  ways  impeded,  the  force  of  afcent 
will  be  no  longer  equal  to  that  affumed  in  the  demon- 
ftrations,  which  is  always  greater  than  the  true  force. 

This  might  be  allowed  for  if  neceffary  to  the  explication 
of  any  phenomena  relating  to  this  fubjeft  : but  the  de- 
monftrations  which  have  been  given  are  fufficiently  exaft 
for  any  application  to  practice,  where  the  nature  of  the 
cafe  at  all  admits  of  reference  to  theory. 

Since  when  the  atmofphere  preffes  on  the  furfaces  of 
fluids,  the  aerial  fpherules  afcend  in  them  with  velocities 
which  are  in  adiredl*  fubduplicate  ratio  of  their  diameters,  * Sea.  V. 
it  follows,  that  thefe  diameters  may  be  fo  minute  that  their  ProP-  X11 
afcent  (hall  be  almoft  wholly  impeded  ; that  is,  it  (hall  be 
fo  flow,  that  a given  fpace  ihall  not  be  defcribed  by  them 
in  any  aflignable  time  however  great:  but  if  by  any  means 
their  diameters  are  increafed,  the  fpherules  of  air  will  in 
confequence  of  this  change  not  only  become  vifible  to  the 
eye,  but  afcend  with  velocities  increafed  in  a fubduplicate 
proportion  of  their  diameters,  if  the  preffure  of  the  fluid 
remains  conftant,  but  if  the  diameter  be  increafed  durin 
the  af«ent  on  account  of  the  continual  diminution  of  pre 

Y fure. 
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fure,  the  velocity  will  be  accelerated.  Thus  a veffel 
of  water  which  fhcws  no  appearance  of  thefe  afcending 
fpherules  in  open  air,  if  it  be  included  under  the  receiver 
of  an  air  pump,  and  the  air  exhaufted,  the  fpherules  will 
be  feen  to  arife  in  abundance  and  with  accelerated  velo- 
cities for  a conliderable  length  of  time.  For  the  preffure 
being  removed,  the  fpherules  will  of  courfe  be  expanded 
by  the  el atli c force  of  their  contents.  This  procefs  ex- 
trails  from  the  water  the  air  contained  in  it. 

Alfo  if  common  water  in  which  no  fpherules  apparently 
afcend,  be  expofed  to  heat,  the  air  bubbles  will  foon  be- 
gin to  arife  in  it,  their  diameters  being  enlarged,  and 
confequently  their  velocities  augmented  in  a fubduplicate 
proportion  : for  heat  has  the  property  of  expanding  all 
fubftances,  efpecially  elaflic  fluids.  When  the  degree  of 
heat  is  increased  fo  as  to  greatly  enlarge  the  magnitude  of 
the  afcending  bubbles,  and  confequently  the  rapid  velo- 
city of  their  afcent,  the  water  aflumes  the  appearance  of 
boiling;  having  acquired  the  greateft  heat  which  it  is 
poflible  to  communicate  to  it.  This  boiling  appearance 
depends  on  the  magnitude  of  the  afcending  cavities  of 
* Seft.  V.  elaflic  vapour;  but  it  has  *been  fliewn,  that  a diminution 
Prop.  XIV.  of  the  preffure  on  a fluid’s  furface,  will  increafe  the  mag- 
nitude of  the  afcending  fpheres  of  vapour  as  well  as  the 
application  of  fire.  If  therefore  a portion  of  the  air’s 
preflure  be  removed  from  the  furface  of  a fluid,  a lefs  de- 
gree of  heat  will  caufe  the  appearance  of  boiling;  it 
is  well  known,  that  water  will  boil  with  a lefs  degree  of 
heat  when  the  barometer  is  low,  than  when  it  indicates  3 
greater  preffure  of  the  atmofphere,  and  this  decreafe  of 
heat  correfponding  to  the  diminution  of  the  atmofphere’s 
preflure  and  the  heat  of  a boiling  fluid  admits  of  con- 
iiderable  latitude  : thus  if  water  moderately  warm  be 
placed  under  the  receiver  of  an  air  pump,  and  the  air  be 
iufticiently  exhaufted,  the  water  will  be  obferved  to  boil. 
In  the  fame  manner  newly  fermented  liquors  which  are 
replete  with  a fpecies  of  vapour  called  fixed  air,  although 
when  viewed  in  open  air  they  difeover  none  of  the  aerial 
bubbles  or  fpherules  of  fixed  air  afcending  in  them,  yet 
when  fuch  liquors  are  included  under  the  receiver  of  an 
air  pump  and  the  atmofphere  removed,  the  air  contained 
in  the  liquors  will  be  obferved  to  rife  in  large  and  nume- 
rous bubbles,  efpecially  if  a degree  of  heat  be  previoufly 
applied  ; but  it  fnould  be  obferved,  that  the  tenacity 
which  this  fort  of  fluids  generally  pofiefles,  prevents  the 
air  bubbles  which  arife  from  being  immediately  broken 
o • and 
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and  mixed  with  the  remaining  air,  inftead  of  which  they 
are  colledted  into  a froth,  and  fometimes  rife  to  a con- 
iiderable  heighth  above  the  furface  of  the  fluid. 

It  may  be  inferred  from  thefe  principles,  that  air  when 
intimately  combined  with  the  lubftance  of  water  and  other 
fluids  becomes  divided  into  parts  fo  extremely  minute  as 
to  efcape  the  obfervation  of  the  fenfes,  until  the  aerial  par- 
ticles ate  expanded  into  larger  portions  of  fpace,  either  by 
removing  the  preflure  of  the  atmofphere;  or  by  heat:  and 
it  appears  that  this  minutenefs  of  the  particles,  although 
of  far  lefs  fpecific  gravity  than  the  fluid,  detains  them  in 
a quiefcent  ftate  till  their  diameters  are  inCreafed  by  one 
of  the  caufes  juft  mentioned. 

It  may  alfo  be  added,thatexclufiveof  the  atmdfpheric  air 
contained  in  the  ||  fubftance  of  water, &c.  fome  fubtle  ethe-  j|  Hawkf- 
real  elaftic  medium  fubfifts  alfo,  of  no  fenlible  weight  but  bee’s  Phyfl- 
capable  of  inttlmefcence  by  heat : for  after  all  the  atmo-  £xp.  eLll‘in' 
fpheric  air  has  been  extracted  from  water,  on  the  conti- 
nued application  of  heat,  the  afcent  of  bubbles  will  ftill  be 
obferved. 

Concerning  the  application  of  the  preceding  propofi- 
tions  to  matter  of  fadt,  it  muft  be  remembered,  that  one  of 
the  conditions  on  which  they  are  demonftrated  is,  that  the 
elaftic  force  of  the  vapour  contained  in  the  cavities  of  the 
aerial  fpherules  obferves  the  fame  law  in  regard  to  the 
fpaces  occupied  by  it  as  atmofpheric  air  does ; that  is,  the 
force  wherewith  the  vapour  endeavours  to  expand  itfelf  is 
fuppofed  to  be  greater  in  the  fame  proportion  as  the  fpace 
occupied  by  it  is  lefs.  But  although  Mr.  Robins*  has  de-  * Robins’ 
monftrated  that  this  law  obtains  in  the  fixed  air  or  vapour  p,’^,nn 
of  gunpowder,  it  feems  probable,  that  the  fixed  air  which  ' p‘  4 
riles  from  fome  fermented  liquors,  when  the  preflure  on 
their  furface  is  fuddenly  removed  expands  itfelf  in  a 
higher  ratio  than  is  confiftent  with  the  preceding  hypo- 
thefis.  This  circumftance  therefore  muft  be  determined  by 
accurate  experiments : in  the  mean  time  it  muft  be  noted, 
that  whatever  law  of  expanfive  force  be  obferved  in  refpedt 
of  the  fpaces  occupied,  the  afcent  of  fpherules  filled  with 
thefe  aerial  fluids  will  not  be  affedted,  being  the  fame  as 
that  which  is  demonftrated  in  prop.  xn.  huj.  provided 
the  compreflion  of  the  fluid  wherein  they  afeend  be  inva- 
riably the  fame  in  all  parts  of  their  afcent,  and  this  com- 
preflion  be  always  equal  to  the  elaftic  force  of  the  medium 
Contained  in  the  fpherules. 
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XVI. 

Vapour  or  fleam  confifts  of  hollow 
fpherules  of  the  fluid  from  which  they 
O arife,  and  their  afcent  is  caufed  partly  by 

the  air’s  gravitation,  and  partly  by  the 
impulfe  of  fome  power  which  acls  in  a 
direction  contrary  to  that  of  the  earth’s 
gravity. 

It  is  a known  fadt,  that  fluids  expofed  to  certain  de- 
grees of  heat,  varying  with  the  denfity,  tenacity,  &c.  of 
the  fluids,  are  converted  into  a rare  and  eiaftic  fubftance, 
called  vapour  or  fleam;  one  peculiar  property  of  which  is, 
that  if  no  ways  impeded  it  always  afcends  in  the  atmof- 
phere  in  a direction  perpendicular  to  the  earth’s  furface. 

Concerning  the  caufe  of  this  and  the  other  phaenomena 
obfervable  in  the  afcent  of  vapour  philofophers  have 
adopted  various  opinions ; none  of  which  however  feem 
to  carry  that  perfedl  and  fatisfadtory  convidtion  to  the 
mind,  which  the  folution  of  natural  phasnomena  from  me- 
chanical principles  is  fo  remarkable  for.  The  crude  and 
hypothetical  notions  which  prevailed  concerning  this  fub- 
jedi  in  the  earlier  ages  of  philofophy,  would  naturally  be 
exploded  by  men  who  to  a diligent  obfervation  of  nature 
joined  thofe  helps  which  were  to  be  derived  from  geome- 
try. The  opinion  of  Dr.  Newentyt  was,  that  the  parti- 
cles of  fire  adhering  to  thofe  of  water,  conftituted  what  he 
calls  moleculte,  which  were  fpecifically  lighter  than  the 
air,  and  confequently  afcended  by  the  fame  power  which 
caufes  cork  to  rife  in  water  or  iron  in  mercury.  This  fo- 
lution was  not  fatisfadlory  to  Dr.  Hally,  who  fubftituted 
in  its  place  another  more  confiftent  with  the  received  prin- 
ciples of  hydroftatics.  His  idea  was,  that  the  aqueous  par- 
ticles were  by  the  power  of  heat  formed  into  hollow  fphe- 
rules, which  he  could  fhew,  might  be  fpecifically  lighter 
than  air  in  any  afligned  ratio.  Thefe  therefore  mull  rife 
perpendicularly  upwards  until  they  arrive  at  thofe  regions 
of  the  atmofphere,  the  rarenefs  of  which  is  the  fame  with 
that  of  the  vaporous  fpherules : in  this  ftate  they  remain 
until  comprefied  by  cold  ot  other  caufe  they  become  fpe- 
cifically 
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cifically  heavier  than  the  furrounding  air,  and  confequent- 
ly  defeend  in  the  form  of  rain,  dews,  &c. 

Although  this  account  carries  with  it  great  appearance 
of  probability,  yet  it  has  met  with  feveral  ftrenuous  op- 
ponents, among  whom  is  Mr.  Clarke  in  his  treatife  on  the 
motion  of  fluids ; Mr.  Rowning  alfo  ufes  arguments  againft 
it,  and  after  them  Dr.  Hamilton  in  a traft  writ  exprefsly 
on  the  fubjett,  undertakes  to  fhew,  that  Dr.  Hally’s  hypo- 
thefts  is  infufficient  to  account  for  the  phenomena  of  eva- 
poration: his  chief  argument  againft  Dr.  Halley  is  this;  if 
the  afeent  of  vapour  were  caufed  by  water  being  converted 
by  heat  into  an  elaftic  fleam  confifting  of  hollow  fpherules, 
it  would  follow,  that  the  quantity  of  fleam  raifed  from  a 
given  furface  depends  on  the  quantity  of  heat:  whereas 
he  (hews,  that  evaporation  is  carried  on  even  while  the  air 
is  at  the  temperature  of  freezing,  and  that  the  quantity  of 
vapour  raifed,  depends  more  on  the  quantity  of  frefh  air 
paffing  over  a given  furface  of  the  fluid,  than  the  tempe- 
rature of  the  atmofphere. 

Not  to  enter  into  any  confideration,  whether  it  be 
certain  that  the  afeent  of  vapour  from  warm  liquor  be 
analogous  to  the  evaporation  of  fluids  expofed  to  the  ac- 
tion of  current  air,  or  whether  each  phenomenon  be  in- 
conflftent  with  the  hypothefts,  that  the  particles  which 
compofe  vapour  are  hollow  fpherules,  it  may  be  fufficient 
for  the  prefent  purpofe,  to  apply  the  propofitions  which 
have  been  demonflrated  concerning  the  afeent  of  fmall 
fpherical  bodies  in  fluids  of  greater  fpecific  gravity,  to  the 
illuftration  and  examination  of  Dr.  Hally’s  theory. 

The  denflty  of  fleam  is  various  according  to  its  differ- 
ent degrees  of  heat.  The  fleam  which  is  raifed  from 
boiling  water  is  14000  times  rarer  than  water,  and  fince 
water  is  at  a medium  about  850  times  rarer  than  air,  it 
will  follow,  that  aqueous  vapour  heated  to  the  tempera- 
ture of  boiling  water,  is  about  1 6^  times  lighter  than  air ; 
but  this  will  not  give  us  the  rarenefs  of  an  individual 
particle  or  hollow  fpherule:  in  order  to  obtain  the  fpecific 
gravity  of  which  it  muft  be  confidered,  that  if  innumera- 
ble equal  fpheres  be  placed  contiguous  according  to  fig. 
Xxxn.  the  empty  fpace,  orinterftices  between  the  fpheres, 

will  be  fomething  lefs  than  of  the  whole  fpace,  the  pro- 
portion being  as  47.6  : 100  nearly.  To  explain  this  pofi- 
Cton  of  the  fpheres  more  fully,  as  the  figure  of  itfelf  may 
be  infufficient,  it  is  only  neceffary  to  fuppofe  any  given 
fpace  to  be  filled  with  hollow  cubes  equal  to  each  other 
and  contiguous : if  a fphere,  of  which  the  diameter  is  equal 
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to  the  fide  of  one  of  thefe  cubes,  be  placed  within  each 
cube;  as  one  fphere  is  to  its  circumfcribing  cube,  fo  will 
all  the  fpheres  be  to  all  the  cubes;  and  this  proportion  is 
that  of  3. 1 41 59,  &c.  to  6,  wherefore  the  hollow  cubes  be- 
ing removed,  the  interfaces  muft  be  to  the  whole  fpace 
as  2.85841  : 6,  or  as  47.6  : 100  nearly  : this  proportion 
being  the  fame  whatever  be  the  magnitude  of  the  equal 
fpheres : but  if  the  fpheres  are  fo  placed  that  the  greatefl 
number  poflible  may  be  included  in  a given  fpace;  fo  that 
a plane  palling  through  the  centres  I,  K,H,L,  &c.  lhall  be 
diftant  from  a plane  pafiing  through  the  centres  A,  B, 
C,  D by  a fpace  equal  to  the  diameter  of  one  of  the 


fpheres  multiplied  into  \J  — according  to  fig. 


xxxin,  or 


J Vide 
pag.  175. 


• P!ulcf. 
Tranf.  for 
1777- 


into  V according  to  the  figure  adjacent;  in  either  cafe 

the  proportion  of  the  interfaces  to  the  whole  fpace  will 
be  fomething  more  than  that  of  1:4,  being  in  the  ultimate 
proportion  of  v'lg  — p to  V'iS,  when  the  fpheres*  dia- 
meters are  diminifhed  fine  limite,  p being  — 3.14159, 
&c.  Now  we  cannot  fuppofe  that  the  aqueous  hollow  fphe- 
rules  are  exaftly  difpofed  according  to  fig.  xxxii.  foon  the 
other  hand,  there  is  no  fufficient  reafon  to  imagine  them 
ranged  as  clofe  as  poflible,  as  in  fig.  xxxiii,  or  in  the  fig. 
adjacent,  in  which  the  interfaces  bear  the  fame  proportion 
to  the  whole  ultimately:  here  then,  if  the  knowledge  of 
the  exaft  manner  in  which  the  hollow  fpherules  are  dif- 
pofed were  neceffary  in  the  prefent  cafe,  we  could  not  pro- 
ceed for  want  of  data.  But  as  the  ilfue  of  this  reafoning 
will  not  be  affe&ed  J by  any  error  that  can  probably  be 
committed  in  alfigning  the  fpecific  gravity  of  the  afcend- 
ing  fpherules,  we  may  alfume  it,  merely  to  proceed  with 


the  argument,  as  equal  to 


— — part  of  the  denfity  of  the 
10.3  r 


atmofphere,  which  is  about  a mean  fpecific  gravity  be- 
tween the  two  extremes. 

It  may  be  objedled,  that  a greater  rarenefs  is  afligned  to 
thefe  fpherules  than  they  can  poflibly  poflefs,  if  they  be 
fuppofed  to  confift  of  fhells  of  water  filled  with  air  rare- 
fied by  the  heat  of  the  fubjacent  fluid  : becaufe  air  fuffers 
but  a very  fmall  rarefadlion  when  heated  from  the  tempe- 
rature of  freezing  to  that  of  boiling  water,  a given  bulk 
of  the  air  when  at  the  * temperature  of  freezing,  being  ex- 
panded by  the  heat  of  boiling  water  into  a fpace  greater 
than  before  in  a proportion  no  greater  than  that  of  about  1 . 

to 
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to  1-414;  and  confequently  the  combination  of  air,  the 

fpecific  gravity  of  which  is  - — lefs,  and  water  which  is ' 

S50  times  greater  than  that  of  common  atmofpheric  air, 
can  never  form  a fpherule  the  fpecific  gravity  of  which  fhall 

be  that  which  is  juft  mentioned,  i.  e.  — Eut  it  is 

r J 10.5 


evident  from  other  experiments,  that  the  cavities  of  the 
vaporous  fpherules  are  not  occupied  by  air,  becaufe  when 
fleam  is  condenfed  by  the  application  of  cold,  fo  as  to  be 
reduced  to  water,  no  air  is  produced  from  thefe  cavities. 
The  fluid  which  occupies  the  fpherules  of  vapour  mull 
be  therefore  fuppofed  to  confilt  of  fome  elaltic  medium 
incomparably  more  rare  and  fubtle  than  air  : and  conle- 
quently  a hollow  fphere  of  water  filled  with  this  vapour 
may  be  lighter  than  the  air  in  any  aflfgned  ratio, 

Let  their  leaft  fpecific  gravity,  i.  e.  when  at  the  tem- 


perature of  boiling  water,  beaffumed  - - - • 


, then  by  means 


of  the  different  temperatures  under  that  of  boiling  water 
to  which  they  are  expofed,  their  fpecific  gravity  will  vary 


through  all  the  intermediate  magnitudes  between 

and  1,  according  to  the  preceding  determination:  now  it 
is  to  be  remarked,  that  if  thefe  fpherules  were  phyfically 
without  weight,  when  compared  with  that  of  an  equal  bullc 
of  air,  their  velocity  of  afeent  would  be  fuch  as  a f heavy . -jj  Se£l.  V. 
body  acquires  in  defeending  from  reft  by  gravity  through  i;>roP-X11* 


^ of  their  diameter,  in  which  cafe  their  fpecific  gravity  ~ 

o ; but  when  their  fpecific  gravity  = a fraftion  «,  their 
diameter  d , and  / — 193  inches,  their  velocity  of  % afeent  pr0p.  xil! 

„ . HeTd  , . . %VX 

V — V X V i — n,  and  d — ~7~.  — -,  ^here 

3 16  / x i — « 

fignifying  the  number  of  inches  through  which  the  va- 
pour afeends  in  a fecond. 


It  appears  therefore  that  the  velocity  of  afeent  will  be 
uniform,  if  the  diameters  of  the  aqueous  particles  continue 
the  fame;  but  thefe  diameters  fuffer  alteration  by  being 
expofed  to  different  temperatures  of  heat  and  cold,  which 
by  increafing  or  diminilhing  the  elaftic  force  of  the  me- 
dium occupying  the  cavities  of  the  fpherules,  will  of 

courfe 
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courfe  expand  or  contrail  their  dimenfions,  and  confe. 
quently  alter  their  diameters  in  a fubtriplicate  pro- 
portion. 

Many  of  the  phenomena  obfervable  in  the  afcent  of 
vapours  are  extremely  confiftent  with  the  preceding  hy- 
pothecs. If  the  fubftance  of  mills  and  vapours  which  are 
leen  to  arife  from  lakes  or  damp  grounds,  be  formed 
of  hollow  fpherules  as  above  defcribed,  they  will  afcend 
according  to  the  theory  with  a motion  wholly  uniform  as 
long  as  their  diameters  are  invariable,  which  is  con- 
fillent  with  obfervation ; the  diameters  of  the  vaporous 
particles  being  unaltered  while  the  air’s  temperature  con- 
tinues the  fame  : alfo  fince  it  is  the  property  of  all  elaftic 
fluids  to  be  expanded  by  heat,  we  may  juftly  fuppofe, 
that  the  magnitude  of  thefe  fpherules  will  be  enlarged 
by  the  fame  means;  an  immediate  confequence  as  de- 
duced from  the  theory  is,  that  their  velocity  of  afcent  will 
be  increafcd  in  a fubduplicate  J ratio  of  their  diameters. 
This  alfo  is  confident  with  obfervation,  for  while  vapours 
hang  as  it  were  fufpended  in  the  atmofphere,  iheir  fpecific 
gravity  being  but  little  different  from  that  of  air,  the  heat 
of  the  funs  rays  by  expanding  them  into  larger  portions  of 
fpace.accelerates  the  velocity  of  their  afcent,  and  from  thefe 
principles  it  would  naturally  follow,  that  the  diameter  of 
the  particles  of  fleam  which  rifes  from  boiling  water  ffiould 
be  larger  than  thofe  of  fpherules  which  conftitute  vapour 
when  heated  to  any  other  temperature,  and  confequently 
the  uniform  velocity  of  its  afcent  fhould  be  greater  than 
that  of  fleam  heated  to  any  inferior  degree,  which  is  alfo 
confiftent  with  experience. 

Thus  far  theory  and  matter  of  fail  feem  to  agree ; and 
if  every  other  appearance  were  equally  deducible  from  the 
hypothefis,  we  fhould  not  hefitate  to  pronounce,  that  the 
gravitation  of  the  atmofphere  on  the  fpherules  fpecifically 
lighter  was  the  only  caufe  by  which  vapour  afeended:  but 
a difficulty  here  occurs  from  the  mathematical  principles, 
which  if  they  are  not  fufficient  for  the  intire  explication 
of  the  phasnomena,  are  yet  ferviceable  at  leaft  in  fubjeil- 
jng  the  hypothefis  to  examination. 

If  the  diameters  of  the  aqueous  fpherules  be  given,  to- 
gether with  their  fpecific  gravity  in  reference  to  that  of 
the  air  wherein  they  afcend,  their  velocity  of  afcent  may 
be  determined  a priori  as  far  as  it  is  effeited  by  the  air’s 
gravitation,  and  converfely,  if  the  velocity  wherewith 
vapour  afeends,  and  the  fpecific  gravity  of  the  globules 
b?  given,  their  diameter  may  be  afeertained. 
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If  therefore  the  vapour  which  rifes  from  boiling  water 
confills  of  hollow  fpherules,  and  the  velocity  with  which 
it  afcends  in  the  air  be  obferved,  the  diameter  of  the  fphe- 
rules will  be  determined,  and  Ihould  agree  with  obfer- 
vation  if  the  theory  be  perfett  : but  it  is  evident,  that  the 
particles  whereof  lleam  confilts  are  of  fuch  minutenefs  as 
to  render  it  impoffible  to  obferve  them  feparate  from  each 
other,  the  fubftance  of  lleam  appearing,  even  when  ex- 
amined by  glafles,  as  a rare  and  perfectly  continuous  mafs 
by  no  means  diftinguilhable  into  parts ; whereas  the  dia- 
meter of  the  particles  derived  from  the  theory,  upon  a 
fuppofition  that  the  air’s  preflure  is  the  only  caufe  of  their 
afcent,  is  of  fuch  a magnitude  as  would  render  each  Iphe- 
rule  obvious  to  the  fenfes:  for  if  we  obferve  the  afcent  of 
lleam  from  the  furface  of  boiling  water,  it  will  be  found 
to  rife  at  the  rate  of  4 inches  in  a fecond  : and  fince  the 

fpecific  gravity  of  a particle  is  about  — , that  of  air  be- 
ing 1,  we  have  for  the  determination  of  the  diameter  d 


from  the  theory,  n — , / = 193  inches,  V — 4,  and 

3 V*  1 

the  diameter  * required  — . — - = — part  of  an 

16/  X 1 — n 5° 
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inch. 

It  is  to  be  obferved,  that  this  reafoning  is  not  af- 
fefled  by  any  error  in  the  determination  of  the  fpecific 
gravity  of  the  aqueous  fpherules  which  rife  from  boiling 

water;  for  their  fpecific  gravity  was  alfumed  — — n 

10.3 

that  of  the  air  being  1,  let  n be  increafed,  the  diameter 

- yz 

d — 3 will  be  alfo  increafed,  and  if  the 

16/  xi  — a 

fpherule’s  fpecific  gravity  be  diminilhed,  the  diameter  of 

the  fpherule  will  decreafe,  but  can  never  be  lefs  than  — 

64 

which  is  its  limit  as  when  n is  — o,  and  the  fame  difficulty 

occurs  from  fuppofing  the  diameter  rc  — as  — of  an 

• 1 4*  5 ^ 

inch. 

. is  however  certain,  that  the  diameters  of  the  par- 
ticles of  lleam  which  rife  from  boiling  water,  are  far  lefs 

21  than 
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than  — of  an  inch  : let  the  diameter,  for  example,  be  fup- 
pofed  to  — of  an  inch : to  find  the  velocity  of  their 


afcent,  we  have  « rr 


i 

izo 


, l — 193,  and  V the  velocity 


required  rz  \J x V 1 — n — 2.78,  or  not  fo  much 


as  3 inches  in  a fecond  ; but  the  fleam  rifes  at  the  rate  of 
about  4 inches  in  the  lame  time  : it  would  follow  there- 
fore, upon  the  fuppofuion  that  the  diameter  of  a particle 

pf  fleam  zz  — part  of  an  inch,  that  this  additional  velo- 
120  r 


city  over  and  above  that  which  is  caufed  by  the  air’s  pref- 
fure  muft  be  attributed  to  fome  power  which  adts  in  a 
diredtion  contrary  to  that  of  the  earth’s  gravity. 

It  is  rather  analogous  to  the  operations  of  nature,  than 
inconfiflent  with  them,  to  fuppofe  the  exiftence  of  fome 
fuch  power  adling  in  a diredtion  contrary  to  that  of  gra- 
vity. The  remarkable  phenomenon  of  the  perpendicular 
growth  and  pofition  of  plants  and  trees  muft  be  attributed 
to  the  conftant  agency  of  fome  force  external  to  the  plant 
or  tree  itfelf ; for  if  the  ground  on  which  a vegetable  is 
planted  be  inclined  to  the  horizon  at  any  angle  whatever, 
the  plant  will  however  foon  obtain  a diredtion  perpendi- 
cular to  the  horizon,  and  continue  to  increafe  in  that  di- 
redtion. Another  phenomenon  may  be  here  mentioned 
alfo : if  a bar  of  metal  be  fixed  in  a vertical  diredtion,  and 
heat  be  by  any  means  applied  to  the  middle  of  it,  this 
heat  will  be  communicated  to  the  upper  part  of  the  bar, 
ji/hen  the  temperature  of  the  lower  part  is  fcarcely  altered. 

Many  other  inftances  might  be  urged  to  prove  the  ex- 
jftence  of  fome  power  adling  in  a diredtion  contrary  to  that 
of  the  earth’s  gravity:  neither  will  this  hypothefis  be  at 
all  inconfiftent  with  that  general  phyfical  truth,  i.  e.  that 
the  weight  of  every  body  is  propoitional  to  the  quantity  of 
matter  contained  in  it;  for  this  will  be  the  cafe  whether 
bodies  be  adted  on  by  gravity  alone,  or  by  two  powers  in 
contrary  diredtions,  the  ftrongeft  of  which  is  gravity. 

It  muft  be  however  remarked,  that  this  power  which 
feems  neceflary  for  the  elevation  of  fleam,  cannot  be  proved 
^he  only  caufe  of  the  phenomenon : many  fadts  and  argu- 
ments tending  to  ihew  that  the  gravitation  of  the  air  is 
» greatly 
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greatly  concerned  in  producing  them,  although  it  be  alone 
irifufficient  to  account  for  them  wholly.  Thus,  when  we 
fee  the  fmoke  which  is  impregnated  with  the  matter  from 
which  it  arifes  afcending  in  the  open  air,  and  defcending 
when  placed  in  a rarer  medium  within  the  receiver  of  am 
air  pump,  we  rauli  conclude  that  the  air’s  preflure  was  ne- 
ceffary  to  the  afcent,  and  that  the  grofs  nature  of  the  matter 
carried  up  with  the  vapour,  renders  its  weight  fuperior  to 
the  force  whereby  it  is  impelled  upwards.  Alfo  the  phas- 
nOmena  of  the  increafed  velocity  of  afcent  in  vapour  from 
the  inCreafe  of  heat  tends  greatly  to  ftrengthen  this  opi- 
nion, it  being  very  confiftent  with  the  theory  of  the  af- 
cent of  fpherules  in  air  hbove  defcribed. 

It  may  be  added  to  thefe  obfervations,  that  daring  the 
afcent  of  vapour  into  the  regions  of  the  clouds,  two  caufes 
feem  to  operate  in  a manner  contrary  to  each  other.  For 
while  the  increafing  rarenefs  of  the  air  caufes  an  expanfion 
of  the  fpherules,  by  removing  f the  comprelfure  upon  their  f Prop, 
fhrfaces,  and  confequently  increafes  their  velocity  of  afcent,  XIV. 
the  colder  temperature  of  the  higher  regions  by  contract- 
ing the  dimension  of  the  fpherical  cavities  diminilhes  the 
velocity,  and  according  to  the  degrees  in  which  thefe  caufes 
Operate,  the  vapour  will  arife  with  a greater  or  lefs  degree 
of  velocity  until  it  becomes  ftationary  when  thefe  caufes 
counterbalance  each  other.  Alfo  it  is  eafy  to  imagine, 
that  atmofpheric  cold  may  render  the  vapour  fo  denfe  as 
to  make  it  preponderate  againft  the  force  which  raifed  it, 
fo  that  it  lhall  defcend  in  various  forms,  i.  e.  in  rains, 
mills,  dews,  &c.  according  to  its  degree  of  condenfation. 


A 

XVII. 

Let  a fpherical  body  conlifting  of  elaftic 
vapour,  the  expanfive  force  of  which  is 
inverfely  proportional  to  the  fpace  it  oc- 
cupies, afcend  in  air  of  uniform  denfity  ; 
and  let  the  fphere  be  of  evanefcent  weight 
when  compared  with  that  of  an  equal 

z 2 bulk 
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bulk  of  air,  if  the  air’s  denlity  be  dimi- 
nifhed  in  the  proportion  of  n : i,  the  ve- 
locity of  the  fphere’s  afcent  will  be  in- 

i 

creafed  in  the  proportion  of  i : nT. 

For  if  the  denflty  of  the  air  be  diminilhed  in  the  ratio 
of  nil,  its  elaflic  force  as  well  as  the  force  of  preflure 
will  be  diminilhed  in  the  fame  proportion:  the  fpace  oc- 
cupied by  the  fphere"  will  therefore  be  increafed  in  the 
proportion  of  i : >/,  and  confequently  the  fphere’s  dia- 

1 

meter  increafed  in  that  of  1 : n1  : but  fpheres  of  evanef- 
cent  weight  afcend  in  fluids  with  velocities,  which  are  in 
the  diredt  fubduplicate  * ratio  of  their  diameters ; the  velo- 
cities therefore  with  which  the  fpheres,  whofe  diameters 

I X 

are  as  I : n 3 afcend,  are  in  the  proportion  of  i : n 
From  this  propofition  may  be  deduced  the  explanation 
of  feveral  phenomena  relating  to  the  afcent  of  vapour, 
that  is,  as  far  as  the  air’s  gravitation  is  concerned  in  pro- 
ducing them.  Whatever  be  the  original  caufe  by  which 
the  aqueous  fpherules  are  detached  from  the  fubjacent 
fluid,  it  feems  obvious,  that  the  fame  power  which  con- 
tributes to  promote  the  velocity  of  their  afcent,  mull  alfo 
tend  to  augment  the  quantity  of  evaporation.  From  the 
theory  two  caufes  have  been  deduced  whereby  this  effedt  i9 
produced,  i.  e.  heat,  or  a * diminution  of  the  atmofphere’s 
gravity,  both  of  which  however  operate  by  the  fame 
means,  that  is,  by  increafing  the  magnitudes  of  the  a f- 
cending  fpherules,  and  in  thefe  particulars  theory  and 
matter  of  fadl  are  intirely  confident : for  it  is  obvious  to 
common  obfervation,  that  an  increafe  of  heat  augments 
the  quantity  of  evaporation  under  a given  preflure  of  the 
atmofphere,  and  experiment  demonllrates,  that  fluids  of  a 
given  temperature  being  placed  under  the  receiver  of  an 
air  pump  evaporate  the  falter  the  more  the  air  is  exhaulted; 
fo  that  when  either  pure  water  or  any  moift  fubftance  is 
placed  under  a receiver,  as  the  air  is  exhaulling  the  water 
becomes  converted  into  vapour,  riling  in  greater  abund- 
ance according  to  the  rarenefs  of  the  air  within  the  re- 
ceiver. This  vapour  by  its  elaflicity  fupplies  in  part  the 
air  exhaulted,  and  is  a very  great  impediment  to  the  due 
operation  and  effedt  of  the  air  pump,  as  well  as  a caufe  of 

un- 
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uncertainty  in  eftimating  the  degrees  of  exhauflion  which 

»re 

been  fully  proved  by  the  author  of  an  ingenious  and  mtel  j ph.Jo(. 

lieentferies  of  experiments  lately  publilhed.  I Tranfaft. 

£It  is  manifeft  that  the  denfity  of  fluids  will  not  obftrua  for  1777. 
their  evaporation  fo  much  as  their  tenacity;  a hollow?.  614. 
fpherule  of  mercury  will  rife  equally  tail  m air  with  one 
of  water  of  the  fame  diameter,  provided  the  fphencal  fliell 
of  mercury  be  about  14  times  thiner  than  that  of  water, 
both  being  fuppofed  to  be  filled  with  an  elaftic  fluid  in  a 
phyfical  fenfe void  of  weight;  and  the  very  fubtle  and 
diviflble  nature  of  material  fubft&nce  in  general,  and  efpe- 
cially  of  this  fluid,  renders  any  degree  of  tenuity  in  the 
fhells  of  the  mercurial  fpherules  eafily  imaginable.  More- 
over the  parts  of  this  fluid  being  intirely  free  from  cohefion 
or  tenacity,  it  will  readily  be  converted  into  vapour  by  a 
moderate  degree  of  heat,  and  in  the  afcentof  thefe  vapours 
the  fame  laws  will  be  obferved  as  in  the  afcent  of  thofe 
which  arife  from  water.  Thus  taking  off  the  preffure  of 
the  atmofphere  from  the  furface  of  mercury  will  facilitate 
and  accelerate  the  afcent  of  vapour  from  it ; in  whatever 
degree  the  air  be  rarefied  this  afcent  would  Hill  continue  XIJ 

were  the  f mercurial  fhells  abfolutely  without  weight : and  kor.  u 
it  is  poflible,  that  there  is  no  vacuum  to  be  made  by  art, 
but  what  will  container  fufiicient  to  elevate  the  attenuated 
fpherules : it  is  certain,  that  they  occupy  the  fpace  be- 
tween the  furface  of  the  mercury  and  the  upper  extremity  of  # 
a barometer,*  the  altitude  of  the  mercury  being  fenfibly  T™lf;°f(;r 
. affedted  thereby  ; but  whether  this  afcentof  mercurial  va-  ,777.p,67i. 
pour  fhould  be  attributed  to  the  very  fmall  quantity  of 
air,  which  notwithftanding  the  utmofl  care  ufed  in  con- 
ftrudling  the.  inftrument  may  remain  within  the  fubftance 
of  the  mercury,  and  at  length  emerge  from  its  furface, _ or 
to  that  additional  power  over  and  above  the  air’s  gravita- 
tion which  has  appeared  neceffary  to  account  for  the  phx- 
nomena  of  the  afcent  of  ||  vapour,  future  experiments  mull  [L ^op^XVI. 
determine. 

To  examine  this  fubjedt  a little  more  particularly:  the 
fmoke  which  arifes  from  ignited  bodies,  it  js  evident  mud 
afcend  by  the  fame  caufes  which  elevate  vapour  from  the 
pure  fluids,  and  this  being  the  cafe,  it  might  be  expedled 
that  the  laws  obferved  in  the  afcent  of  them  all  would  be 
precifely  the  fame : but  although  vapour  from  water  and 

mer- 
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mercury  rife  the  more  copioufly  and  with  the  greater  ve- 
locity, according  to  the  rarenefs  of  the  air  wherein  they 
afcend,  fmoke  from  ignited  bodies  defcends  in  air  which 
is  rarefied  to  any  confiderable  degree : and  this  pheno- 
menon is  by  no  means  inconfiflent  with  the  theory;  for 
the  globules  which  form  fmoke  are  always  of  an  unttuous 
nature,  and  confequently  require  far  greater  degree  ofheat 
to  expand  them  fo  as  to  become  capable  afcending,  than 
that  by  which  the  vapour  of  mercury  or  water  begins  to 
rife:  but  when  once  the  globules  of  fmoke  have  afcended 
from  the  ignited  body,  being  deprived  of  their  heat,  they 
foon  become  hard  in  cooling,  and  are  incapable  of  any 
expanfion  from  the  elafticity  of  the  contained  medium, 
notwithftanding  the  external  air  Ihould  be  rarefied  in  any 
* Prop,  degree  however  great.  Now  it  * appeared,  that  the  rare- 

XVII.  faction  of  the  air  in  which  the  vapour  of  water  or  mercury 

afcended,  would  caufe  an  acceleration  of  the  vapour’s  ve- 
locity from  the  increafe  of  the  diameter  of  the  globule’s 
which  from  their  extreme  fluidity  expand  themfelves  into 
larger  portions  of  fpace  as  the  external  preflure  of  the  air 
is  diminilhed;  but  in  fmoke  the  tenacious  quality  of  the 
hollow  globules  when  cool  prevents  fuch  expanfion,  and 
confequently  when  the  air  is  fo  rarefied  that  the  weight  of  a 
globule  exceeds  that  of  an  equal  bulk  of  air  (together  with 
whatever  additional  force  over  and  above  the  air’s  preflure 
contributed  to  its  afcent)  it  will  defcend. 

The  attion  of  any  other  power,  except  that  of  the  air’s 
preflure  has  not  been  very  particularly  confidered  as  it  is  not 
here  intended  to  fet  forth  a compleat  theory,  but  to  apply 
the  mathematical  principles  as  far  as  they  will  allow  us 
to  the  explication  of  the  phenomena.  What  has  been 
obferved  in  relation  to  fmoke  is  applicable  in  fome  de- 
gree to  the  vapour  which  arifes  from  heterogeneous  fluids, 
and  from  folids  impregnated  by  them.  Here  the  globules 
of  vapour  which  arife  from  the  fame  fubflance  will  differ 
in  quality  as  well  as  their  velocity  of  afcent;  and  while 
the  purer  and  moll  fluid  parts  continue  to  afcend  with  ad- 
1 Prop.  ditional  velocity  as  the  air  is  J rendered  more  rare,  the 
XVII.  grofler  vapour,  the  tenacity  of  which  admits  not  of  an 
expanfion  of  the  globule’s  diameters  like  the  former,  will 
either  rife  with  a lefs  degree  of  velocity,  continue  ftation- 
ary,  or  defcend,  as  the  tenacity  operates  in  a greater  or 
lefs  degree  while  the  air  is  rarefied. 


Sect 
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Sect.  VI. 

CONCERNING  THE  COMMUNICATION  OF 
MOTION  TO  BODIES  WHICH  REVOLVE 
ROUND  A FIXED  AXIS, 

TH  E principal  properties  of  redlili- 
near  motion,  both  accelerated  and 
retarded,  may  be  inferred  from  the  pre- 
ceding proportions  in  demonftrating 
thefe,  the  impelling  force,  as  well  as  that 
of  refiftance,  has  always  been  fuppofed  to 
be  imprefied  in  the  direction  of  a ftraight 
line  palling  through  the  centre  of  gravity 
of  the  moving  body,  and  in  this  cafe 
every  particle  of  the  body  mull  partake 
of  the  fame  degree  of  velocity,  being  equal 
to  that  with  which  the  common  centre 
of  gravity  moves. 

But  it  frequently  happens  that  a body 
or  fyftem  of  bodies  is  fo  conllituted,  that 
when  any  force  is  imprelfed  upon  it,  no 
motion  can  be  produced,  except  round  a 
fixed  axis  5 fo  that  the  velocity  of  the  par- 
ticles which  compofe  the  fyllem  will  be 
greater  or  lefs,  according  as  thefe  parti- 
cles 
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cles  are  further  from  the  common  axis  or 
nearer  to  it.  Thefe  circumftances  fhould 
be  attended  to,  in  order  to  afcertain  the 
motion  of  revolving  bodies,  the  preceding 
principles  of  acceleration  being  not  wholly 
of  themfelves  Sufficient  for  that  purpofe, 
without  taking  into  consideration  the  par- 
ticular nature  of  rotatory  motions. 

In  order  to  demonftrate  the  laws  ob- 
ferved  by  bodies  which  revolve  round  a 
fixed  axis,  two  things  are  principally  to  be 
attended  to,  i.e.  the  moving  force  by  which 
the  revolving  motion  is  generated,  and 
the  inertia  of  the  parts  whereof  the  fy- 
ftem  is  compofed ; the  moving  force  ex- 
erted on  any  given  particle  in  the  fyftem 
as  well  as  its  inertia  depends  on  its  dis- 
tance from  the  axis  of  motion,  every  thing 
elfe  being  the  fame,  and  if  both  thefe  be 
afcertained,  the  abfolute  acceleration  of 
the  particle  will  be  determined,  and  con- 
sequently the  abfolute  velocity  generated 
in  it  in  a given  time. 

The  methods  therefore  of  determining 
thefe  forces  in  any  given  circumftances 
fhould  next  be  defcribed. 

Let  afgh  reprefent  the  circumference 
of  a wheel  which  turns  in  its  own  plane 
round  an  horizontal  axis,  paffing  through 

s, 
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s its  centre,  and  let  a weight  p,  fixed  at 
the  extremity  of  a line  a p,  communicate  xxxiv. 
motion  to  the  wheel.  Moreover,  let  the 
whole  weight  of  the  wheel  be  qj  and 
fuppofe  this  weight  to  be  colledted  uni- 
formly into  the  circumference  afgh, 
then  during  the  defcent  of  the  weight  p, 
each  point  of  the  circumference  muffc 
move  with  a velocity  equal  to  that  with 
which  p defcends,  and  confequently  fince 
the  moving  force  is  the  weight  p,  and 
the  mafs  moved  p + the  force  which 
accelerates  p in  its  defcent,  will  be  that 
part  of  the  accelerating  force  of  gravity 

which  is  II  exprefled  by  the  fraction  — ^ — . Jropfix, 

P-f-CL 

The  velocity  therefore  which  is  generated 
in  p in  any  given  time  is  found  from  the 
rules  before  * demonftrated  : thus,  fuppofe  Prop.  f. 

p 1 

o to  be  equal  to  p,  then  will = 

P+Q.  2’ 

and  the  weight  p will  be  accelerated  by  a 
force  which  is  to  that  of  gravity  as  1:2. 
and  fince  gravity  generates  in  bodies  which 
defcend  near  the  earth’s  furface  one  fecond 
of  time  a velocity  of  32—  feet  in  a fecond, 
it  follows,  that  the  weight  p will  in  the 
fame  time  have  ;£  acquired  in  its  defcent  a|f”^tf’^ 
a a velo-  proper11* 
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velocity  of  i6xV  feet  in  a fecond  only.  This 
cafe  is  mentioned  rather  particularly,  as 
the  more  complicated  properties  of  revolv- 
ing bodies  demonftrated  in  the  fubfequent 
proportions  will  be  referred  to  it. 

The  parts  of  the  weight  q_  which  are 
uniformly  difpofed  over  the  circumference 
a f g h,  balance  each  other  round  the 
common  centre  of  gravity  s,  their  weight 
therefore  is  of  no  effe£t  in  accelerating  or 
retarding  the  defcent  of  p ; and  this  will 
be  the  cafe  whenever  the  axis  of  motion 
pafles  through  the  common  centre  of 
gravity : but  in  order  to  render  the  pro- 
perties of  rotatory  motions  more  obvious, 
it  will  be  convenient  to  difpofe  the  parts 
of  the  revolving  fyftem,  fo  that  the  axis  of 
motion  fhall  not  neceffarily  pafs  through 
the  common  centre  of  gravity:  thus,  re- 
ferring to  the  preceding  cafe,  inftead  of 
fuppofing  the  weight  to  be  uniformly 
difpofed  over  the  circumference  afgh, 
let  it  be  colle&ed  into  any  point  Here 
it  is  manifeft,  that  if  the  mafs  o^be  afted 
on  by  gravity,  the  force  which  commu- 
nicates motion  to  the  fyftem  round  s will 
be  variable,  it  being  the  greateft  when  s 
is  horizontal,  and  gradually  diminifhing 
till  o^has  defeended  to  its  loweft  point. 

But 
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But  as  we  fliould  begin  with  the  mod 
fimple  cafes,  the  moving  force  muft  be 
conftant.  This  will  be  effefred  by  fup- 
pofing  the  mafs  which  is  collected  in  o^to 
be  deftitute  of  weight,  and  to  pofTefs  iner- 
tia only ; it  follows  therefore  that  during 
the  revolution  of  ground  s as  an  axis, 
the  moving  force  will  be  conftantly  equal 
to  p,  and  the  mafs  moved  = p -J-  q^,  and 
confequently  the  force  which  accelerates 
the  defcending  weight  or  any  point  in  the 
circumference  will  be  that  part  of  gravity 

which  is  exprefled  by  the  * fraction 


the  fame  as  before. 


P + Qj 


* sea.  r. 

Prop.  IX. 


In  thefe  cafes  the  force  which  commu- 
nicates motion  to  the  fyftem,  has  been 
fuppofed  a weight  or  body  a&ed  on  by 
the  earth’s  gravity,  and  confequently  con- 
ftitutes  a part  of  the  mafs  moved,  at  the 
fame  time  it  acts  as  a moving  force : but 
motion  may  be  communicated  by  a 
force  which  fhall  add  nothing  to  the 
inertia  of  the  matter  moved,  and  it 
will  be  convenient  in  many  demonftra- 
tions  to  affume  the  moving  force  of  this 
kind  : the  inertia  of  the  moving  force  p 
therefore  in  the  fubfequent  propofitions 
a a 2 will 


Fi*. 

xxxiv. 
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will  not  be  taken  into  account,  unlefs  ex- 
P rellly  mentioned.  Thus,  if  any  number 
of  bodies  without  gravity,  being  colletted 
into  the  points  f,  h.q,  are  caufed  to  re- 
volve round  the  axis  s,  by  a moving  force 
p,  the  force  which  accelerates  thefe  bodies 

in  their  t revolution  will  be : 

f -f-  h -4- 

provided  the  bodies  f,  h,  o^be  difpofed  at 
a diftance  from  the  axis  of  motion  equal 
to  the  radius  of  the  circle  afgh,  at  the 
circumference  of  which  the  moving  force 
p is  applied. 

In  the  preceding  example  f,  h,  q^,  &c. 
have  been  fuppofed  to  move  with  the 
fame  velocity  : but  when  bodies  revolve 
at  unequal  diftances  from  the  axis,  their 
velocities  of  motion  being  different,  other 
rules  will  be  neceffary  to  determine  the 
force  whereby  any  given  point  of  the 
fyftem  is  accelerated ; thefe  are  contain- 
ed in  the  following  proportions.  In  de- 
monftrating  the  properties  of  rotatory 
motion,  the  revolving  fyftem  will  be  fupr 
pofed  to  confift  of  one  or  more  of  the 
bodies  a,  b,  c : the  magnitude  of  thefe 
is  affumed  as  evanefcent,  becaufe  were  the 
contrary  fuppofition  adopted,  the  parti- 
cles in  each  body  would  be  impelled  by 

dif- 
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different  moving  forces,  and  exert  differ- 
ent degrees  of  inertia  in  oppofition  to 
the  communication  of  motion.  But  the 
force  which  impels  each  individual  par- 
ticle, and  the  effe&s  of  its  inertia  in  given 
circumftances  muff  be  known  before  the 
acceleration  of  the  whole  fyftem.  can  be 
determined. 

The  bodies  a,  b,  c,  which  may  be 
termed,  according  to  the  ideas  juft  de- 
fcribed,  material  points,  are  imagined  to 
be  connected  together  by  fome  perfedlly 
rigid  fubftance,  fo  as  to  always  poffefs  the 
fame  fituation  in  refpect  of  each  other, 
and  confequently  no  motion  can  be  pro- 
duced in  any  of  them,  except  all  revolve 
at  the  fame  time  round  the  common  axis 
of  motion. 

All  the  points  in  this  imaginary  fub- 
ftance by  which  the  parts  of  the  fyftem 
are  conne&ed  together,  partake  of  the 
fame  angular  motion  defcribing  circles 
round  the  common  axis  s ; a force  p 
therefore  being  applied  to  any  point  in 
the  plane  of  its  motion,  and  in  the  di- 
rection of  any  line  in  that  plane  which 
paffes  not  through  the  axis,  will  commu- 
nicate an  equal  angular  motion  to  the 
whole.  Thus,  let  b reprefent  a material  ££ 
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point  moveable  about  an  axis  of  motion 
paffing  through  s,  with  the  centre  s,  and 
diftance  sd,  defcribe  a circle  dgh:  now, 
if  b be  connedted  with  every  point  in  the 
area  of  this  circle,  which  is  an  inflexible 
fubftance,  no  force  can  be  applied  to  move 
the  circle,  but  what  muft  communicate 
the  fame  angular  motion  to  b.  Let  the 
force  be  applied  at  the  point  d ; it  is  ma- 
nifeft,  that  in  order  render  its  efFedts  con- 
ftant,  the  inclination  of  its  diredlion  to 
sd  muft  be  always  the  fame,  and  in  a 
given  plane:  and  the  moft  obvious  me- 
thod of  efFedting  this,  either  in  confider- 
ing  the  fubject  theoretically,  or  in  the 
pradtical  illuftration  of  it,  is  by  applying 
a thin  and  flexible  line  ghdp  round  the 
circumference  of  the  circle  dgh,  and 
ftretching  this  line  by  a given  moving 
force  p.  Here  it  is  plain,  that  in  what- 
ever part  of  the  circumference  dgh,  the 
point  d is  fituated,  the  eftedfo  of  the  force 
p will  be  the  fame,  as  if  it  were  diredtly 
applied  to  d in  the  diredlion  of  the  plane 
of  motion  and  perpendicular  to  sd,  and 
the  point  b will  revolve  with  the  fame  ab- 
folute  and  angular  velocity  in  both  cafes. 

Thefe  confiderations  being  premifed, 
in  order  to  prevent  unneceflary  repeti- 
tions. 
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tlorts,  let  a,  B.cbea  fyftem  of  bodies  of 
evanefceut  magnitude  and  without  gravity 
moveable  about  an  axis  of  motion  which 
paffes  through  9,  it  is  to  be  noted,  that 
the  imaginary  fubftance  by  which  parts 
of  the  fyftem  a,  b,  c are  conne&ed,  muft  ^XVL 
contribute  nothing,  either  by  its  weight 
or  inertia,  to  accelerate  or  retard  the  mo- 
tion of  the  material  points  a,  b,  c,  which 
are  caufed  to  revolve  by  the  action  of  the 
given  and  conftant  force  p applied  at  the 
diftance  from  the  axis  sd. 

The  abfolute  force  of  p to  move  d,  or 
any  point  in  the  circumference,  will  be  p, 
but  the  communication  of  motion  to  this 
point  d is  refilled  by  the  inertia  of  the 
bodies  a,  b,  c,  which  being  moved  with 
different  velocities  and  acted  on  by  dif- 
ferent moving  forces,  their  inertia  will 
not  be  cftimated  by  their  * quantities  of  J 
matter  only,  according  to  the  laws  ob- 
ferved  in  rectilinear  motion : the  force 
which  accelerates  d therefore  cannot  be 
obtained  by  dividing  p by  a + b + c; 
but  if  an  equivalent  mafs,  or  a quan- 
tity of  matter  can  be  afiigned,  w'hich  being 
collected  into  any  points  of  the  circum- 
ference a,  b,  c will  caufe  an  inertia  or  refin- 
ance to  the  motion  of  d,  equal  to  that  ex- 
erted 
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erted  by  the  particles  a,  b,  c,  when  revolv- 
ing at  their  refpeftive  diftances,  the  force 
which  accelerates  the  circumference  or  any 
point  in  it  d will  be  determined.  Thus, 
Jet  the  mafs  o^when  colle&ed  into  a,  be 
fuch  as  will  be  equivalent  in  its  inertia  to 
a when  revolving  at  the  diftance  s a ; 
alfo,  let  r be  the  mafs  colledted  into  b, 
which  is  equivalent  to  b when  revolving 
at  the  diftance  s b j and  let  t be  the  mafs 
colle6led  in  c be  equivalent  to  c when  re- 
volving at  the  diftance  scj  then  will  the 
mafs  moved  by  the  force  p be  qj-+-  r + t, 
and  the  force  wdiich  accelerates  the  cir- 

p 

cumference  = — ; — *,  being  equal 

to  that  by  which  the  circumference  or  any 
point  in  it  is  accelerated,  when  the  fyftem 
con  fills  of  a,  b and  c,  revolving  at  the  re- 
fpedlive  diftances  from  the  axis  of  motion 
SA,  SB,  sc. 

N.  B.  In  the  fubfequent  propofitions  the  moving  force 
P is  fuppofed  to  be  applied  to  any  point  D,  in  the  direftion 
of  a plane  which  is  perpendicular  to  the  axis  of  motion, 
and  at  right  angles  to  S D. 


I. 

Let  a body  colle6ted  into  the  point  B, 
revolve  round  an  axis  of  motion  pafling 

through 
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through  s by  the  aftion  of  a Force  p; 
applied  at  the  diftance  s d from  the  axis  j 
it  is  required  to  aflign  what  quantity  of 
matter  mud  be  colledled  in  the  point  d, 
fo  .that  d may  be  accelerated  in  the  fame 
manner  as  when  b revolved  at  the  di- 
ftance s b,  and  confequently  that  the  an- 
gular velocity  of  b and  d round  s may  be 
the  fame  in  both  cafes. 


When  any  two  bodies  are  put  in  motion  by  two  con- 
ftant  forces  adting  for  the  fame  time,  the  quantities  of 
matter  moved  are  in  a diredt  ||  ratio  of  the  moving  forces  ||  Se&;  tit, 
and  an  inverfe  ratio  of  the  velocities  generated  ; that  ^‘“P1 

. M . . Q 

is,  if  — expreffes  the  ratio  of  the  moving  forces,  — that 
7fl  q 

V 

of  the  quantities  of  matter,  and  - of  the  velocities  gene- 
rated, the  relations  of  thefe  quantities  is  defined  by  the 

■,  9 M <u 

equation  — = — X 

1 q m y 

To  apply  this  it  mull  be  obferved,  that  although  the 
abfolute  force  of  the  weight  P adling  upon  the  point  D, 
remains  conftantly  the  fame,  yet  its  effedts  upon  bodies 
placed  at  different  diftances  from  the  axis  of  motion,  are 
in  the  inverfe  proportion  of  thofe  diftances;  therefore  the 
moving  forces  exerted  by  P on  the  points  B and  D,  will 
be  in  the  proportion  of  SD  to  SB:  alfo  by  the  problem  the 
angular  motion  of  D and  B are  equal,  and  confequently 
the  velocity  of  B is  to  the  velocity  of  D,  as  SB  : SD; 
and  fince  the  quantities  of  matter  J in  B arid  D are  in  the  J Supr*. 
direft  proportion  of  the  moving  forces,  or  of  SD  : SB,  and 
an  inverfe  proportion  of  the  velocities  generated,  or  of 
S B : S D,  we  fhall  have  the  quantity  of  matter  in  B to  that 
contained  in  D,  as  S D 1 : S B and  confequently  the 

weight  fought  — By,  . 

B U 


Or. 


1 Seft.  III. 
Prop.  VII. 


t sca.t. 

Piop.  IX. 


R Pjje  1S5. 


Fie. 

XXXVI. 


* Sedl.  VI 
Prop.  I. 
aaui  i j.  1S5. 
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Or  thus,  let  x — the  quantity  of  matter  required  to  be 
colleded  in  D,  M the  moving  force  which  ads  on  B,  m 
that  which  ads  on  D,  V the  velocity  of  B,  <v  that  of  D, 


then  % will  - 


B M 


v , M 
T,»  but  — — 
y m 


SD 

SB 


by  the  pro- 


f>erty  of  the  lever : moreover  y — ^ by  the  nature  of 

, . , r B SD z 

angular  motion,  wherefore  — — . 

* SB %* 

SBZ 


and  x ~ B X 


SD 1 


Cor.  1.  Whenever  therefore  a body  B revolves  round 
an  axis  by  the  adion  of  a conftant  force  P,  applied  at  a 
given  diftance  SD  from  the  axis;  in  order  to  find  the 
force  which  accelerates  D,  the  mafs  B may  be  fuppofed  to 
be  removed,  and  inftead  of  it  an  equivalent  weight  B X 

S Bz  * 

, colleded  in  the  point  D to  which  the  force  is 

applied. 

Cor.  2.  Since  the  f moving  force  is  P,  and  the  mafs 
B x S B z 

(the  inertia  of  P not  being  confidered,) 


moved 


SD- 


the  force  which  accelerates  D will  be  ||  that  part  of  the 
acceleration  of  gravity  which  is  exprefled  by  the  fradion 
P _ P x SDZ 

7 ~SBZ  *“  B xSBz' 

B x SD%_ 

Cor.  3.  Let  any  number  of  bodies  A,  B,  C,  &c.  be  put 
in  motion  round  a fixed  axis,  palling  through^  byaconftant 
force  P applied  at  D,  the  point  D will  be  accelerated  in  the 
fame  manner,  and  confequently  the  whole  fyflem  will  have 
the  fame  angular  velocity,  if  inftead  of  A,  B,  C,  &c.  placed 

x S 

at  the  diftances  S A, SB, SC,  we  fubftitute  the  bodies  — ■ — . 

u D z 

BxSBz  CxSCz  . r u • 11  n j •.  1 

q — j S’  pi  '’  tbe‘e  being  colleded  into  the  points 

a.  If  and  c refpedivcly : the  moving  force  in  this  cafe  is  P; 

, „ . , A X S Az  B x S Bz  CxSCz 

the  mafs  ’moved  — — jjp 1 7-^3; 1 JJp~~  ; 

and  confequently  the  force  which  accelerates  D is  that  part 
of  the  accelerating  force  of  gravity  which  is  exprefled  by 
i the 


the  fraction 
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A * + B * 
S D1  x P 


SB- 
S D : 


„ SC1 
+ C x SD1 


Ax  SA1  + B x SB 1 + C x SC 1 


Cor.  4.  The  velocity  ||  of  the  point  D is  uniformly  acce- 
lerated, becaufe  the  force  above  determined  is  invariable  : 
it  follows  alfo,  that  the  angular  velocity  of  the  fyllem  is 
uniformly  accelerated,  becaufe  the  abfolute  velocity  of  any 
point  at  a given  diftance  from  the  axis  of  motion  is  as  the 
angular  velocity  of  that  point,  and  confequently  of  the 
whole  fyftem. 

Cor.  5.  It  is  manifeft  that  it  is  of  no  confequence  whe- 
ther the  bodies  A,  B,  C,  &c.  revolve  in  the  fame  or  in 
different  planes,  if  their  diltances  from  the  axis  S A,  SB, 
SC  are  the  fame;  thefe  diftances  being  eftimated  by  lines 
drawn  througn  A,  B,  and  C perpendicular  to  the  common 
axis  of  motion;  if  therefore  they  fhould  be  fituated  in  va- 
rious planes,  they  may  be  referred  to  any  one  given  plane 
perpendicular  to  the  axis. 

Cor.  6.  It  is  obvious  alfo  that  changing  the  pofition  of 
the  bodies  A,  B,  C in  the  fame  plane  will  not  affedt  the 
force  which  accelerates  the  fyllem,  provided  their  refpec- 
tive  diftances  from  the  axis  of  motion  alter  not : thus,  with 
the  centre  S,  and  diftances  SB,  SC,  let  the  arcs  of  circles 
bedefcribed;  if  B is  transferred  to  b,  or  C to  c,  the  mov- 
ing force  which  adts  on  thefe  bodies  refpedtively  will  not 
be  altered,  and  confequently  the  maffes  moved  being 
likewife  conftant,  the  accelerating  force  will  be  the  fame. 

Cor.  7.  Alfo  the  propofitions  concerning  rotation  will  be 
equally  true,  whatever  be  the  force  by  which  the  angular 
motion  is  generated,  provided  it  be  conftant;  or  if  variable 
fhould  its  adtion  be  confidered  for  an  evanefcent  particle 
of  time  only. 

Cor.  8.  In  thefe  propofitions  the  angular  motion  is  fup- 
pofed  to  be  communicated  by  the  aftion  of  a force  ap- 
plied at  a fingle  point  only,  at  an  invariable  di fiance  front 
the  axis.  Thus,  fuppol'e  a revolving  fyftem  to  confift  of 
the  bodies  A,  B,  C of  evanefcent  magnitudes  and  equal  to 
each  other  in  quantity.  Let  a weight  P equal  to  A,  B, 
or  C be  applied  by  means  of  a line  going  round  a wheel 
DH , fo  as  to  communicate  motion  to  the  fyftem  during 
its  defcent.  Moreover,  let  $ D — 1,  SA  = 2,  SB  — 3, 
and  SC  = 4,  and  let  it  be  required  to  affign  the  force 
which  accelerates  the  defcent  of  the  weight  P. 

B b 2 Jiere. 


II  Sefl.  I. 
Pi  op.  IV. 


F'g. 

xxxvr. 


Fie. 

XXXVI. 
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Here  referring  to  the  rule,  we  have  the  force  required 
_ SD'xP  _ i 

~4xJSl  + B x SBZ  + C x SC1  ~ 4 + 9 + 16  “ 

— , which  is  the  true  accelerating  force  when  the  moving 

force  is  void  of  inertia  ; but  in  the  prefent  cafe,  the 
weight  P atts  not  only  as  a moving  force,  but  as  a part  of 
the  mafs  moved,  and  as  P moves  with  the  fame  yelocity 
as  the  point  D,  the  effedts  of  its  inertia  will  be  efti- 
mated  by  fuppofing  a mafs  of  matter  rz  P to  be  colledted 
into  the  point  D : here  then  the  moving  force  being  P, 

, . , ’ u SD*  . AS*  BS* 

and  the  mafs  moved  P X jjp  -{-Ax  + B x 

• c s ^ 

Prop.  IX,  + C X ypZ  > force*  which  accelerates  the  defcentof 

p SD*  X P 

P xSD*  + AxAS*  + B xSB*+  C xSC*~ 


— , the  line  and  parts  of  the  wheel  not  being  taken  into 
3° 

account.  It  follows  therefore,  that  the  weight  P will  de- 
fcend  from  reft  by  the  force  of  this  acceleration  through 


parts  of  a foot  in  a fecond  ; and  in  other  different 


f Seft.  HI.  times  of  defcent  the  Ipaces  f will  be  varied  in  a diredt 
Prop.  iV.  duplicate  ratio  of  the  times,  becaufe  the  accelerating  force 
is  conllant. 

Moreover,  the  velocity  acquired  by  thedefcendingweight 
Pina  given  time,  or  through  a given  fpace,  will  be  deter- 
mined by  the  rule  demonftrated  in  fedt.  hi.  prop.v.  Thus 


P X SD 1 

putting  p x S£>1  + A x JSZ  + B x BSl+  c x CSl 


— P,  / — 193  inches,  s — the  fpace  defcribed  by  P from 

reft,  the  velocity  acquired  by  P will  be  Y 4/ Fs  inches  in  a 
fecond,  and  in  the  fame  manner  having  given  any  two  of 
the  four  quantities,  i.  e.  the  accelerating  force,  the  fpace 
defcribed  from  reft,  the  time  of  defcription,  and  the  ve- 
locity acquired,  the  other  two  may  be  determined  as  in 
fedt.  hi. 

For  the  further  illuftration  of  this  fubjedt,  the  following 
property  of  uniformly  accelerated  motion  may  be  here 
inferted. 

Th  • • • 


ii- 
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J 


II. 


If  any  two  bodies  be  adted  on  by  mov- 
ing forces  which  are  conftant,  and  which 
are  in  an  inverfe  proportion  of  the  fpaces 
defcribed  from  reft,  the  quantities  of  mat- 
ter contained  in  the  bodies  will  be  in  an 
inverfe  duplicate  ratio  of  the  velocities 

generated  j that  is,  if  ^Teprefents 

M 

tio  of  any  two  mafles  of  matter,  — the 

m 

ratio  of  the  moving  forces  by  which  they 
S 

are  impelled,  - that  of  the  fpaces  deferib- 

V 

ed  from  reft,  and  - the  ratio  of  the  velo- 

v 

cities  generated,  the  propofition  aflerts,  if 

M s , Q v2 
— = that  -^==  — . 
m S q V2 


The  duplicate  ratio  of  the  velocities  is  equal  to  the  fum 
of  the  ratios  of  the  fpaces  defcribed  and  of  the  II  accelerating  II  s«a-  HI. 

V%  T?  R V 7i/r  6 Prop.  V. 

forces,  or  — = - X - but  * - = **  X we  have  • Seft.  r. 

V-  m V f m ^ Prop,1X* 

therefore  x - X and  when  as  in  the  pro- 

M — S M S 

? w ~~  s ’ 0r  m x 7 =:  l>  the  equation  which  defines 

the 


J Seft.  III. 
Prop.  I. 
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the  velocities  and  quantities  of  matter  will  be  — - — ~ , 

that  is,  the  quantities  of  matter  are  in  an  inverfe  dupli- 
cate ratio  of  the  velocities  generated. 

This  conclufion  immediately  applies  to  the  preceding 
propofition,  in  which  it  is  required  to  aflign  the  ratio  of 
two  quantities  of  matter  under  the  following  conditions, 
i.  e.  t.  They  are  to  revolve  round  a common  axis  S with 
the  fame  angular  velocity,  the  abfolute  velocities  therefore 
muft  be  in  the  diredt  proportion  of  their  diftances  from  the 
axis,  or  of  the  fpaces  defcribed.  2.  While  a conftant  force 
P is  applied  to  any  given  point  D,  the  effedts  of  thefe 
forces  to  impel  bodies  at  different  diftances  from  the  axis 
will  be  in  an  inverfe  ratio  of  thofe  diftances,  we  have 
therefore  the  fpaces  defcribed  in  an  inverfe  ratio  of  the 
forces  which  impel  the  two  bodies,  and  confequently,  by 
the  propofition  juft  demonftrated,  the  quantities  of  matter 
in  an  inverfe  duplicate  proportion  of  the  velocities  gene- 
rated, or  of  the  diftances  from  the  axis. 

Cor.  1.  Let  it  be  required  to  aflign  what  quantity  of 
matter  muft  be  colledted  into  any  point  E,  fo  that  the 
fyftem  in  fig.  xxxv.  fhall  revolve  with  the  fame  angular 
velocity  as  when  B revolved  at  the  diftance  SB,  every 
thing  elfe  remaining,  by  the  rule  we  have  the  weight 

fought  to  be  colledted  in  E ~ — — • 


III. 

Iii  a fyftem  of  bodies  which  revolve 
round  a fixed  axis  with  an  uniformly  ac- 
celerated motion,  the  forces  which  accele- 
rate particles  at  different  diftances  from 
the  axis  will  be  in  a dirett  ratio  of  thofe 
diftances. 


By  the  nature  of  angular  motion,  the  velocities  of  the 
different  points  in  any  revolving  fyftem  will  be  in  a diredt 
ratio  of  their  diftances  from  the  axis  of  motion  : but 
whenever  bodies  aie  t uniformly  accelerated,  the  velocities 

generated 
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generated  in  a given  time  will  be  dire&Iy  as  the  accelerat- 
ing forces ; and  confequently  the  forces  which  accelerate 
the  different  points  in  a fyftem  of  revolving  bodies,  mult 
be  in  a dire&  ratio  of  thole  dillances  from  the  axis. 


Cor.  i.  It  followed  from  prop.  i.  cor.  3.  that 
the  force  which  accelerated  the  point  D was  — 

PX  SD' — - , and  by  + this  t Prop.III. 

A x SA 1 +i)(Sfit+Cxo'C1’  7 

propofition,  the  force  which  accelerates  D is  to  that  by 
which  B is  accelerated  in  the  proportion  of  SD  : SB: 
it  follows  therefore,  that  the  force  which  accelerates  B 
P xSB  x SD 


in  like  manner 
C = 


~ A x SA'-  + B x SB*  + C x SC*  ’ 

the  force  which  accelerates  any  other  point 

PxSCxSD  3 

and  ,he 

the  fum  of  the  forces  which  accelerate  all  the  particles  A, 


B , C will  be 


AS  + SB+  SCxSD  x P 


and  fince 


A x SAZ+  B x SBZ  + C x 6'C2’ 
the  quantities  of  motion  or  moments  generated  in  bodies 
in  a given  ||  time,  are  as  the  quantities  of  matter  and  the  ||  Sea.  I. 
forces  which  accelerate  them  jointly,  the  fum  of  the  ProP- 
moments  generated  in  a given  time  will  be  exprelfed  by 

~A  x SA+  B x SB  4-  C X SC  x P x SD 
A x AS^-t-  B xS B*  + C x SC 1 * 


It  is  manifeft,  that  although  the  bodies  A,  B and  C,  and 
the  quantities  P and  SD  remain  unaltered  in  quantity, 
yet  the  fum  of  the  moments  generated  in  a given  time 
will  depend  on  the  diftances  SA,  SB,  S C;  but  dimi- 
nution and  augmentation  of  thefe-.may  be  fuch  that  the 
fuih  of  the  moments  generated  in  a given  time  may  ftill 
continue  the  fame  ; there  is  therefore  fome  intermediate 
dillance  at  which  if  all  the  bodies  be  colledled,  the  fame 
moment  will  be  produced  by  the  force  P afting  for  a given 
time,  as  when  the  bodies  A,  B,  C are  difpofed  at  their  re- 
fpe&ive  dillances  SA,  SB,  SC. 


IV. 


I 
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IV. 

In  a fyftem  of  bodies  a,  b,  c moveabld 
round  an  axis  s,  to  which  bodies  motion 
is  communicated  by  a force  p acting  at  a 
given  diftan.Ce  from  s;  it  is  required  to 
aflign  fome  diftance  s o,  at  which  if  all  the 
bodies  are  difpofed,  the  fum  of  the  mo- 
ments generated  in  them  in  a given  time 
fhall  be  the  fame  as  before,  every  thing 
elfe  remaining. 


Let  A , B and  C be  collected  at  the  difiance  SO,  then 
will  the  fum  of  the  moments  generated  in  a given  time 


Prop^in^'  expre^e<^  by  II 

Cor.  i. 


A+B+CxSOxPxSD 


X P X SD  by 


S0Z  x AT\-  B + C ^ 

Aji  AS  + B X BS  + CxCS 

Tx  AS*  + B x BS*  + C x CY' 

the  problem,  and  S O the  difiance  required  — 

AxAS'-+BxBS1+CxCS*  M . . a 

— _ — - — n , 1 y, — tvtt-.  Now  it  is  manifefi, 

AxAS+BxBS  + CxCS. 

that  if  the  bodies  A,  5, &c.  be  transferred  to  the  line  SO, 
ISefhVI,  j keeping  their  refpeCtive  diftances  from  S,  the  moments 
r°p‘  ‘ generated  in  a given  time  will  be  the  the  fame  as  before. 

Let  G be  the  common  centre  of  gravity  of  A,  B,  C when 
colletted  in  the  line  SO,  and  fince  in  this  cafe  by  the  pro- 
perty of  the  centre  of  gravity  A x SA  + B x SB  + C x SC 
— A + B + C X S G,  it  follows,  that  SO  ~ 
AxSA'+3  X SB'+Cx  SC- 


Prop 
Cor.  6, 


A + B + C X SG 

Fje  qOT'  , _ Thus  let  FGH  reprefent  a circle  moveable  in  its 

XXX VII.  own  plane  about  an  axis  which  pafies  through  its  centre  S. 

Suppoftng  the  circle  material,  let  the  whole  mafs  be  col- 
lected into  any  radius  SC,  the  diftance  of  each  particle 
from  5 remaining  the  fame ; then  will  the  denfity  of  the 
matter  in  the  radius  increafe  in  the  ratio  of  the  diftances 
from  S.  Let  G be  the  centre  of  gravity  of  the  weight 

thus 
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2 

thus  difpofed  SG  is  found  by  the  ufual  rule  to  be  - of  SC. 

Moreover,  if  the  particles  thus  condenfed  in  the  line  SC 
be  denominated  A,  B,  C,  &c.  the  fum  of  all  the  produdls 
A X AS 1 + B X BSZ  + CxC  Sz,  &c.  appears  to  be 

A + B + C,  &c.  X . We  have  therefore  thediftance 


SO  as  defcribed  in  the  problem  ~ A + B -f-  C X — — 

* 9 ^ ^ ^ 

divided  by  A -f  B -f  C X ■,  wherefore  SO  — - . 

3 . 4 

Confequently  if  the  whole  matter  of  the  circle  be  colledted 

into  one  or  more  points  at  the  diftance  of  2.  of  the  radius 

from  the  axis,  the  fame  moment  will  be  generated  in  a 
given  time  in  the  mafs  thus  difpofed,  as  if  it  were  diffufed 
uniformly  over  the  whole  area. 

Cor.  z.  In  a given  fyftem  the  fum  of  the  moments  ge- 
nerated in  the  fame  time  will  be  in  a diredl  proportion  of 
the  diftances  at  which  the  moving  forces  are  applied  from 
the  axis ; that  is,  if  thefe  forces  be  conftant  and  every 
other  circumllance  remain  the  fame  in  both  cafes. 

In  thefe  propofitions  the  effedts  of  gravity  on  the  bodies  Fig. 

A,  B and  C have  not  been  confidered,  motion  being  com-  XXXVI. 
municated  to  the  fyftem  by  the  adlion  of  a force  applied  at 
a given  diftance  from  the  axis,  and  this  force  has  been  af- 
fumed  of  invariable  quantity.  When  gravity  adts  upon 
the  fyftem  as  a moving  force,  each  particle  contributes  to 
the  communication  of  motion,  as  well  as  to  the  inertia  of 
the  mafs  moved ; alfo  the  torce  of  acceleration  will  be 
variable,  unlefs  the  time  of  its  adlion  be  taken  evanefcent : 
but  in  this  cafe  alfo  the  velocity  generated  in  a fyftem  in  a 
given  time,  will  be  obtainable  from  the  preceding  rules, 
becaufe  the  force  exerted  by  gravity  on  any  body  or  fyftem 
of  bodies  will  have  precifely  the  fame  effedts  to  create  mo- 
tion (the  mafs  moved  not  being  here  conftdered)  as  if  the 
whole  weight  were  colledted  into  the  centre  of  gravity, 
and  will  be  conftant  while  the  centre  of  gravity  is  de- 
fcribing  an  evanefcent  arc. 

Suppofe  therefore  the  bodies  A,  B and  C to  gravitate  Fig, 
towards  the  earth’s  centre,  and  let  G be  their  common  XXXVIII. 
centre  of  gravity,  and  draw  S GO-,  it  is  manifeft  that  the 
point  G will  not  be  quiefcent,  except  when  it  is  placed 
C c coin- 


\\ 

XXXIX. 

J Fig.  XL. 


Fig.  XLI. 
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coincident  with  its  loweft  point,  in  which  cafe  the  line 
S G is  perpendicular  |j  to  the  horizon  : let  it  be  moved 
out  of  that  fituation,  fuppofe  into  the  pofition  J SBG : with 
the  centre  S and  diftancc  SG  deferibe  the  arc  GG  and  GD 
equal  to  it,  and  draw  GB  perpendicular  to  SBG : then  the 
weight  of  the  fyftem  being  denoted  by  the  line  SCG  in 
quantity,  and  the  direttion  in  which  gravity  a6ts,  let  this 
be  rcfolved  into  two,  i.  e.  SB  which  urges  the  fyftem  di- 
redtly  from  S,  and  BG  perpendicular  to  SB  which  impels 
it  round  the  axis  of  motion  : in  this  fituation  therefore  the 
point  G will  be  afted  on  by  a force  in  the  diredtion  BG, 
which  is  to  the  weight  of  the  fyftem  as  BG  to  SG.  This 
force  will  decreafe  continually  as  SBG  approaches  SCG, 
and  when  it  coincides  with  SCG  will  be  evanefeent:  the 
centre  of  gravity  having  then  acquired  its  greateft  velo- 
city will  begin  to  afeend  on  the  contrary  fide,  being  re- 
tarded according  to  the  fame  laws  by  which  it  was  before 
accelerated,  until  it  has  loft  all  motion  at  D ; this  motion 
of  the  fyftem  round  an  axis  through  the  angle  GSD,  when 
effected  by  gravity,  is  called  a vibration  orofcillation,  and 
the  vibrating  fyftem  is  called  a pendulum. 

It  is  next  to  be  fhewn,  at  what  diftance  from  the  axis 
the  whole  weight  of  the  fyftem  mull  be  collected,  fo  that 
it  (ball  vibrate  through  a given  angle  in  the  fame  time  as 
before. 


V. 

In  a fyftem  of  bodies  a,  b,  c,  moveable 
round  an  horizontal  axis  which  paftes 
through  s : let  g be  their  common  cen- 
tre of  gravity,  when  referred  to  a vertical 
plane  palling  through  s,  and  in  the  line 
sg  produced,  let  a point  o be  fuppofed 
filch,  that  if  a + b -h  c be  collefted  into 
o,  the  fyftem  will  perform  its  vibrations 
through  a given  angle  in  the  fame  time, 
as  when  the  bodies  a,  b,  c are  difpofed  at 

the 
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the  diftances  s a,  s b and  s c refpe&ively, 
and  in  their  original  pofitions  in  refpedt 
of  each  other  j it  is  required  to  aflign  the 
diftance  so. 


Here  two  pendulums  are  to  be  conlidered,  the  one  con- 
fiding of  the  bodies  A B + C,  difpofed  at  their  refpec- 
tive  given  pofitions  and  diitances  from  the  axis  SA,  SB, 

SC,  the  other  being  formed  by  collecting  the  whole  mafs 
A q.  B -f  C into  fome  point  0 ; and  it  is  required  by  the 
problem  to  affign  the  dillance  SO,  when  thefe  two  pendu- 
lums perform  the  whole  and  every  correfponding  part  of 
their  vibration  through  a given  angle  in  the  fame  time. 

Let  each  pendulum  begin  its  vibration  from  the  line 
SGNO,  and  with  the  centre  S and  diitances  SG,  SO  de- 
fcribe  the  arcs  G g G,  Oo  0,  and  through  g which  is  con- 
tiguous to  G draw  the  line  So  : moreover,  draw  the  right 
fine  GM.  Then  during  the  time  in  which  any  point  G 
at  a given  dillance  from  the  axis  in  both  pendulums  de- 
fcribes  the  evanefcent  4- arc  Gg,  the  force  which  accelerates  f Sea.  Ill; 
that  point  will  be  conllant  in  both  pendulums,  and  if  thefe  IVi 
forces  are  equal  to  each  other  at  the  firll  inltarit  of  motion,  Cor'  4‘ 
the  point  G in  both  pendulums  ||  will  defcribe  the  given  ||  page  202. 
arc  Gg,  and  any  fubfequent  § given  increment  of  the  arc  and 
GgG  in  the  fame  elementary  particle  of  time,  and  con- 
fequently  that  whole  arc  in  the  fame  time.  We  have  ' °P"  ' 

therefore  only  to  afcertain  at  what  dillance  SO,  the  bodies  t ^ase  *r' 
A+B-{-C  mull  be  collected,  fo  that  the  point  G may  be  ac-  JtlJ 
celerated  by  the  fame  force  as  when  the  pendulum  confid- 
ed of  the  bodies  A + B + C vibrating  at  their  refpedlive 
given  pofitions  and  diitances  SA,  SB,  SC. 

The  moving  force  which  afls  upon  f the  point  G (be-  q Page2oi' 
ing  the  centre  of  gravity  of  the  firll  mentioned  pendulum)  ' 

is  A + B -J-  C x and  this  force  will  in  a given  time 

generate  the  fame  velocity  in  G,  if  A,  B,  C were  remov- 


yi-  X $ aQ.  ** 

ed,  and  the  equivalent  J malfes  — p 

C x SCI 


B x SB- 
SGL 


f 


— ■ were  colledled  in  G,  the  force  therefore  which 


t Sea.  VI, 
Prop.  I. 


accelerates  the  point  *G  = — — B + c x MG  x SG 

A xASl+  BxBS-+  CxCS 1 
C c z This 


» Sea.  VI. 
• Prop.  1. 
Cor.  3. 


x Sea.  VI. 
lJrop.  II. 


* Sta.  m. 
Prop.  IV. 
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This  is  the  cafe  when  the  parts  of  the  fyftem  A,  B and 
C are  difpofed  at  their  refpedtive  diftances  and  pofitions 
S A,  S B,  S C : now  let  A -f  B -f  C be  collected  in  fomc 
point  O,  and  through  O draw  ON  perpendicular  to  SGO, 


the  force  which  accelerates  O will  be  — 


A + B + C X ON 
A+  B + C x SO 


— , and  the  force  which  J acccleratesG  zr  . 

S G SO 

Tf  the  forces  which  accelerate  the  point  G in  both  cafes  be 
made  equal,  the  abfolute  velocity  generated  in  equal  parti- 
cles of  time  in  G will  be  the  fame  in  both  pendulums,  which 
will  therefore  defcribe  the  given  * arc  of  vibration  GgG  in 
the  fame  time.  Since  therefore  the  forces  which  accelerate 
the  point  G in  the  two  cafes  defcribed  in  the  problem  are  10 

MG  A+B+CxMG  xSG 
be  equal,  we  have  SQ  — A x jp  + £ x £Sz  + c x CSz> 


and  SO  — 


Ax  AS*  + B x BS'+C  xCS1 
A+£  + C‘xSG 


Cor.  t.  The  point  O is  called  the  centre  of  ofcillation, 
and  the  diftance  intercepted  between  the  axis  and  this 
point  determines  the  length  of  the  pendulum. 

Cor.  z.  The  whole  mafs  therefore  whic.i  is  contained 
in  a pendulum  may  be  fuppofed,  as  far  as  regards  the  time 
(jf  its  vibration  through  a given  angle,  to  be  collected  into 
the  centre  of  ofcillation. 

Cor.  3.  The  fum  of  all  the  products,  which  are  formed 
by  multiplying  each  particle  of  a fyftem  into  thefquareof 
its  diftance  from  the  axis  of  motion,  is  equal  to  the  refl- 
ate under  the  diftances  of  the  centres  of  gravity  and  of- 
cillation from  the  axis  of  motion,  into  the  weight  of  the 
whole  mafs,  that  is,  if  A -f-  B + C,  Sic.  zz  W,  A x AS 1 
4-  BxBSl+  C X CS*,&c.  = SO  xSG  xW. 

Cor.  4.  In  thefe  demonftrations  the  bodies  A,  B and  C 
which  compofe  the  revolving  fyftem  have  been  afTumed  of 
evanefcent  magnitude ; and  the  rules  demonftrated  are 
eafily  applied  to  the  determination  of  the  centres  of  ofcil- 
lation in  natural  bodies,  which  are  made  up  of  innumera- 
ble elementary  particles,  by  finding  the  fum  of  all  the  pro- 
ducts which  can  be  formed  by  multiplying  each  particle 
into  the  fquare  of  its  diftance  from  the  axis  of  motion,  and 
dividing  this  fum  by  the  bodies  whole  weight  into  the 
diftance  of  the  common  centre  of  gravity  from  the  axis. 


[ 205  ] 

Cor  c When  the  revolving  fyftem  confifts  of  feveral 
bodies’,  the  centres  of  ofcillation  and  gravity  in  each  of 
which  when  revolving  round  the  common  axis  is  known, 
the  centre  of  ofcillation  of  the  whole  fyftem  is  determined 

/ //  /// 

thus.  Let  0,  0,  0 reprefent  the  diftances  of  the  centres-^of 
ofcillation  of  the  feparate  parts,  from  the  axis,  and  G,  G, 

and  G be  the  diftances  of  their  refpeaive  centres  of  gra- 

i a w 

vity;  alfo  let  W,  IV,  W be  the  weights  of  the  feparate 
parts’,  and  SG  the  diftance  of  their  common  centre  of 
Gravity  from  the  axis;  then  the  diftance  of  the  centre 
2f  ofcillation  of  the  whole  fyftem  from  this  axis  will  be 
iii  ii  n ii  in  I"  i " 

OGPV+  OGJV  + OGW 
~ Ti  Ui 
SG*IV+  W+IV 

Cor.  6.  Suppofe  the  weight  of  a pendulum  to  be  col- 
letted  into  the  centre  of  ofcillation  0,  and  let  the  pendu- 
lum perform  its  vibration  in  the  arcs  of  a circle.  The 
force  which  accelerates  the  pendulum  when  at  P,  will  be 
to  the  force  which  accelerates  it  when  at  any  other  point 
^as  the  fines  OM,  ON.  If  thefe  fines  were^the  fame 
proportion  as  the  arcs  OP,  0^,  the  * arcs  would  be  de- 
fcribed  in  the  fame  time,  provided  the  vibrations  commenc- 
ed from  the  points  ^and  P ; but  lince  the  lines  increafe 
not  in  fo  great  a proportion  as  the  arcs,  it  is  manifeft,  that 
the  time  in  which  the  pendulum  defcribes  the  larger  arc 
of  its  vibration,  will  be  greater  than  that  in  which  the 
fmaller  vibrations  are  performed.  But  when  the  arcs  are 
very  fmall,  the  ratio  of  the  fines  becomes  more  nearly  co- 
incident with  that  of  the  arcs  themfelves,  and  confequently 
the  forces  which  accelerate  the  pendulum  are  more  nearly 
in  that  proportion,  and  accurately  fo  when  the  arcs  are 
evanefcent.  The  times  therefore  wherein  a pendulum 
performs  its  lead  vibrations  in  circular  arcs  will  be  equal, 
whatever  be  the  proportion  of  thofe  arcs,  and  may  be  de- 
termined by  referring  to  prop.  i.  fett.  iii.  Suppofe  SO  to 
be  perpendicular  to  the  horizon,  being  the  quiefeent  po- 
rtion of  the  pendulum,  and  let  it  be  defletted  from  its 
vertical  lituation  through  an  arc  PO,  then  will  the  force 
accelerating  the  point  P,  be  that  part  of  gravity  which  is 
"OM 

exprefled  by  the  frattion  , and  when  the  arc  P O is 

o V 


Fig.  XLlI- 


* Sea.  III. 
Prop.  I. 


eva- 
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evanefcent,  the  force  = 


PO 


t Sea.  III£ 
Prop.  J, 
Cor.  3. 


SO  5 ]etP  = 3'HlS9>  l — »9'&t 
then  will  the  time  wherein  the  pendulum  defcribes  OP 
- P x ^ P0  __  _ P X v/so  . , 

and  the  time  of  one 


V 


P o 
S 0 


X l 


v/  8 / 

. p X \/  SO 

entire  vibration  — ‘ - — 


— parts  of  a fecond. 


V/  2 / 

Fig.  XLIII.  Let  ABC  be  fyftem  of  Irodies  without  weight,  move- 
able  about  an  axis  which  paffes  through  S.  Let  So  — 


AX  ASX  BXBS'‘ 


+ exes * . , , , 

then  if  the  whole  matter 


II  Sea.  vi. 
Prop.  IV. 


AxAS+B  xBS+  CxCS 
were  collefted  in  o,  the  fame  ||  quantity  of  motion  would 
be  generated  in  the  fyftem  in  a given  time,  as  when 
A -f-  B -f  C revolved  at  their  refpe&ive  diftances  SA,  SB, 
SC : if  any  given  moving  force  Iff,  by  which  the  angular 
motion  is  generated,  be  applied  at  the  fame  diltance  from 
the  axis  SG  in  both  cafes,  and  in  a direflion  perpendicu- 
lar to  SG;  the  fum  of  the  moments  generated  in  a given 

time  will  in  this  cafe  be  expreffed  by  the  quantity  — . 

o o 

Now  let  the  whole  mafs  A + B -f  C be  colleded  into  any 
other  point  O,  and  the  force  IV  be  applied  in  a diredicn 
perpendicular  to  SO  to  communicate  motion  to  the  point 
O,  then  will  the  quantity  of  motion  generated  in  a given 
time  be  denoted  by  W,  and  the  proportion  of  thefe  quan- 
tities of  motion  generated  in  a given  time  will  be  that  of 
SG  to  So.  This  is  applicable  to  the  vibratory  motion  of  a 
pendulum  which  is  effe&ed  by  gravity.  The  force  to  create 
motion  in  pendulums  is  the  gravity  of  each  particle,  and 
this  will  be  equivalent  in  its  effed  to  the  entire  weight 
applied  at  the  centre  of  gravity:  therefore,  let  G be  the 
r . , „ AXAS*+ BxBSz+  CxCS1 

centre  of  gravrty,  and  S.  = JxJS+SxBS+CxCS  ’ 

and  let  0 be  the  centre  of  ofcillation  : the  quantity  of 
motion  generated  in  the  pendulum  by  gravity  in  a given 
time  will  be  to  the  quantity  of  motion,  which  would  be 
generated  in  it  when  the  whole  mafs  is  colleded  into  the 
centre  of  ofcillation,  in  the  proportion  of  S G : So, 


VI, 
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VI. 

In  a given  fyftem  of  bodies  a+b+c  if  Fig.  xliv, 
the  diftance  of  the  centre  of  gravity  from 
the  axis  of  motion  be  increafed,  the  di- 
ftance between  the  centres  of  gravity  and 
ofcillation  will  be  decreafed  in  the  fame 
proportion,  provided  the  plane  wherein 
the  pendulum  vibrates  be  the  fame  in  re- 
fpecl  of  the  bodies  a,  b and  c. 


Let  5 be  the  point  through  which  the  axis  of  motion 
paffes ; alfo  let  G be  the  centre  of  gravity,  and  O the 
centre  of  ofcillation,  and  draw  SGO;  join  GA , GB  and 
GC,  and  through  A,  B and  C draw  the  lines  Aa,  Bb,  Cc 
pemendicular  to  SO  : then  we  have  ASZ  — GSZ  -f  AGZ  -f- 
zSGxGa,  BSZ  = GSZ  + BGZ  + zSGxGb,  CSZ  = GSZ  *u,c]£- n- 
•f  CGZ—  z SGxGc,  (becaufe  CSZ  - CGZ  — GSZ  — zGS  „ ' p' 

xSc  — CGz-\-  GSZ  — zGS2  — zGSxSc  — CGZ  - f GSZ 
— 2 SG  x GS  -f-  Sc)  and  A X ASZ  + B X BS*+C  x CSZ 
= 4 xGSz  + GAZ  + 2 SG9  X G~a  + B X GSZ  + GB^+ 
zSGx  Gb+  CxGSz+GCz  — zSG  xGc : but  by  the 
property  of  the  centre  of  gravity,  A xGa  + B xGb — 

C x Gc  — o,  wherefore  AxASz  + BxBS'--l-CxCSz  — 
4+B+CxGSz  + AxAGz  + BxBGz+CxCGz,  and 
sn_A+B+CxGSl  ; AxAGz+BxBGl+CXCGz 
~ A+B+  CxGS  ~A+  B + CXGS 


— GS  + GO,  and  taking  GS  from  both  fides,  we 

have  GO  = A%  AG'  + * * B G‘  + C * CG‘  a„d 

,Z>  -h  C X S G 

4XAGZ  + BXBGZ+CX  CGZ 

~ being  conuant  in  the 

a + b + c aerzy 

fame  fyftem,  when  the  plane  of  vibration  alters  not,  it  fol- 
lows, that  GO  will  be  inverfely  proportional  to  S G. 

. C°r'  i-  With  the  ceptre  G and  diftance  SG,  deferibe  a 
circle  SRF.  Let  /?^be  the  diftance  of  the  centre  of  olcil- 

lation 


; 


I 
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r*.  XLV. 


lation  from  the  axis  of  motion  when  the  pendulum  vi- 
brates in  the  fame  plane  as  before,  round  any  point  in 
the  circumference  SRF,  for  example/?,  then  will  R 


~ SO,  for  G^~ 


AxAGz+BxBGz  + CY.CG1 
GRxA~\-B-\-C 


GO  by  the  propofition,  and  confequently  SO  — R$7_:  the 
fame  fyftem  will  therefore  perform  its  vibrations  in  a 
given  arc  of  a circle  in  the  fame  time,  wherever  its  centre 
of  fufpenfion  be  fituated,  provided  it  be  always  at  the  fame 
diftance  from  the  centre  of  gravity,  and  the  plane  of  its 
vibration  in  refpeft  of  the  fyftem  be  not  altered. 

Cor.  2.  If  G be  the  common  centre  of  gravity  of  the 
whole  fyftem,  and  of  any  two  or  more  parts,  for  example 
A and  B,  then  the  diftance  BA  remaining,  let  thefe  bodies 
revolve  round  G,  in  the  plane  which  is  perpendicular  to  the 
axis  of  motion;  wherever  they  are  fixed  during  this  revo- 
lution, the  fyftem  will  vibrate  through  a given  angle  round 
the  axis  of  motion  S in  the  fame  time  as  before;  for  by 
the  revolution  of  A B,  the  quantity  Ax.AGl+BXBGl 
4-CxCG1  is  not  altered,  and  SG  being  likewife  the 


fame,  GO  r 


^X^G^  + JgX-gG^CXCG* 
i + 5 + CX  SG 


will  be 


unvaried,  and  confequently  S 0 the  fame  as  before. 

Fig,  XLIV.  Cor.  3.  Let  A,  B,  C reprefent  any  fyfiem  revolving 
round  an  axis  pafling  through  S ; Jet  G be  the  centre  of 
gravity,  O the  centre  of  ofcillation,  and  W the  weight  of 
the  body ; then  if  the  fyftem  when  referred  to  any  one 
plane,  which  is  perpendicular  to  the  axis,  confifts  of  the 
particles  A,  B,  C,  &c.  the  fum  of  the  products  which  are 
formed  by  multiplying  each  particle  into  the  fquareof  its 
diftance  from  the  centre  of  gravity  — SGxGOxfV: 
that  is,  when  thefe  diftances  are  eftimated  by  lines  drawn 
through  each  particle  perpendicular  to  a line  which  paftes 
through  the  centre  of  gravity  ; or  if  the  whole  figure  be 
projected  into  a plane  perpendicular  to  the  axis  and  pafs- 
ing  through  the  centre  of  gravity,  thefe  diftances  may  be 
eftimated  by  lines  intercepted  between  the  particles  and 
the  centre  of  gravity  itfelf. 

Fig.  XLVI.  Cor.  4.  Let  ABC  reprefent  the  plane  which  paftes 
through  the  centre  of  gravity  of  any  irregular  folid,  and 
let  a line  be  drawn  perpendicular  to  this  plane  pafling 
through  the  centre  of  gravity  G.  Any  where  in  the  plane 
SABC,  let  two  points  SB  found  bv  trial  be  fuch,  that 
when  they  are  fupported,  the  folid  will  remain  balanced  in 
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any  pofition,  the  centre  of  gravity  muft  be  in  a line  which 
joins  thefe  points.  Let  the  body  vibrate  in  the (plane -SABC 
round  an  horizontal  axis  which  paffes  through  S.  Elevate 
the  point  B fo  that  5 B may  be  horizontal,  and  let  the 
weight  q afting  vertically  by  means  of  a fixed  pully  C be 
fuch  as  is  juft  iufficient  to  fupport  SB  horizontal  : alfo  let 
SB  — a,  the  weight  of  the  body  = w,  then  will  SG  — 


I 


tl.  Suppofe  that  the  fyfteni  performs  n very  fmall  vi- 

qjlj 

brations  in  a circular  arc  round  the  given  axis  which  pafles 
through  5 in  t feconds ; then  the  diftance  of  the  centre  of 

ofcillation  from  the  axis  SO  = inches*,  / being  = 


inches,  and  p — 3. 14159,  &c.  wherefore  GO  _ 


1 93 

2 r* / aq^  2 sul 


, and  fwXGOxt  Seft.V. 
nxpx  w 1 Prop.  I. 


nxpl  M . 

SGzzAx  AG1  + B x BGX  + C x CG\  &e.  -Cor-2* 

2 <wag  t l — a g n p ' pr0p0pltj0n  js  0f  confider- 

nxpXcw 


able  ufe  in  the  praflical  conftruftion  of  the  balance,  when 
the  motion  of  that  inftrument  as  well  as  its  equilibrium  is 
confidered,  which  will  be  fhewn  on  a future  occafion. 

Suppofe,  that  during  the  vibration  of  a fyftem  of  bodies  piK.XLVII 
round  a fixed  axis,  fuch  an  obftacle  were  oppofed  to  any 
point  O,  as  to  entirely  deftroy  the  motion  of  that  point. 

The  point  O being  quiefcent,  each  particle  of  the  fyftem 
will  endeavour  by  its  inertia  to  proceed  in  the  direiftion 
of  its  % motion,  that  is,  of  the  tangent  to  the  circular  arc  j J.  Law 
which  it  was  defcribing  the  inftant  O was  flopped.  Thefe  of  Motion, 
forces  will  therefore  aft  on  the  fyftem  to  turn  it  round  O, 
and  if  the  fum  of  the  forces  on  each  fide  of  0 ihould  be 
unequal,  the  motion  of  the  fyftem  will  not  be  deftroyed 
when  0 is  flopped  : but  fince  the  forces  which  aft  on  the 
pendulum  between  0 and  S will  have  an  effeft  to  continue 
the  motion  of  the  fyftem  contrary  to  thofe  which  are  im- 
prefled  on  the  other  fide  of  0,  if  the  point  0 be  fo  fituat- 
ed  that  the  fum  of  the  forces  to  turn  the  fyftem  round  0 on 
each  fide  of  that  point  may  be  exaftly  equal,  the  whole 
motion  of  the  fyftem  will  be  deftroyed  the  inftant  0 is 
Hopped.  This  point,  determined  according  to  the  con- 
ditions juft  defcribed,  is  called  the  centre  of  percuflion, 
and  if  a pendulum  vibrating  with  a given  angular  mo- 
tion ftrikes  an  obftacle,  the  effeft  of  the  blow  will  be  the 
greateft  when  the  impaft  is  made  in  that  point : for  in 

D d this 
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this  cafe,  the  obftacle  receives  the  whole  revolving  mo- 
tion of  the  pendulum ; whereas  if  the  blow  be  ftruck  in 
any  other  point,  a part  of  the  pendulum’s  motion  will  be 
employed  in  endeavouring  to  continue  its  rotation. 


VII. 

Fig.xLvn.  In  a given  fyftem  of  bodies  a + b + c 
moveable  about  an  axis  of  motion  palling 
through  s 3 it  is  required  to  determine  the 
diftance  of  the  centre  of  percuffion  from 
the  axis  of  motion. 


1 Euclid. 
Elem. 
Lib,  6. 
Prop.  13, 


Let  G be  the  common  centre  of  gravity,  draw  SGO  L, 
and  let  O be  the  centre  of  percuffion.  Through  A,  B 
and  C draw  A a,  Bb  and  Cc  perpendicular  to  SA,  SB  and 
SC  refpedtively,  and  the  lines  AD,  BE,  C F perpendicu- 
lar to  SO  : then  the  inftant  0 is  flopped,  the  body  A will 
endeavour  to  proceed  in  the  diredtion  A a,  being  perpen- 
dicular to  SA,  and  thereby  urge  forward  the  point  a with 
a force  proportional  to  A X SA ; this  may  be  expounded 
in  quantity  and  diredtion  by  the  line  A a,  but  the  direction 
in  which  it  adts  being  oblique  to  SO,  in  order  to  find  what 

fart  of  it  is  employed  to  turn  the  fyftem  round  O,  it  mull 
e refolved  into  two  Da  and  DA,  whereof  Da  tends  to 
urge  the  fyftem  from  S,  and  AD  to  impel  it  round  0 : con- 
fequently  this  latter  force  is  that  part  of  the  whole  force 

D A 

A X SA,  which  is  expreffed  by  the  fradtion  » or  be- 
caufe  of  the  fimilar  triangles  DAa,  SDA,  by  the  fradtion 


SD 

SA 


: the  force  of  A therefore  applied  to  turn  the  fyftem 


when  O is  flopped  zz 


A x AS  x SD 
SA 


— Ax  SD,  and  the 


effedt  of  this  force  to  generate  angular  motion  round  0 is 
AxSDxOa  — A X SD  xSO  — 5 and  fince  by  fimilar 
Sj4x 

triangles  *Sa  — , it  follows,  that  the  force  of  A to 

turn  the  fyftem  round  0 zz  A x SD  x SO  — A x SA'\ 
a and 


[ 211  ] 


and  by  the  Tame  reafoning  the  force  of  B to  turn  the 
fyftem  round  O in  a contrary  diredtion  — By.  SB 1 — B 
X SEx  SO,  and  that  of  C = C X CSl  - C X CF  X SO  : 
and  fince  thefe  forces  are  to  balance  each  other  round  O 
by  the  problem,  we  have  A X SD  x SO  — A X SA 2 — 
£ xSBz  — BxSExSO  + CxSC1  — C X SFx  SO, 

, n ^ A x SA1  B x SB~  + C x SC~  j ^ ^ 

and  50  = -■  and  f,nc' by 

property  of  the  centre  of  gravity  AxSD+BxSE 

+ CxSF  — SGxA+B+C,  it  follows,  that  SO  — 

A x AS1  + BxBS'l  + Cx  CS* 

A+B+CxSG 


Cor.  i.  The  diftance*  of  the  centre  of  percuflion  is  « Seft.  VI. 
equal  to  the  diftance  of  the  centre  of  ofcillation  from  the  IJrop.  V. 
axis  of  motion. 

The  centre  of  ofcillation  has  been  defined  that  point 
wherein  if  all  the  matter  of  a fyftem  were  collected,  the 
time  of  vibration  through  a given  angle  would  be  the 
fame  as  before,  and  confequently  the  angular  velocity  ge- 
nerated in  a given  time  mull  be  the  fame  in  both  cafes : 
but  here  a circumftance  is  to  be  taken  notice  of.  In  de- 
termining the  centre  of  ofcillation,  when  the  parts  of  a Fig.  XLI, 
fyftem  A,  B,  C are  difpofed  at  the  refpedtive  given  pofi- 
tion  and  diftances  SA,  S B,  S C,  the  moving  force  which 
generates  the  angular  velocity,  that  is,  the  natural  weight 
of  the  body  is  applied  at  the  common  centre  of  gravity  ; 
whereas,  when  the  matter  of  the  fyftem  is  colledled  into  O, 
fo  that  the  time  of  vibration  in  a given  angle  may  be  the 
fame  as  before,  the  moving  force  is  applied  at  O,  having 
changed  its  place  from  G to  O. 

This  is  the  cafe  when  a pendulum  is  put  in  motion  by 
gravity,  but  when  any  fyftem  of  bodies  A,  B,  C is  caufed 
to  revolve  by  the  aftion  of  a force  applied  at  any  given 
diftance  which  changes  not,  if  the  whole  mafs  A -f  B + C 
be  collefted  into  the  centre  of  ofcillation,  the  angular  ve- 
locity generated  in  a given  time  will  not  be  the  fame  as 
before:  there  exifts  therefore  fome  other  point  R,  in  which  Fig.  XLIII. 
if  all  the  matter  A + B + C be  collected,  a given  force 
P applied  at  an  invariable  diftance  from  the  axis,  will  ge- 
nerate the  fame  angular  velocity  in  the  fame  time  as  if  the 
bodies  were  difpofed  at  their  refpeftive  diftances  SA,  SB, 

S C.  This  point  is  called  the  centre  of  gyration. 

N.  B.  To  avoid  repetitions,  whenever  any  moving 
force  is  applied  to  turn  a fyftem  round  its  axis,  it  is  al- 
D d 2 ways 
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ways  meant  to  aft  in  the  direftion  of  the  plane  wherein 
the  fyftem  revolves,  and  at  right  angles  to  a line,  drawn 
from  the  point  at  which  it  is  applied,  perpendicular  to 
the  axis. 


VIII. 

Fig.  xliii.  In  a fyftem  of  bodies  a,  b,  c revolving 
round  an  axis  which  paftes  through  s: 
having  given  the  quantities  of  matter 
contained  in  a,  b,  c,  and  the  diftances 
sa,  sb,  sc,  it  is  required  to  determine  sr 
the  diftance  of  the  centre  of  gyration  from 
the  axis  of  motion. 


Let  any  force  P be  applied  to  turn  the  fyftem  at 
any  given  diftance  from  the  axis  S D.  If  the  force 
which  accelerates  a given  point  D be  the  fame  in  any 
Propfi.  ’ tw0  ca^es>  the  * abfolute  velocity  of  that  point  gene- 
rated in  a given  time  muft  be  the  fame,  and  confequent- 
JjSedt.  VI.  ly  the  angular  velocity  ||generated  in  the  fyftem  equal 
CorP'  *n  both  cafes : £he  force  which  accelerates  the  point  D zz 

7 : f now,  let  A + B+C 


P X y D 


*}-  Sedt*  VI.  

Prop.  I.  + B xBS*  + C xCS 


Cor.  3. 


coincide  with  R,  and  the  force  which  accelerates  D will  be 
P y.  S D z 

-,  thefe  forces  muft  be  equal  by  the  hypo- 


A + B + CxSRz 

, , PxSD 1 

thefts:  making  therefore  A x + B * B S*~+  C x CS* 

PxSD  we  ^ajj  ^ave  ^ £ 2 _ 


A+B  + CxSR1- 

A x AS1-}-  B x BSz-\- C x CS1  , , c , 

— T _ — X and  the  diftance  of  the  centre 

A + B + C 

. /A*  AS'+B*  BS+CxCSx 

of  gyration  required  = “V  A + B + C — 

Cor.  1.  Let  A -f  B + C — TV,  and  fince  A X A S'1  -f 
£ X BStl+  C X CSZ  = SR 1 X TV,  it  follows,  that 


1 
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SO  X SG:  f wherefore  the  diftance  of  the  centre  of 
syration  is  a mean  proportional  between  the  distances  of  CorP’3>  * 
the  centres  gravity  and  ofcillation  from  the  axis  of  motion. 

Cor.  2.  Every  thing  remaining,  the  angular  velocity 
generated  in  a fyftem  will  be  the  fame,  whether  the  mafs 

JTis  placed  at  the  diftance  \\SR=V  SO  X SG,  or  whe-  II  Supra. 

ther  the  mafs  — — is  placed  *at  the  diftance  SD.  pr0p.i. 


Cor.  3.  Let  the  fyftem  revolve  in  the  fame  plane  as  be- 
fore, and  round  an  axis  which  pafles  through  the  centre  of 

s/y,GJx+B-x.GB1+Cx.GC1,&c. 


gravity;  and  let  G£>j=  \J 


A+B+C 


being  the  diftance  of  the  centre  of  gyration  J from  the  axis  t Sett.  VI. 
of  motion : from  the  propofition  it  appears,  that  GQJ-  — ProP- *• 

S G X G O, 


Cor.  4.  Let  ABCD  reprefent  any  pendulous  body  mov-  p;g, 
able  round  an  axis  of  motion  HI  which  pafles  through  S,  XL-VIII. 
and  let  any  impadtbe  imprefled  on  the  point  D,  (while  the 
pendulum  is  at  reft,)  in  an  horizontal  diredtion  and  per- 
pendicular to  the  vertical  plane  ABCD.  To  find  the 
angular  velocity,  which  is  communicated  to  the  pendulum 
by  the  impadt,  let  the  weight  of  the  pendulum  be  W , let 
G be  the  centre  of  gravity,  0 the  centre  of  ofcillation,  and 
R the  centre  of  gyration  ; then  let  a weight  be  aflumed 
which  is  to  W as  SR % or  S 0 X SG  to  SDZ,  this  weight 


WxSOxSG 
SD * 


being  collefted  into  the  point  D,  the 


fame  angular  velocity  will  be  generated  in  the  fyftem,  as 
when  the  pendulum  is  of  the  prior  form,  every  thing  elfe 
being  the  fame. 

This  is  the  rule  delivered  in  Mr.  Robins’  Gunnery, 
without  demonftration,  page  86.  vol.  1.  and  by  the  ap- 
plication of  it  to  his  experiments,  Mr.  Robins  was  the  firft 
who  afeertained  with  any  tolerable  degree  of  certainty  the 
initial  velocity  of  military  projeftiles. 

Gallilaso  had  demonftrated  that  the  track  of  a body  pro- 
je£ted  in  any  dire&ion  not  perpendicular  to  the  horizon, 
was  a parabola,  the  air’s  refiftance  being  not  confidered, 
and  this  refiftance  was  imagined  to  be  fo  i'mall,  that  bodies 
moving  through  it  would  not  fenfibly  deviate  from  the 
path  which  they  would  deferibe  in  vacuo,  the  velocity  and 
diredtion  of  projection  being  the  fame.  5 This  opinion  5 Philof. 
however  erroneous  was  adopted  by  Dr.  Hally,  as  well  as  fe-  Tranfadt, 

veral  No‘ 119* 


[ 214  ] 

veral  other  eminent  philofophers.  That  either  the  theory  of 
of  proje&iles  was  defective,  or  the  refiftance  of  the  air  fuch 
as  rendered  it  inapplicable  to  pra&ice,  was  however  after- 
wards difcovered.  When  equal  bullets  are  fhot  off  from 
the  fame  piece  of  ordnance,  and  with  equal  charges  and  at 
the  fame  elevation  above  the  horizon,  the  horizontal  ranges 
and  times  of  flight  mull  be  the  fame  or  very  nearly  fo, 
(provided  the  figure  of  the  balls  be  perfe&ly  fpherical, 
and  their  fubftance  altogether  homogeneal.)  however  great 
the  air’s  refiftance  may  be.  This  being  the  cafe,  if  the 
horizontal  range  were  obferved  on  any  one  difcharge  at  a 
given  angle  of  elevation,  the  initial  velocity  wherewith 
the  Ihot  quitted  the  cannon  would  be  deduced  from  Gali- 
Iso’s  rules,  provided  the  air’s  refiftance  were  inconfider- 
able  in  its  effefts.  But  it  appeared  from  experiments  made 
on  the  fame  piece  of  ordnance  from  which  bullets  exactly 
equal  were  difcharged  with  equal  quantities  of  powder 
and  at  different  elevations,  that  the  initial  velocities  de- 
duced by  Galilaeo’s  theory  from  the  different  horizontal 
ranges  obferved  were  entirely  different.  Neither  did  the 
horizontal  ranges  follow  that  law  in  refpedt  of  the  eleva- 
tions, which  is  demonftrated  by  Galilaeo. 

Various  hypothefes  were  formed  in  order  to  account  for 
thefe  irregularities.  Mr.  Robins  perceived  that  their  true 
caufe  could  not  be  determined,  except  the  initial  velocity 
of  the  fhot  in  given  circumftances  were  firft  with  certainty 
known.  The  great  velocities  communicated  to  bullets 
by  gunpowder,  rendered  it  impoflible  to  make  any  direft 
obfervation  on  them : Mr.  Robins  therefore  ufed  the  fol- 
lowing indirect  method,  which  feemed  fully  to  anfwer  his 
intentions. 

yis.  SABCD  reprefents  a pendulum  moveable  about  an  hori- 

XLVIII,  zontal  axis  IH:  a heavy  block  of  wood  ABCD  was  fo  af- 
fixed to  the  rod  ES,  that  its  anterior  furface  might  be 
vertical  when  quiefcent  and  parallel  to  a plane  which  pafled 
through  the  axis  of  motion.  When  a bullet  impinged  per- 
pendicularly on  the  furface  AD,  the  pendulum  was  caufed 
to  vibrate  on  its  axis  of  motion,  and  the  weight  of  it  was 
fo  adjufted  in  refpeCl  of  the  bullet’s  weight  and  velocity, 
that  the  angle  of  vibration  might  be  fuch  as  admitted  of 
the  mod  exaft  determination  by  experiment. 

Suppofe  then  that  a mufket  or  other  bullet  were  to 
ftrike  perpendicularly  againfl  the  point  D,  and  the  angle 
through  which  the  pendulum  is  impelled  by  the  fhot  ob- 
ferved. Mr.  Robins’  problem  is  to  infer  the  velocity  with 
which  the  bullet  impinged  againft  the  pendulum  from 

having 
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having  given  this  angle,  together  with  the  dimenfions  and 
weight  of  the  pendulum:  the  folution  of  this  may  ferve 
as  an  illuftration  of  the  principles  of  rotation  juft  de« 
monftrated. 


IX. 


Let  a mufiket  or  other  ball  perpendicit-  Jk-  m 
larly  ftrike  againft  and  penetrate  into  the 
fubftance  of  the  pendulum  abcd  in  the 
point  d ; let  the  angle  through  which 
the  pendulum  is  impelled  by  the  fliot  be 
a0:  having  given  the  weight  of  the  pen- 
dulum and  of  the  ball,  and  the  diftance 
from  the  axis  of  the  centres  of  ofcillation 
and  gravity  of  the  pendulum  together 
with  the  diftance  sdj  it  is  required  to 
affign  the  velocity  with  which  the  ball 
ftruck  the  pendulum. 


Let  the  weight  of  the  pendulum  = W,  and  that  of  the 
ball  — p-,  alfo,  let  O be  the  centre  of  ofcillation.  G the  centre 
of  gravity,  R the  centre  of  gyration,  and  let  <?_be  a weight 
which  being  collefted  into  the  point  D,  a given  force  ap- 
plied to  D will  generate  the  fame  angular  velocity  as  if  it 
were  applied  againft  the  pendulum  itfelf  in  the  point  D . 


rx  SG  x SO  Wx  SR1 


H Sett.  VI. 
Prop.  VIII. 
Cor.  4.  anti 


This  || equivalent  weight %=.  — — 

by  the  laft  propofition  : alfo,  let  V be  the  velocity  com-  Propfi. 
municated  to  the  point  D,  x the  velocity  of  the  bullet  re- 
quired, then  the  block  of  wood  being  nonelaftic  the  laws 
of  colli  (ion  give  the  following  proportion  P : P 

: : x : V;  wherefore  the  velocity  of  the  ball  x — V x 
<£__  + P. 

p — . Confequently  fince  l^and  P are  known,  it  only 


remains 
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remains  to  affign  the  velocity  V which  has  been  com- 
municated to  the  point  D,  from  having  given  the  angle 
A through  which  the  pendulum  is  impelled  by  the 
llroke.  Let  SO  — s,  SD  rr  d , then  the  velocity  acquired 
by  the  centre  of  ofcillation  in  a pendulum,  which  de- 
feribing  from  reft  any  arc  of  a circle  has  arrived  at  its 
lowed  point,  is  equal  to  that  acquired  by  a heavy  body 
which  has  defeended  freely  from  reft  by  the  accelera- 
tion of  gravity,  through  a fpace  equal  to  the  verfed  fine 
of  the  arc  deferibed  by  the  pendulum:  In  like  manner, 
if  any  given  velocity  be  communicated  to  the  centre  of 
ofcillation  of  the  pendulum  when  quiefeent,  it  will  rife 
through  an  arc  whofe  verfed  fine  is  equal  to  the  fpace 
through  which  a body  falls  freely  from  reft  in  order  to  ac- 
quire that  velocity.  This  being  the  cafe,  fince  the  pendu- 
lum in  the  problem  deferibes  an  arc  A0,  let  b be  the 
verfed  fine  of  the  arc  A0  to  radius  — i,  then  will  the 
centre  of  ofcillation  or  the  point  O deferibe  an  arc  during 
its  motion,  the  verfed  fine  of  which  — sb,  and  confe- 
• Sefh  VI.  quently  if  / :=  i6,^  feet,  the  initial  velocity*  of  0 will  be 
Prop.  V.  . 

Cor.  3.  — v feet  in  a fecond,  and  the  velocity  of  the  point 

D — \J  — — V.  This  therefore  will  give  us  the  ve- 
locity of  the  bullet  the  inllant  it  ftruck  the  pendulum  or 

x — V X — — V — - — X — feet  in  a fecond. 

To  illuftrate  this,  let  an  example  be  afiumed  from  Mr. 
Robins.  The  pendulum  which  he  made  ufe  of  weighed  56 
pound  3 oz.  or  675  oz.  The  diftance  of  the  impad  from 
the  axis  — 66  inches  — S D,  SO  — 62.66  — s,  SG  — 
4 Robins’  Mr.  Robins  f after  having  deferibed  the  conftruc- 

%rr’  tion  of  his  inftrument  and  the  conditions  of  this  problem, 
fays,  “ In  the  compound  ratio  of  66  to  62 f,  and  66  to 
« 52,  take  the  quantity  of  matter  in  the  pendulum  to  a 
“ fourth  quantity,  which  is  42  pounds  - oz.  Now  geo- 
“ meters  will  know,  that  if  the  blow  be  ftruck  in  the 
“ centre  of  the  piece  of  wood  ABCD,  the  pendulum  will 
“ refill  the  ftroke  in  the  fame  manner,  as  if  this  quantity 
“ of  matter  only  (42  pounds  i oz.)  was  concentrated  in 
“ that  point,  and  the  reft  of  the-  pendulum  was  taken 
“ away.” 

t Prop.  This  is  manifeftly  the  rule  juft  Jdemonftrated  for  a com- 
VIII.Cor.3.  pound  ratio  of  66  to  62.f,  and  66  to  52  is  the  fame  as  the 

fquare 
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fquare  of  the  dirtance  of  the  impaft  to  the  reftangle  un- 
der the  diftances  of  the  centres  of  gravity  and  ofcillation 
from  the  axis  of  motion;  that  is,  in  a duplicate  ratio  of 
the  diftance  of  impatt  to  that  of  the  centre  of  gyration 
from  the  axis.  The  equivalent  weight  therefore  which  in 
the  preceding  folution  was  denoted  by  i^will  _ r X 
SGXSO  _ 671;  X 62.66>-  xj_2  _ oz> 

‘ SDZ  ~~  66  X 66 

In  the  experiment  of  Mr.  Robins,  the  chord  of  the  f 

angle  through  which  the  pendulum  was  impelled!  by  the 
ftroke,  was  obferved  to  be  17.25  inches  to  a radius  page  87. 

7 1. 1 25  inches.  This  gives  the  angle  itfelf  ~ 130  55  4^  > 
we  have  moreover  for  the  determination  of  the  bullet’s 
Velocity  of  impaft  from  the  proportion,  d — 66,  r zz  62J 

^nd  42  pounds  of  an_oz.  or  504.95  oz.  b ~ 


the  verfed  fine  of  130  55'  48"  to  radius  1 = .02941057, 
P — 1 oz.  and  the  bullet’s  velocity  required  = 


C)  1 p 

X — ~ 39-727  X 505.95  = 20100  inches,  or  1675 

feet  in  a fecond,  / being  — 1 93  inches : if  according  to  Mr. 

Robins,  / be  aflumed  — 196.06,  the  velocity  of  the  bullet 
will  be  1688.  Mr.  Robins  f makes  the  velocity  from  4 page  88. 
the  fame  data  to  be  1641  feet  in  a fecond : or  if  the  com- 
putation had  been  exadt  according  to  his  principles, 
the  velocity  would  have  been  1645.  This  difference  is 
remarked  in  the  excellent  comment*  on  Mr.  Robins’ • Eu|er’s 
♦Principles  of  Gunnery:  it  was  occafioned  by  his  having  Comm,  on 
affumed  as  true,  that  a given  velocity  being  communi-  Robins’ 
cated  to  any  point  of  the  pendulum  D when  quiefcent,  p u"-n  £n’g. 
will  caufe  that  point  to  defcribe  an  arc  of  which  the  verfed  liih  Edit, 
fine  is  equal  to  the  fpace  through  which  a body  mull  fall 
from  reft  by  its  gravity,  to  acquire  that  velocity  : but  this 
is  true  only  when  the  given  velocity  is  communicated  to 
the  centre  of  ofcillation : if  therefore  a given  velocity  be 
communicated  to  any  other  point  D,  in  order  to  find  to 
what  perpendicular  altitude  that  point  will  rife,  the  velo- 
city at  the  fame  time  imprefled  on  the  centre  of  ofcillation 
muft  be  firft  found;  then  the  perpendicular  altitude  to 
which  the  centre  of  ofcillation  rifes  will  be  equal  to  the 
fpace  through  which  a body  muft  fall  freely  by  gravity  to 
acquire  that  velocity,  and  from  this  the  altitude  to  which 
the  point  ftruck  will  rife,  may  be  inferred  by  the  rule  of 
o pro- 


I 
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proportion.  Thus  let  V be  the  velocity  communicated  to 
&LVIII.  t}ie  P°int  then  will  V * be  the  velocity  commu- 
nicated to  the  centre  of  ofcillation,  and  if /=r  193  inches, 
or  feet,  the  verfed  line  of  the  arc  through  which  the 

* Se£t.  Ill,  . . yi  x SO 1 

Prop,  v,  ‘ centre  of  ofcillation  is  impelled*  = — — , wherefore 

Cor,  3.  4'  “ 

the  perpendicular  altitude  through  which  the  point ftruck 
y%  x SO  r 

D will  afeend  = ; and  confequently  if  this  alti- 

tude ~ a by  obfervation,  V the  velocity  communicated 

yt  x jq 

will  be  inferred;  for  fince  — = a,  we  have  V =z 

4/  X SD 


lxSDy.a 

X' . Mr.  Robins  rule  makes  it 


which  will  give  the  refult  too  fmall  in  the  proportion  of 
*/  SO  : a/ SD,  when  SO  is  lefs  than  SD,  and  greater  in  the 
fame  proportion  when  SO  is  greater  than  SD  : thus  in 
the  example  juft  referreej.  to  1645  : 1688  : V 6z7-f  : \/66‘ 
In  this  folution  feveral  minute  circumftances  which  may 
in  fome  degree  affedt  the  velocity  deduced  from  the  rule 
are  not  taken  into  account,  being  in  general  infenlible  in 
experiment:  fuch  as  the  refiftance  of  the  air,  the  figure  of 
the  ball  which  has  in  the  folution  been  fuppofed  a point : 
alfo  the  ball’s  weight  will  alter  the  centres  of  ofcillation 
and  gravity,  and  confequently  the  equivalent  weight 
Moreover,  the  tirae  during  which  the  ball  penetrates  the 
block  is  afTumed  as  an  inftant,  whereas  it  is  of  finite  quan* 
tity,  however  fmall : but  thefe  circumftances  are  in  general 
too  minute  to  have  any  fenftble  effedt : in  particular  cafes 
^orredlions  may  be  applied,  if  they  fhould  be  necefTary, 


X. 

Fig.xLix,  In  a fyftem  of  bodies  which  may  vibrate 
as  a pendulum  round  any  axis  of  motion 
perpendicular  to  the  plane  abc:  having 
given  the  centre  of  gravity  g,  draw  any  line 
sgol  through  g in  the  plane  of  motion 

A 
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ABC;  let  it  be  required  to  aflign  in  this 
line  a point  through  which  if  the  axis 
of  motion  pafles,  the  pendulum  fhall  vi- 
brate in  the  lead  time  poflible. 


HLet  0 be  the  centre  of  ofcillation,  £the  centre  of  fufpen-  II  Bernoull,. 
fion,  and  W the  weight  of  the  pendulum  : moreover,  let  the 
fum  ofJx.4G1-\-Bx.BG1  + Cx.  CG\tkc. =S : alfo,  let 
— x GO=y;  then  x+y  will  be  the  length  of  the  pendu- 
lum  which  is  to  be  a minimum  by  the  problem,  wherefore 

£ -f- y — o,  and  x — — y ; but  *fince  xy  — taking  the  prop  vi, 

.•  . Cor.  3. 

fluxions  xy  — — • yx,  in  which  equation  fubftituting  y 
• S 

for  x,  we  have  at  —y,  that  is,  GS>_—  GO,  and  xy  — jy  — 

A x AG>+  B xJG>  + CxCG^  _ wherefore  G^__ 

= M ,he  , di»an„  rffM-Jj. 

the  centre  of  gyration  from  the  axis  of  motion,  when  that 
axis  paffes  through  the  centre  of  gravity. 

Let  therefore  the  fyflem  revolve  round  the  axis  which 
pafles  through  the  centre  of  gravity  ; and  fuppofe  R to  be 
the  centre  of  gyration  when  all  the  matter  is  colledled  into 
any  line  SGL,  each  particle  keeping  its  refpe&ive  diftance 
from  G,  then  with  the  centre  G and  diftance  GR  defcribe 
a circle,  and  if  the  fyftem  vibrates  in  the  fame  plane  as  be- 
fore, the  time  of  vibration  will  be  lefs  when  the  axis  of 
fufpenfion  paffes  through  any  point  in  the  circumference  of 
the  circle  juft  defcribed,  than  when' it  is  further  from  the 
centre  of  gravity  or  nearer  to  it. 

Thus,  let  A B C reprefent  a cylinder,  if  the  mafs  con-  Fig.'L. 
tained  in  that  body  were  collected  into  the  line  GC,  each 
particle  preferving  the  fame  diftance  from  the  axis  as  be- 
fore, the  centre  of  gyration  R would  be  diftant  from  the 

pentre  of  the  circle  G by  ■=.  the  radius : if  therefore  the 

v 2 

sadius  GC  be  divided  into  100  parts,  and  GR  be  taken 
equal  to  about  71  of  them,  and  the  cylinder  vibrates  in  its 
own  plane  round  an  horizontal  axis  palling  through  R,. 
the  time  of  vibration  will  be  lefs  than  if  R were  placed  at 

£ e 2 a 
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a greater  or  lefs  diftance  from  the  centre  of  gravity. 
Thus  alfo,  if  a right  line  A B or  /lender  cylinder  vibrates 
about  a point  R,  and  if  AB  — too  parts,  and  AR  about 
21  of  them,  the  line  will  vibrate  about  R in  lefs  time  than 
if  AR  were  greater  or  lefs,  the  angle  through  which  the 
pendulum  vibrates  being  the  fame  in  all  thele  cafes. 

Whenever  the  centre  of  gyration  of  any  figure  which 
revolves  round  an  axis  palling  through  the  centre  of  gra- 
vity G,  is  mentioned,  it  is  meant  to  be  the  centre  of  gy- 
ration of  the  body  when  collected  into  any  given  line  in 
the  plane  of  motion  palling  through  the  axis,  and  each  par- 
ticle keeping  its  refpeftive  diftance  from  the  axis. 

This  is  here  mentioned,  becaufe  when  the  axis  of  motion 
palfes  through  the  centre  of  gravity,  SG  — o,  and  SO  is  in- 


finite; but  SR1—  SG  x SO  — 


AxGA1-\-BxBG--\-CxGCz 
A + B + C 


alfo  in  this  cafe,  and  may  be  determined  either  by  find- 
ing thefumof  A X GA'~  -f-2?  X BGzt  &c.  and  dividing  it  by 
A+B-\- C,  or  by  fuppofing  the  mafs  to  be  collected  into 
any  line  GD,  which  palfes  through  the  centre  of  gravity, 
each  particle  preferring  its  refpeflive  diftance  from  the 
axis.  Let  o be  the  centre  of  ofcillation  of  the  line  GD, 
when  the  mafs  is  fo  collefted  into  it,  and  g its  centre  of 
gravity,  then  will  SRZ  ~ Sg  X So  as  before.  The  quan- 
tity SR  being  afcertained,  with  the  centre  G and  diftance 
GR,  let  a circle  be  defcribed  : then  the  centre  of  gyration 
may  be  any  where  in  the  circumference  of  the  circle,  the 
* Seft.  VI.  angular  velocity  * generated  in  the  fyllem  in  a given  time 
cr°rV*  depending  on  its  diftance  from  the  axis  only. 


XI. 

Let  abc  reprefent  a feftion  or  plane 
which  paffes  through  the  centre  of  gra- 
vity of  any  irregular  body.  Suppofe  this 
body  to  vibrate  as  a pendulum  in  the 
plane  abc  round  an  axis  which  paffes 
through  s;  it  is  required  to  determine  the 
diftance  from  the  centre  of  gravity  of  any 

other 
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other  point  ct.  through  which  if  the  axis 
partes,  the  time  in  which  the  pendulum 
vibrates  through  a given  angle  fhall  be 
the  fame  as  before,  the  plane  of  vibration 
not  being  altered. 


Let  R be  the  centre  of  gyration  of  the  fyftem,  when  it 
revolves  round  an  axis  which  pafles  through  the  centre  of 
gravity,  and  take  a third  proportional  Gj^to  the  lines 
GS,  GR.  With  the  centre  G,  and  diftances  GS,  Gi^de- 
fcribe  the  circles  LSF,  LQV : if  the  axis  of  the  pendulum 
pafles  through  any  point  in  the  circumferences  of  thefe  two 
circles,  the  diftance  of  the  centre  of  ofcillation  from  the 
axis  of  motion  will  be  always  equal  to  the  fum  of  the  radii 
of  the  circles,  the  time  of  vibration  therefore  through  a 
given  angle  will  be  the  fame  in  both  cafes. 

Let  the  pendulum  vibrate  round  5,  and  let  O be  its 
centre  of  ofcillation  : then  fuppofing  the  particles  which 
compofe  the  fyftem  when  referred  to  the  plane  of  vibration 
to  be  J,  B,  C,  &c.  the  fum  of  all  the  produdts  Ax  AG'1  + 

B x BGl+\\C  * CG\  &c.  — GR1x  A+B+C  = SGxGO  t 11  Sea.  vij 

- ' GRZ  ’ • ■ * prop.  VI. 

xA  + BfrC,k c.  wherefore  GO  = and  50  = GO+5G  Cor-3' 

• oG  - ■ J Sett.  VI. 

Prop.  VIII. 

conftru&ion  GR1  — SG 


=^+sc=2^ibutby 


SG 


SG 


X 3P,  wherefore  S0.=  ^+191-- $G  + SG 

~ to  the  fum  of  the  radii.  Now  let  the  pendulumi  vi- 
brate in  the  fame  plane  round  Q and  let  H be  its  centre 


* G Di 

of  ofcillation,  then  YyfllfGff-  — , and  $H  - G<^+  j^vm! 
GRZ  ' Cor.  3. 

but  GR1—  GS  x GQby  conftrudtion,  wherefore  by 

fublKtution  = G^+  = G^+  G S,  or 

the  fum  of  the  circle’s  radii  as  before. 


Cor.  i.  It  appears  that  there  are  two  diftances  of  the 
axis  of  motion  from  the  centre  of  gravity  of  any  pendu- 
um,  either  of  which  being  aflumed,  the  time  wherein  the 

pendulum 


f sea.  vr. 

Prop.  X. 


Fig.  LI  I. 


il  Sea.  VI. 
Prop.  V. 
Cor.  3. 


J 
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pendulum  vibrates  through  a given  arc  will  be  the  fame, 
the  plane  of  vibration  not  being  altered. 

Cor.  2.  When  the  axis  of  motion  pafles  through  the 
centre  of  gyration  R,  there  is  no  other  diftance  of  the  axis 
of  motion  from  the  centre  of  gravity;,  which  will  caufe 
the  pendulum  to  vibrate  in  the  fame  time,  the  two  di- 
ftances  before  determined  now  coinciding  with  GR ; and 
in  this  cafe  the  * pendulum  vibrates  in  a given  angle  in 
the  lead  time  poffible. 

Cor.  3.  In  any  pendulum  which  vibrates  in  a given 
plane  if  an  axis  of  motion  be  made  to  pafs  through  the 
point  which  was  before  the  centre  of  ofcillation,  the  former 
point  through  which  the  axis  palfed  will  become  the  cen- 
tre of  ofcillation. 


XII. 

In  a fyftem  moveable  round  a fixed 
axis,  and  confifting  of  bodies  the  weights 
and  figures  of  which  are  known:  having 
given  the  moving  force  p,  and  the  diftance 
from  the  axis  sd,  at  which  it  is  conftant- 
ly  applied,  let  it  be  required  to  determine 
the  force  which  accelerates  d. 

Let  the  moving  force  be  a weight  P applied  fo  as  to  aft 
on  D by  means  of  a line  wound  round  the  circumference 
DFE : whatever  be  the  figures  of  the  bodies  which  compofe 
the  fyftem,  if  the  component  particles  be  A-\-B-\-C,  Sec. 
-p£-f  F-\-G,  &c.  the  force  which  accelerates  D will  be  — 
P x SD 1 

PxSZ>*+  AxAS'l+  B*BS*,8ic.+  E,x£Sz+  F-kFSz,8(c. 
but  in  any  body  which  revolves  round  a fixed  axis  S, 
if  SO  be  the  diftance  of  the  centre  of  ofcillation,  SG  the 
diftance  of  the  centre  of  gravity  from  the  axis,  and  JV  the 
bodies’  weight,  the  ||fum  of  the  produfts  A xAS1- f B X 
B S1  -h  C x C S*,  Sec.  will  — SO  x SG  x fV : let  there- 
fore the  weights  of  the  bodies  which  conftitute  the  fyftem 
1 11  11 

be  fV,  W,  PV-,  let  the  diftances  of  the  centres  of  ofcillation, 

belong- 
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belonging  to  the  bodies  considered  to  revolve  feparate- 

]y  round  the  axis,  be  6,  0,0,  &c.  rejpeftively,  and  the 

diltances  of  the  centres  of  gravity  be  G,G,G;  then  the  force 

P x SD 1 

which  accelerates  D zz  — m TflFli  m TTi  Til  * 

Py.SDl-\-OGlV+  OGW+  OGIV 

When  this  rule  is  applied  to  praftice,  it  is  manifeft,  that 
the  axis  of  motion  muft  pafs  through  the  common  centre 
of  gravity,  (this  being  the  bcft  method  of  rendering  the 
moving  force  conftant)  in  which  cafe  the  centre  of  ofcil- 
lation  of  the  whole  fyttem  u * infinitely  diftant ; but  both  Sea.  VI. 
the  centres  of  gravity  and  ofcillation  of  the  feparate  parts  * 
are  determined  as  if  thefe  bodies  revolved  round  the  axis 
of  motion  feparately  : thus,  let  AB  reprefent  a cylinder,  Fig.  LIII. 
at  the  extremity  of  which  two  equal  fpheres  are  fixed,  fo 
that  the  axis  of  the  cylinder  fhall  pafs  through  the  centres 
of  the  fpheres  F and  G.  Let  SF  — s,  SG  — a,  FH — r, 
the  radius  of  the  cylinder  zz  c,  and  SA  zz  b,  and  let  the 
weight  of  either  fphere  zz  IV,  and  that  of  the  cylin- 
6 n ii  SA  " 

drical  arm  SA  zz  W-,  alfo  let  SG  - G being  the 

centre  of  gravity  of  SA,  then  if  the  fphere  A were  to 
revolve  horizontally  round  the  vertical  axis  LK  the  di- 
ftance  of  the  centre  of  ofcillation  from  the  axis  of  mo- 

Z / 

tion  — a + — , let  this  zz  SO  ; alfo,  if  the  cylinder  SA 
revolves  round  the  axis  palling  through  S,  the  dillance  of 


the  centre  of  ofcillation  from  the  axis  — 


_ 4 br+ 


6b 


; let 


ll 

this  be  reprefented  by  SO;  then  if  a force  P be  applied 
to  the  point  D,  the  force  by  which  P is  accelerated  will  be 

-f j j t j,  77  > g {fir  S D — d, 

P-kSD'+iSO  X SG'XJV+zSOx  SGxW 

P-Kdz 

the  force  _ • a 7 ,ii.  ,'i  • 

Pdz+iWx.$— i — + 

5 . . 12 

When  a body  revolving  round  an  axis  which  pafles  Fig.  L1V. 
through  its  centre  of  gravity,  is  contained  under  any  fingle 
geometrical  figure,  the  force  of  acceleration  wilL  be  at  once 
obtained  by  finding  the  fum  of  the  products  which  arife  from 
multiplying  each  particle  into  the  fquare  of  its  diftance 
a « from 


[ 224  ] 

from  the  axis  ; thus  let  a cylinder  DEB  revolve  round  it» 
axis,  palling  through  the  centre  S by  the  aftion  of  a force 
P applied  at  D,  the  force  which  accelerates  D will  be 

P y C n» 

AxAS*+B*BS*+CxCS*,  &c7 : lupp0fing  A'  B and  ° 
to  be  the  particles  which  compofe  the  cylinder ; all  thefe 
particles  may  be  referred  to  one  plane,  i.  e.  that  of  EBD. 
To  find  the  fum  of  A xAS'-{-B  xBS\,k c.  let  SA~x, 
SD  — d,  the  cylinder’s  weight  — W,  and  let  a circle 
AF H be  drawn  through  A with  the  centre  S and  diftance 
SA.  Moreover,  let  a be  a point  contiguous  to  A , and 
with  the  centre  S and  diftance  S a deferibe  a circle  afhi 
the  area  intercepted  between  thefe  two  circles  will  be 
to  the  whole  area,  as  the  weight  of  an  increment  of  the 
cylinder  A is  to  its  whole  weight;  but  if  p — 3.14159, 
the  circumference  of  the  annulus  — zpx,  and  its  area  =: 
2 pxx,  and  fince  the  whole  area  — pdz,  we  have  this 

' . . TTr  . zpxxxW 

proportion  zpxx  : pd  : : A : tv,  or  A — — , 

_ P 

and  this  particle  multiplied  into  the  fquare  of  its  diftance 

2 X X^  X 

from  the  axis  = — — -,  and  the  fum  of  all  the  pro- 


d* 


W 


or  when  x — d,  this  fum 


dufls  fimilarly  taken  = ■ 

— . ; the  moving  force  therefore  is  in  this  cafe  P and 

Wd*  W 


the  mafs  moved 


2 d' 


The  force  therefore  which 


zP 


If  the  force  P Ihould 


accelerates  the  point  D — 

confift  of  a weight  poflefling  inertia,  applied  to  turn  the 
cylinder  by  means  of  a line  going  round  it,  and  termi- 
nating in  P,  the  inertia  of  P mull  be  added  to  the  mafs 

, . . zPd 1 

moved,  this  will  give  the  accelerating  force 

— 2 ^ . In  the  fame  manner,  let  a folid  be  formed 

~ zP  + lV 

by  the  revolution  of  any  plane  figure  round  a ftrait  line 
confidered  as  an  axis,  if  the  folid  Ihould  be  put  into  mo- 
tion round  this  axis  by  the  aftion  of  any  force  applied 
at  a given  point,  the  force  by  which  that  point  is  accele- 
rated may  be  determined. 

By 


» 


[ 225  ] 

By  thefe  propofitions  the  revolving  motion  of  regular 
bodies  may  be  afcertained  from  the  necefiary  data,  and  of 
irregular  bodies  alfo  when  the  axis  of  motion  pafles  not 
through  the  centre  of  gravity  ; for  if  the  dillances  of 
the  centres  of  gravity  and  *ofcilIation  from  the  axis 
motion  can  be  found  by  experiment,  the  dillance  of  the  ‘ 4- 
centre  of  gyration  from  the  axis  will  be  a mean  fpropor-  | Sect.  vi. 
tional  between  them.  But  when  a fyftem  of  irregular 
bodies  revolves  round  an  axis  which  palTes  through  their 
common  centre  of  gravity,  the  fyftem  mull  be  caufed  to 
vibrate  as  a pendulum  round  fome  other  axis  parallel  to 
the  former : and  if  the  dillance  of  the  centre  of  ofcilla- 
tion  from  the  axis  of  vibration  be  thence  inferred,  this 
with  the  dillance  of  the  centre  of  gravity  from  the  centre 
of  ofcillation  will  give  the  dillance  of  the  centre  of  gyra- 
tion from  the  axis  which  palfes  through  the  centre  of  gra- 
vity, and  round  which  the  fyftem  revolves. 


XIII. 

Let  s i k reprefent  the  plane  in  which  f;s,  lvi 
any  irregular  body  or  fyftem  of  bodies 
revolves  round  an  axis  of  motion  palling 
through  the  centre  of  gravity  g : having 
given  the  weight  of  the  fyftem  and  the 
point  d,  to  which  a given  force  is  applied, 
it  is  required  to  affign  the  diftance  of  the 
centre  of  gyration  from  the  axis  of  mo- 
tion. 

Let  G be  the  common  centre  of  gravity  of  the  fyftem, 
and  fuppofe  the  whole  to  be  referred  to  the  plane  SIK,  let 
the  fyftem  revolve  in  this  plane  round  a fixed  horizontal 
axis  which  paffes  through  G : through  G draw  any  line 
, anc^  with  the  centre  G and  any  diftance  GD  draw 
the  circle  S D I K,  and  fuppofe  all  the  matter  which  is 
X coincident .with  the  circumference  SIK  juft  defcribed,  t Sefl.  VI. 
to  be  colledled  into  A : in  like  manner  imagine  all  the  ProP  L 
matter  contained  in  other  concentric  circles  to  be  colledted  Cor* 
into  the  correfponding  points  in  the  line  Go,  let  g be  the 

F f centre 


• Sea.  VI. 
Prop.  VIII, 
Cor.  2, 


+ Sea.  VI, 
Prop.  VIII, 
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centre  of  gravity  of  the  matter  contained  in  this  line, 
and  let  0 be  the  centre  of  ofeiliation ; then  if  a weight  — 

WxScxSg,  

’~QU  z were  collected  into  the  circumference  S1K> 

or  any  point  of  it  D,  the  other  parts  of  the  fyftem  being 
removed,  the  point  D would  be  accelerated  in  the  fame 
manner  as  when  the  fyftem  itfelf  is  afted  on  by  the  fame 
force  applied  at  the  fame  diftance  from  the  axis.  In  this 

cafe  the  force  which  .accelerates  ID  — - — — — —— — 

Sg  X 6’  0 X W * 

is  confidered,  the  force  — 
but  fince  the  figure  of  the  fyftem 


or 


if 


the  inertia 
S Dz  P 


of  P 


PxSD'+SfxSo  xW’ 


is  not  geometrical,  the  quantity  W X f°-  » or  the 

equivalent  weight  cannot  be  eflimated  by  theory;  it  may 
be  determined  by  experiment  in  the  following  manner. 

Let  a weight  P be  applied  to  communicate  motion  to 
the  fyftem  by  means  of  a very  flender  and  flexible  line 
going  round  the  wheel  SDK,  through  the  centre  of  which 
the  axis  paffes:  let  this  weight  defeend  from  reft  through 
any  convenient  fpace  s inches,  and  let  the  obferv.ed  time 
of  its  defeent  be  t feconds,  then  if  / be  the  fpace  through 
which  bodies  defeend  freely  by  gravity  in  one  fecond,  the 


equivalent  weight  fought 


Wy.Sgy.So P x txl 


+ Seft.VI 
Prop.  X. 
ad  finem. 

X Ibid. 


SDX  ~ s 
— P.  Let  this  weight  — i^and  we  (hall  obtain  the  fum 
of  each  particle  multiplied  into  the  fquare  of  its  alliance 
from  the  axis  of  motion;  and  confequentiy  the  diftance  of 
the  centre  of  gyration  from  the  fame  axis : for  fince  Qj. 
W::  Gg  x Go  : GDZ,  f we  have  A x GAX  -{-By  GB 2 + 
C X GC‘,&c.  rz  GD1  X GoX  Gg  x W,  and  fince  GoX 
G g — GP2J,  it  follows,  that  the  diftance  of  the  centre  of 


gyration  from  the  axis, 


or  GR  — GD  x \ ’TtP-  This  hav- 

rv 


k Se£t.  VI 
Prop.  VIII 

||  Petrop. 
Comm. 
Vol.  II. 
p.214. 


ing  been  once  determined,  the  force  which  accelerates  any 
point  of  the  fyftem  in  ether  cafes,  at  whatever  diltance  the 
moving  force  be  applied,  will  be  known.  For  the  angu- 
lar velocity  of  the  fyftem  will  always  be  the  fame,  as  if 
the  whole  mafs  were  Jfcolledted  into  the  centre  of  gyration. 

An  experimental  method  is  alfo  delivered  by  Bernoulli, 
and  long  ago  [|  tranferibed  : a demonftration  of  it  may  be 
here  inferted  a*  a further  illuftration  of  the  principles  of 
i rotation. 


S 
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rotation.  In  any  irregular  figure  referred  to  the  plane  Fig.  LVI. 
SIK,  let  G be  the  centre  of  gravity,  D the  point  to  which 
a moving  force  p is  applied  to  turn  the  fyftem  round  an 
axis  which  is  perpendicular  to  the  plane  S IK.  With  the 
centre  G and  diftance  GD  defcribe  a circle  SLM ; then 
taking  any  point  in  the  circumference  S,  let  the  fyftem 
vibrate  in  the  plane  SIK  perpendicular  to  the  axis  which 
pafles  through  S,  and  let  0 be  the  centre  of  ofcillation  of 
the  fyltem  fo  vibrating  : then  let  GO  — b,  SG  =.  GD  — d, 
the  weight  of  the  fyftem  ~ W,  and  the  moving  force 

“t)  X fr$ 

~p:  the  force  which  accelerates  D — ■ ''  - 


pd 


p x GS  -f-  'tv  x GO 
the  demonftration  of  this  rule  follows  im- 


~ pd  -{■  tub' 

mediately  from  the  preceding  principles ; for  fince  the 
centre  of  gravity  is  G,  and  of  ofciTlation  O,  it  follows, 
that  * SG  x GO  x to  = A X AG'-  -f  B x BGZ  +Cx  GCZ,  p,^e\Yr* 
or  the  fum  of  all  the  produds  which  are  formed  by  mul-  c'orf  3.  * 
tiplying  each  particle  in  the  fyftem  into  the  fquare  of  its 
diftances  from  the  axis,  when  that  axis  pafles  through  the 
common  centre  of  gravity : wherefore  S G x GO  — b d — 

AxAGl  + BxBG*+  CxCGz  , „ 

— — = the  fquare  of  the  di- 

HAJ 

ftance  of  the  f centre  of  gyration  from  the  axis,  when  the  t Sea.  VI. 
fyftem  revolves  round  G;  let  the  mafs  w be  colleded  into  ^P-  VU1* 

the  centre  of  gyration  at  the  diftance  V bd  from  the  axis ; 
then  will  the  communication  of  motion  be  the  fame  as  if 

the  equivalent  weight  w X — i were  colleded  in  the  point 

D%,  the  other  parts  of  the  fyftem  being  removed:  here  the  X Sett.  VT. 
force  which  communicates  motion  to  the  point  D is  p,  the  VIJ1, 
bw 

mafs  moved  / + -r,  and  the  |J force  which  accelerates  D 11  Seft-  r« 

“ Prop,  IX. 

P Pj  ^ 


P + 


bjw  pd  -J-  b<ui 


The  diftance  SO  is  obtained  pradically  thus ; fuppofe 
that  the  fyftem  performed  « leaft  vibrations  in  t feconds, 

if  l~  '93  inches,  p - 3.14159,  &c.  SO  = the  length 
required. 

The 


Ff  * 


<•  Seft.  IV. 
Prop.  I. 
Cor.  8. 


Fig.  LVII. 
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The  obje&ion  againft  the  application  of  this  method  to 
pra&ice  is  the  difficulty  of  afcertaining  the  dillance  of  the 
centre  of  ofcillation  from  the  axis  S,  or  the  fpace  SO  by 
experiment. 

This  arifes  from  the  fridlion  of  the  axis,  the  air’s  re- 
finance and  the  inequality  of  the  arcs  through  which  the 
pendulum  vibrates,  to  all  which  it  is  difficult  fo  apply  the 
exaft  corrections ; and  it  is  obvious,  that  fince  the  lengths 
of  pendulums  vary  in  a duplicate  ratio  of  the  times  of  vi- 
bration, a fmall  error  in  eftimating  the  time  caufes  a con- 
fiderable  variation  in  the  lengths  deduced:  fo  fmall  an 
error  as  9 feconds  in  10  hours  caufes  * a change  of  length  in 

a pendulum  which  vibrate  feconds  — part  of  an  inch, 

and  this  error  even  fome  pendulum  clocks  arc  liable  to  : 
but  when  pendulum?  are  fufpended  in  a manner  lefs  ac- 
curate, the  danger  of  error  in  determining  the  centre  of 
ofcillation  becomes  much  greater,  the  lengths  thus  deduced 
having  been  miltaken  by  perfons  well  verfed  in  experi- 


ments, but  who  have  trufted  to  experiment  only,  by  — , or 


even  a greater  proportion  of  the  true  length. 

In  the  propofitions  concerning  rotation  which  have 
been  demonflrated,  the  axis  of  motion  has  been  fuppofed 
fixed  ; but  there  are  other  cafes  in  which  the  axis  itfelf 
moves  with  the  common  centre  of  gravity  through  which 
it  palfes.  To  exemplify  this,  let  G reprefent  the  centre 
of  gravity  of  a fphere  placed  and  fuftained  quiefcent  on  an 
inclined  plane,  by  a force  which  afts  in  a direftion  paral- 
lel to  the  plane  : it  is  known,  that  in  this  cafe,  the  force 
in  the  direftion  of  the  plane  is  to  the  body’s  weight,  as 
the  height  of  the  plane  to  the  length.  When  therefore  the 
fphere  is  left  to  itfelf,  it  will  endeavour  to  defcend  along 
the  plane  by  a force  which  is  to  its  natural  gravity  as  the 
plane’s  height  is  to  its  length. 

Part  of  the  fphere’s  natural  weight  is  loft  by  itsprelfuj-e 
againft  the  plane  in  a dire&ion  perpendicular  to  it:  let 
the  line  A B reprefent  in  quantity  and  dire&ion  the  fphere’s 
natural  gravity ; this  being  refolved  into  two,  EB  perpen- 
dicular to  plane,  and  AE  in  the  direction  of  it.  Then 
the  force  which  impels  the  fphere  will  be  that  part  of 

AE 

its  natural  weight  which  is  cxprefled  by  the  fra&ion  - — . 

If  the  fphere  was  at  liberty  to  move  freely  in  the  direc- 
tion 
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lion  of  this  force,  each  particle  would  partake  of  an  equal 
motion,  being  the  fame  as  that  with  which  the  centre  of 
gravity  moved  : and  this  would  be  the  fphere's  real  mo- 
tion were  there  no  adhefion  between  the  furfaces  which 
prevented  the  fphere  from  Hiding  down  the  plane ; it  is 
upon  this  principle  only,  that  the  laws  demonftrated  by 
Galilaeo  can  be  applied  to  the  defent  of  bodies  along  in- 
clined planes.  Indeed  the  ratios  of  the  fpaces  defcribed 
on  a given  inclined  plane,  will  be  the  fame  in  given  cir- 
cumflances,  whether  the  fphere  rolls  or  Aides ; but  the  ab- 
folute  quantity  of  them  cannot  be  from  hence  affigned: 
and  as  the  furfaces  cannot  be  made  fo  fmooth  as  to  prevent 
their  rotation  when  they  defcend  along  inclined  planes,  it 
muft  not  be  expeded  that  their  motion  will  correfpond 
with  the  theory,  unlefs  the  rotation  be  taken  into  account. 
To  confider  this  a little  further  : While  the  impelling 
force  ads  on  the  centre  of  gravity  G,  in  the  diredion  pa- 
rallel to  the  plane  HG,  the  point  A,  which  is  contiguous 
to  the  plane’s  furface,  will  be  prevented  from  moving 
along  with  the  centre  of  gravity  by  the  ad  heft  ve  force 
exifting  between  the  point  A and  the  plane  : by  which 
means,  while  the  centre  of  gravity  defcends  along  the 
plane  in  a right  line,  the  fphere  will  revolve  on  an  axis, 
and  all  the  particles  except  thofe  in  the  axis  of  motion 
will  defcribe  cycloids. 

The  force  which  accelerates  the  centre  of  gravity  of  a 
fphere  or  cylinder,  when  rolling  down  an  inclined  plane, 
is  next  to  be  confidered. 


XIV, 

The  force  which  accelerates  the  centre 
of  gravity  of  a fphere,  while  it  rolls  down 
an  inclined  plane,  is  to  the  force  by  which 
it  would  be  accelerated  were  it  to  Hide,  in 
the  ratio  of  five  to  feven. 

Let  the  height  of  the  plane  be  H,  its  length  L , and  the 
phere  s weight  iV ■ then  will  the  force  by  which  the 

centre 


* Sea.  VI. 
Prop.  VIII. 
Cor.  t. 
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centre  of  gravity  endeavours  to  defcend  along  the  plane 
Wy.  H 

be  — - — . Alfo,  if  the  fphere  were  to  Hide,  the  weight 


moved  being  ra  W,  the  accelerating  force  — 


H 


but 


fince  the  furface  revolves  with  a velocity  equal  to  that 
with  which  the  centre  ot  gravity  moves,  the  inertia  arifing 
from  the  lphere  will  confift  not  only  of  the  fphere’s  mafs 
of  matter,  but  of  the  refinance  which  proceeds  from  the 
rotatory  motion.  Let  the  fphere  G be  fuppofed  to  defcend 
by  Hiding,  then  will  the  inertia  be  W ; but  let  a line  pafling 
through  (he  centre  G be  caufed  to  communicate  with  the 
vertical  circumference  of  a great  circle  of  another  fphere 
H,  eq.ual  in  all  refpedls  to  G,  and  moveable  round  an  hori- 
zontal axis  of  motion  by  means  of  this  firing:  here  it  is 
manifeft,  that  the  circumference  of  the  fphere  mull  be  ac- 
celerated exactly  in  the  fame  manner  as  the  centre  of  gra- 
vity G.  Now  it  is  immaterial  whether  this  rotatory  mo- 
tion be  produced  in  the  defeending  fphere  G,  or  in  any 
other  equal  to  it  in  weight  and  magnitude,  the  motion 
produced  in  a given  time  being  the  fame  in  both  cafes:  it 
follows,  that  the  force  which  accelerates  the  rolling  fphere 
will  be  the  fame  as  that  which  accelerates  the  fphere  which 
Hides,  and  at  the  fame  time  communicates  a rotatory  mo- 
tion to  an  equal  fphere  H,  fo  that  the  circumference  of  the 
latter  fhall  move  equally  fall  with  the  centre  of  the  de- 
feending fphere. 

Let  R be  the  centre  of  gyration  of  either  fphere,  W the 
weight;  then  will  the  inertia  of  the  fphere  H which  re- 
fits the  communication  of  motion  to  its  circumference 
to  which  the  moving  force  is  applied  be  the  fame,  as  if 


JTx 


HR 2 
HDZ 


* were  colledled  into  the  circumference,  fince 


it  moves  equally  fall  with  the  centre  G;  when  therefore 
the  fphere  rolls  down  the  plane,  the  whole  mafs  moved  or 
r W x HR 1 

refiflancc  arifing  from  inertia  will  be  W -f  — or 

2 HDZ  . . . , yW' 

fince  in  the  fphere  HR1  =:  the  inertia  will  be 

TPxH  . 

and  becaufe  the  moving  force  is  — ^ — , it  follows,  that  the 

r W 

force  which  accelerates  the  centre  of  gravity  G = , 

which 
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which  is  to  the  force  which  would  accelerate  the  fphere 
when  Hiding  down  as  5 : 7. 

Cor.  1.  The  abfolute  force  whereby  motion  is  gene- 

2 IV 

rated  in  the  circumference  of  the  fphere  A is  — -y—  X 

H ' ' 

-- . For  the  equivalent  weight  at  the  circumference  oft'te 

Lt 

2 w 

the  fphere  H \%  — - — , and  the  force  which  accelerates 

r S 

- 

the  circumference  = y-  X j-,  wherefore  the  moving  force 

which  is  always  Jequal  to  the  weight  moved  multiplied  in- 
to the  number  expreffing  the  accelerating  force  will  be  — 
2 W c H zW  H 

5 7 L 7 L 

Cor.  2.  In  the  fame  manner,  let  a cylinder  revolve 

down  an  inclined  plane  the  axis  being  always  horizontal, 
the  force  which  accelerates  the  axis  will  be  found  that 

part  of  gravity  which  is  expreffed  by  the  fraftion  - x — . 

3 ^ 

Let  ABC  reprefent  the  fe&ion  of  any  irregular  figure 
whatever  palling  through  its  centre  of  gravity  G:  with  the 
centre  G and  any  dillance  GS  defcribe  a circle.  Suppofe 
the  whole  fyftem  to  roll  down  an  inclined  plane,  being 
fuftained  on  the  circumference  DS  which  is  always  in  con- 
tatt  with  the  plane  and  vertical.  I fR  be  the  centre  of  gy- 
ration of  the  figure,  the  force  which  accelerates  the  centre 
of  gravity  will  be  that  part  of  the  acceleration  of  gravity, 

GDZ  H 

which  is  expreffed  by  the  fra&ion  ,■■  ■ - x — , and 

L)z  -J-  LrKz  L 

that  part  of  the  moving  force  which  caufes  the  rotation  — 

(T^+GIi*  x ~l'  demonllration  of  which  follows 

from  the  preceding  folution. 

Lor.  3.  Let  the  figure  be  fufpended  on  an  axis  palling 
through  any  point  5 in  the  circumference  ; and  when  it  vi- 
brates in  its  own  plane,  let  O be  the  centre  of  ofcillation : 

O 

the  force  which  accelerates  the  centre  G will  alfo  — — 

SO 

y ^ X AG  ~ B X BGA  T C x CG1,  Sec.  


A+B  + C 


GO 


t Sea.  J. 
Prop.  IX, 


Fig.  LVlir. 


II  sea.  vr, 

Prop.  VI. 
Cor.  3. 


Supra. 
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GO  x SG,  or  GO  x GD  ; fubftituting 
for  GRZ  in  the  former  expreflion,  we 

GDZ  _ GD  SG 
GD*+GOxGD  ~~  GD+GO  ~ SO ’ 


therefore  GO  x GD 
, GD1 

have  GD1-{-GR1 

and  the  force  which 


accelerates  the  centre  of  gravity  = 


SG  H 
SO  X L’ 


and  that 


part  of  the  moving  force  by  which  the  rotation  of  the  cir- 


cumference is  caufed  — 


GOxW 
SO  * 


H 
L ‘ 


The  force  whereby  fpheres,  cylinders,  &c.  are  caufed 
to  revolve  as  they  move  down  an  inclined  plane  inftead  of 
Aiding,  is  the  adhefion  of  their  furfaces  occafioned  by  the 
preffure  of  the  rolling  body  againft  the  plane  : this 
prefliire  is  part  of  the  body’s  weight;  for  the  weight  be- 
ing refolved  into  two,  one  force  in  the  dire£lion  of  the 
plane,  and  the  other  perpendicular  to  it,  the  latter  is 
the  force  of  the  preflure,  and  while  the  fame  body  rolls 
down  the  plane,  will  be  that  part  of  its  weight  which  is 
exprefled  by  the  cofine  of  the  angle  of  the  plane’s  eleva- 
tion divided  by  radius.  It  appears  from  hence,  that 
fince  the  cofine  of  an  arc  is  decreafed  while  the  arc  in- 
creafes,  the  preflure  may  by  elevating  the  plane  to  a cer- 
tain angle  above  the  horizon  become  fo  fmall,  that  the 
adhefion  fliall  be  lefs  than  the  force  neceflary  to  make  the 
circumference  of  the  fphere  revolve  fo  fall  as  the  centre  of 
gravity  defeends : in  this  cafe  the  fphere  defeends  by  Aid- 
ing partly  and  partly  by  rotation. 

The  fame  will  happen  when  the  furfaces  of  the  revolv- 
ing body  and  of  the  plane  are  fo  fmooth,  that  their  mu- 
tual adhefion  is  lefs  than  the  moving  force  or  weight  ne- 
ceflary  to  generate  the  rotation  of  the  fphere ; that  is,  re- 


ferring to  the  example  jufl  j|  mentioned  lefs  than 


W x GO 
SO  ' 


But  a body  may  be  caufed  to  roll  at  all  elevations  of  the 
inclined  plane,  by  winding  a line  round  the  cylindrical 
furface  in  a manner reprefented  in  fig.Lvm.  as  the  cylin- 
der G defeends  it  unwinds  itfelf  from  the  line,  which  in 
this  cafe  fupplies  the  place  of  the  adhefion  between  the 
furfaces;  let  the  rolling  body  be  fufpended  on  any  point 
of  the  circumference  S,  let  G be  its  centre  of  gravity  be- 
ing coincident  with  the  axis  of  the  cylinder,  and  fuppofe 
0 to  be  the  centre  of  ofcillation  of  the  figure,  when  vi- 
brating round  S in  its  own  plane,  then  will  the  force 

which 
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which  accelerates  the  centre  of  gravity  be  that  part  of  the 

S G 

accelerating  force  of  gravity  which  is  cxprefi'ed  by  — x 


H 

V 


and  if  the  body’s  weight  — W, 


the  abfolute  force  or 


< 


■ weight  whereby  the  rotation  is  ||  caufed  — JVy 


GO 

60 


Hm  ||  Sea.  T. 

* 2,  ’ ix. 


wherefore  let  a line  if.?  be  drawn  coincident  with  the  plane, 
and  a wheel  K be  placed  in  a vertical  plane  in  contadt 
with  KS ; moreover,  let  a line  wound  round  the  defcend- 
ing  cylinder  DS  be  applied  over  the  wheel  or  pully,  and 

GO 

to  the  extremity  of  this  line,  let  a weight  p — W x — 


X y be  affixed ; this  weight  will  remain  quiefcent  while 

the  body  ABC  rolls  down  the  plane,  being  juft  equal  to 
the  tenfion  of  the  firing  K p. 

It  is  obvious,  that  if  the  plane  is  elevated  fo  as  to  be 
perpendicular  to  the  horizon,  the  body  ABC  will  defcend 
in  a vertical  line,  by  the  action  of  an  accelerating  force 
S G 

— — , fince  H — L,  qnd  the  weight /,  which  is  equiva- 


lent to  the  tenlion  of  the  firing  K p,  will  become  —JVx. 

GO 

SO  * 


XV. 

Let  abc  reprefent  a body  moveable  Fig. LIX, 
round  its  centre  of  gravity  s,  through 
which  an  horizontal  axis  of  motion  palT- 
es;  let  r reprefent  the  centre  of  gyration 
when  the  whole  mafs  is  colledfed  into  the 
line  sgro,  each  particle  keeping  its  relpec- 
tive  diftance  from  the  axis : having  given 
the  weight  of  the  whole  body,  and  of  p 
which  communicates  motion  to  the  fyf- 

G g tem 
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tcm  by  means  of  a line  dp  wound  round 
the  circle  def,  it  is  required  to  afcertain 
the  angular  velocity  generated  in  the  fyf- 
tem  in  a given  time. 


* Sea.  VI. 
Prop.  VIII. 
Cor.  i. 


f Sea.  III. 
Prop.  Ii. 


Let  the  diftance  of  the  centre  of  gyration  from  the  axis 
SR  — r,  SD  — d,  the  weight  of  the  body  ARC  rw,  then 

d z 

will  the  force  which  * accelerates  D be  ^ ■—  ,were  p defti- 


r <w 


tnte  of  inertia;  but  if  the  inertia  of  p be  considered,  the 


force  of  acceleration  is 


P 


: let  c — 3. 14139. 


d* p -f  r * w 

/ — 193  inches,  then  in  the  time  t the  velocity  generated 
in  the  point  D,  or  defcending  weight  p,  will  be  that  of 

— + inches  in  a fecond  : and  fince  the  circumfe- 

d*  p + r*<w' 

rence  of  the  circle  EFD  — 2 cd,  the  angular  velocity  gene- 

. . . . 360°  X 2 ltpdz  360 °ltpd 

rated  in  the  time  t — 2 r --  ~ f — 

2r d Xdz p 4-  rZrw  cy,d%p  4-crzw 

, hpd 

degrees,  or  — - — — 

cdzp  4'  cr  w 


revolutions  in  a fecond. 


Cor.  1.  The  angular  velocity  generated  in  the  fyftem 
during  the  defeent  of  the  weight  p through  any  fpace  s — 

’ — — ^ - — X 360°  degrees,  or  \/ ■ - , - — 

* cld  p-\-c-rLw  i & v c1d1p  4-  rV2w 

revolutions  in  a fecond.  Let  T be  the  force  which  acce- 
lerates p‘,  then  the  abfolute  velocity  generated  in  D dur- 
ing the  defeent  of  p through  a fpace  s by  the  accelerating 

1 Seft.  III.  force  F — s/  4 IsF  \ inches  in  a fecond  ; and  any  arc 

Prop.  v.  

Cor.  3.  sF  is  to  zed  the  circumference  of  the  circle  EFD, 

as  A 0 the  angle  fubtended  by  ^4 IsF  is  to  360°:  where- 
fore A0  — \lsF  X 7~~>  being  the  angular  velocity 


expreffed  in  the  number  of  degrees  which  would  be  de- 
feribed  in  a fecond  by  the  fyltem,  were  the  acceleration 
to  ceafe  immediately  after  the  weight  p has  defeended 
through  the  fpace  r;  and  reiloring  the  value  of  F — 

pa* 
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i j p 


tL-r-,  the  angular  velocity  _ V + c«r.w 

d^p  + r tv  r 


X 360°  degrees,  or 
fecond. 

Cor.  2.  The  fpace  defcribed  by  the  weight/,  in  its  de- 

r It*  d*  * Se^'  IIT> 

fcent  from  reft  during  t * feconds  zr  + - — , and  con-  PropMV. 

fequently  the  time  of  defcribing  any  fpace  s,  that  is,  t = 


/r/> 


revolutions  in  a 


v/25 


4-  sr*w 


Ipd 5 


feconds. 


Cor.  3.  The  fpace  defcribed  by/)  from  reft  while  an  an- 
gular velocity  of  n revolutions  in  a fecond  is  generated  _ 
n*  crd-p  + n~  r r*  tu 
Ip 

Cor  4.  The  force  which  J accelerates  the  centre  of  gyra-  J Sea.  VI. 
‘ p dr  Fr°P>II> 


tion  — 


d*p  + rl-iu 


Cor.  5.  The  abfolute  velocity  generated  in  the  weight 
p while  it  defcends  from  reft  through  the  fpace  s — 

/ \lsp  d — the  velocity  generated  during  the 

d'-p  + r*™’  

r • \ t 4 Ls  P’1 

fame  defcent  in  the  centre  of  gyration  — \ — - 


Cor.  6.  The  velocity  generated  in  the  centre  of  gyra- 
tion in  the  time  t — inches  in  a fecond. 

a p -j-  r w 

While  motion  is  communicated  to  a fyftem  of  revolving 
bodies  by  the  aftion  of  a defcending  weight  p,  the  force 
of  this  weight  is  employed  partly  to  move  the  fyftem  and 
partly  to  move  itfelf:  but  it  frequently  happens  in  the 
application  of  the  principles  of  rotation  to  practice,  that 
the  inertia  of  the  weight  p is  too  inconftderablc  to  have 
fenfible  effeft. 


Cg2 


XVI. 


[ 236  ] 


XVI. 

In  any  fyftems  of  bodies  revolving  by 
the  action  of  weights  (considered  as 
without  inertia)  the  abfolute  forces  which 
impel  the  centres  of  gyration,  are  in  a 
compound  ratio  of  the  quantities  of  mat- 
ter or  weights  of  the  fyftems  and  the  ve- 
locities generated  in  the  centres  of  gyra- 
tion, if  the  times  of  motion  be  equal:  and 
the  abfolute  forces  or  weights  which  are 
applied  to  communicate  motion  to  the 
fyftems,  are  in  a compound  ratio  of  the 
quantities  of  matter  moved  or  weights  of 
the  fyftems  and  a duplicate  ratio  of  the 
velocities  generated  in  the  centres  of  gy- 
ration, provided  the  fpaces  defcribed  by 
the  defcending  weights  be  equal. 


The  notation  of  the  laft  proportion  remaining,  let  v 
be  the  velocity  generated  in  the  centre  of  gyration  in  t 


inertia  of  p — o, 


v = 


2 It p ch 
~ dxp  + r1 

_ lit  pd  j P d v X 10 


XV'  feconds,  then  t we  have  , and  when  the 

* dx p -f-  r 1 <w 


but 


<~jj r r 2 It 

the  abfolute  force  which  adts  on  D is  p,  and  that  which 

P d 

adls  on  the  centre  of  gyration  rr  — : wherefore  the  force 

which  adts  on  the  centre  of  gyration^  is  proportional  to 

to  the  quantity j— , and  in  a given  time  zlt  being  con- 

2 l t 

flant. 
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ftant,  will  be  as  <1/  X w,  that  is,  as  the  velocity  generated 
into  the  quantity  of  matter,  which  is  the  firft  part  of  the 
propofition. 

The  velocity  generated  in  the  centre  of  gyration,  while 


thedefcending  weight  p defcribes  the  * fpace  s is  \J  - — 


inches  in  a fecond  : let  this  — v,  we  have  therefore  <u  * 


4 Itp 

(ZV 


V njj 


and  t — 7— ; but  p is  the  abfolute  force  which 

4 Is 


ails  on  the  fyftem,  and  this  force  or  weight,  if  the  fpace  t 
which  it  defcends  through  be  the  fame,  will  be  as  <vz  X w, 
or  in  the  ratio  of  the  quantities  of  matter  moved  and  a 
duplicate  ratio  of  the  velocities  generated  jointly,  which 
is  the  fecond  part  of  the  propofition  to  be  proved. 

The  following  conclufions  are  inferred  from  the  twoflaft 
propofitions,  on  a fuppofition  that  the  inertia  of  the  mov- 
ing force  is  — o. 

1.  If  a force  p communicating  motion  to  a given  fyf- 
tem  of  revolving  bodies,  is  applied  at  different  diftances 
SD,  SI  from  the  axis,  the  forces  which  accelerate  the 
points  D and  I in  the  two  cafes,  are  in  a diredt  duplicate 
ratio  of  thefe  diftances. 


2.  The  notation  remaining  the  fpace  defcribed  by  the 

weight  p from  reft  in  t feconds  — --  ^ . 

3.  The  abfolute  velocity  generated  in  the  defcending 
weight  p in  defcribing  a fpace  s from  reft  rc  \J 

4.  The  velocity  generated  in  p during  its  defcent  from 

„ . . , 2 It  dz  p . . . , 

reft  in  t feconds  rr  inches  in  a fecond. 


5.  The  angular  velocity  generated  in  the  fyftem  in  t 
_ It pd 
crzw 

a fecond. 


feconds  = TliH  x 360  degrees,  or  — f-"  revolutions  in 


crM  w 


6.  The  angular  velocity  generated  during  the  defcent 

of  the  weight  p through  a fpace  s — \/ — revolutions 
in  a fecond. 


• Sea.  VI 
Prop.  XV 
Cor.  5. 


7.  The 


/ 


/ 
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7.  The  velocity  generated  in  the  centre  of  gyration  in 

t feconds  rr  2 ^ , 

<w  r 

S.  The  velocity  generated  in  the  centre  of  gyration 
during  the  defeent  of  the  weight  p through  a fpace  s — 

\!  4 t*p 


9.  The  time  in  which  the  centre  of 

from  reft  any  fpace  s = v/^. 

p 1 a 


gyration  deferibes 


10.  The  velocity  generated  in  the  centre  of  gyration 
during  the  time  that  point  deferibes  any  {pace  5 = 

y/  lt$  pd 

'iu  r 


From  the  8th  Cor.  it.  follows,  that  the  motion  of  the 
centre  of  gyration  generated  by  the  force  of  a weight  de- 
fending through  a given  fpace  S,  applied  at  any  diflance 
from  the  axis  whatever,  is  the  fame  as  would  be  generated 
in  the  centre  of  gravity  of  the  whole  fyftem,  when  at  li- 
berty to  move  freely;  if  the  given  weight  were  applied  to 
accelerate  it  from  reft  through  a fpace  — S. 

From  thefe  propofitions  the  principle  denominated 
Confervatio  virium  vi varum,  as  far  as  it  is  confiftent  with 
truth,  is  readily  deduced.  This  principle  was  formerly 
fuppofed  to  conftitute  a theory  not  entirely  confiftent  with 
that  which  is  eftabliftred  upon  the  Newtonian  laws  of  mo- 
tion; but  the  different  opinions  concerning  the  meafures 
of  force  having  been  long  acknowledged  a difpute  about 
words,  it  has  become  unneceffary  to  confidcr  the  fubjedt 
in  a controverftal  manner. 

According  to  this  theory,  Leibnitz  and  Bernoulli  efti- 
mate  the  force  of  bodies  in  motion  by  the  fum  of  the  pro- 
dudts,  which  are  formed  by  multiplying  each  particle  into 
the  fquare  of  its  velocity. 

Though  this  has  long  ago  been  demonftrated  by  various 
writers  to  be  falfe,  when  applied  in  a general  way  to  the 
collifion  of  bodies ; yet  it  is  certainly  true  as  far  as  regards 
the  communication  of  motion  by  conftant  acceleration, 
under  certain  reftridtions  and  conditions,  and  is  in  fadt  no 
other  than  a propofttion  eaftly  deduced  from  the  Newtonian 

laws 


[ 239  ] 

lasvs  of  motion.  This  has  been  fufficicntly  fhewn'  when 
the  motion  communicated  is  *reftilinear;  the  application  • Se£fc  III. 
of  it  to  bodies  which  revolve  round  a fixed  axis  will  ferve  Pr°P- 
for  the  further  illullration  of  the  theory. 


XVII. 

Let  abc  reprefent  the  plane  in  which  a Fig.  lix. 
body  or  fyftem  of  bodies  revolves  round 
an  horizontal  axis  which  paftes  through 
the  centre  of  gravity  s.  Suppofe  mo- 
tion to  be  communicated  to  this  fyftem  by 
the  adfion  of  a weight  p,  affixed  to  a line 
wound  round  the  circumference  of  a cir- 
cle, the  plane  of  which  is  the  fame  with 
that  of  the  rotation,  and  the  centre  coin- 
cident with  the  axis  of  motion  : then  if  p 
by  defending  through  any  fpace  s,  ge- 
nerates velocity  in  the  revolving  fyftem, 
the  fum  of  the  products  of  each  particle 
in  the  fyftem,  multiplied  into  the  fquare 
of  the  velocity  generated  in  it,  will  be 
equal  to  the  fum  of  the  products  of  each 
particle  in  the  body  p into  the  fquare 
of  the  velocity  which  would  be  generated 
in  it  by  gravity,  if  it  defcended  freely  from 
reft  through  the  fame  fpace  s. 


The  notation  of  the  preceding  propofitions  remain- 
ing, the  velocity  generated  in  the  point  D during  the 

jrr TrrTi  ||  Sea.vr. 

defcent  of  /||  through  the  fpace  s — •,  and  £r0P’ 

* <wrz  eor.  3. 


con 
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confequently  the  velocity  of  any  particle  A — \]  — ^ s ^ ^ . 

nurx 

SA 

X -7 , and  the  fquare  of  the  velocity  generated  in  A zn 


SAZ 


4 x __ 


•xv  r 


: and  in  like  manner  the  fquare  of  the  ve- 
locity generated  in  any  other  particle  B during  the  de- 

r C 1_  l , 4 lsf)dZ  SB*  , , 

fcent  of  p through  s will  be x -75-,  and  the  fum 

wr  dz 

of  the  produ&sof  each  particle  into  the  fquare  of  its  velocity 

4 lspdz  AxASz  + BxBSz  + CxCS1,  &c.  , 

— 2 x ‘ » : but 


t Seft.  VI.  AxASz  + BxBSzt  + CxCSz,  &c.  = wrz,  wherefore  the 
CorPiVI11,  fum  of  the  produfts  before  mentioned  — 4 Is p.  Now  let 
the  weight  p defcend  from  reft  through  the  fpace  s by  its 

||  Seft.  Ill,  natural  gravity,  the  velocity  generated  || will  beV  4 Is,  and 
Co°P  V’  l^e  ^luare  veIoc'cy  — 4^»  and  this  multiplied  into 

’ each  particle  of  the  body  p — \ lsp ; the  fame  as  the  fum 
of  the  produfls  of  each  particle  in  the  fyftem  into  the  fquare 
of  its  velocity. 

The  explanation  of  thefe  propofitions  was  the  fubjedt  of 
a difcourfe  on  the  force  of  bodies  in  motion,  delivered  at 
a public  courfe  of  ledtures  read  at  the  univerfity  of  Cam- 
bridge, in  the  years  1776  and  1777  ; and  the  truth  of  them 
was  confirmed  by  many  experiments,  as  well  on  bodies 
which  moved  in  right  lines,  as  on  thofe  which  revolved 
round  a fixed  axis  of  motion : it  was  fhewn,  that  the  New- 
tonian meafureof  the  quantities  of  motion  by  the  joint  ra- 
tios of  the  quantities  of  matter  and  velocities  generated, 
and  that  of  Leibnitz  and  Bernoulli,  according  to  whom 
the  forces  communicated  to  bodies  are  proportional  to 
the  quantities  of  matter  moved,  and  the  fquares  of  the  ve- 
locities generated  in  them,  are  confident  with  each  other, 
and  with  the  theory  of  motion  in  general : and  for  the  fol- 
lowing reafons:  namely,  fince  if  the  times  of  motion  be 
* Sea.  III.  the  fame,  the  forces  which  ’generate  velocities  in  bodies, 
Piop.  VIl.  are  as  ^ quantities  of  matter  and  velocities  jointly,  ac- 
cording to  the  Newtonian  meafure;  whereas  if  the  fpaces 
deferibed  from  reft  are  the  fame,  the  forces  to  create  mo- 
tion in  the  bodies  moved  are  as  the  quantities  of  matter 
and  the  f fquares  of  the  velocities  jointly,  as  Bernoulli 
and  others  affirm  in  general,  and  without  the  necefTary 
o limi- 
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limitation:  and  it  was  obferved,  that  the  principle  upon 
•which  the  coincidence  of  the  two  theories  depends,  is  the 
following  propolition,  i.  e.  that  when  bodies  are  uniform- 
ly accelerated  through  equal  fpaces,  the  accelerating  forces 
are  as  the  fquares  ol  the  velocities  generated. 


XVIIl. 

Let  ab  reprefent  a ftraight  lever  move- Fig.  lx, 
able  round  an  horizontal  axis  of  motion 
which  pafles  through  s:  let  the  arms  be 
sb,  sa:  fuppofe  a weight  w to  be  affixed 
to  the  extremity  of  the  fhorter  arm,  and 
to  be  raifed  by  the  weight  p,  applied  at 
the  extremity  of  the  longer  arm,  when 
the  lever  is  horizontal ; and  let  it  be  re- 
quired to  affign  in  what  time,  w will  be 
raifed  through  a given  altitude]  the  weight 
and  inertia  of  the  lever  itfelf  not  being 
confidered. 

When  there  is  an  equilibrium  on  any  mechanic  power, 
the  proportion  of  the  weight  fuftained  to  the  power  fuf- 
taining  it,  will  in  all  cafes  be  affigned  from  having  given 
the  dimenfions  of  the  mechanic  power. 

An  equilibrium  having  been  once  formed,  the  fmallelt 
addition  of  weight  will  caufe  the  body  to  which  it  is  ap- 
plied on  either  fide  to  preponderate  : in  this  cafe  a certain 
degree  of  motion  is  generated,  and  fince  the  ufes  of  the 
mechanic  powers  are  not  only  to  fullain  forces  in  equili- 
brio,  but  to  raife  weights  and  overcome  refinances,  it  is  a 
problem  of  principal  confequence,  to  affign  the  abfolute 
quantity  of  motion  generated  by  a known  moving  force, 
in  given  circiimftances. 

Let  SA  — a,  SB  — r.  Firft  to  confider  the  effefls  of 
the  force  p to  turn  the  fyftem  at  the  firlt  inftant  of  motion. 

H h The 
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The  force  applied  to  B is  the  weight  p,  but  flnce  the 
weight  w being  fufpended  from  the  extremity  of  the 

arm  SA  will  balance  a weight  = when  placed  at  B, 

this  force  muft  be  fubdu&ed  from  p ; the  impelling  force 
therefore  which  afts  on  B upon  the  whole  will  be  p — 

•Seft.VI.  rp  — <wa  „ ... 

•Prop.  i.  — = . The  * inertia  or  mafs  moved  at  B will 

Cor.  2'  r . r 

be  obtained  by  fuppofing  the  bodies  p and  w to  be  re- 

tf7, 

moved,  and  an  equivalent  mafs  p + — — to  be  concen- 

i 1 

trated  in  B ; the  inertia  therefore  at  B will  be  that  of  the 
mafs  ^ r a , and  the  force  which  accelerates  B or  p 
at  the  firft  inftant  of  motion  when  the  lever  is  horizontal  zz 
II.  Let  this  ~ F-,  fuppofe  the  point  p to  have 

prz-\-'waL 

defcended  through  the  arc  2>P,and  through  P draw  PE  per- 
pendicular to  SB,  and  let  PE  — x,  SB  = r,  then  will  the 
force  which  accelerates  the  point  P be  lefs  than  when  the 
lever  is  horizontal,  in  the  proportion  of  SB  : SE,  or  of  r : 

Vr z — xz,  and  will  therefore  = F x — : let  a;  be 

the  altitude  through  which  a body  muft  fall  freely  to  ac- 
quire the  velocity  of  p,  during  the  time  of  its  describing 

— r * * 


II  Sea.  VI.  r'p  — ra'w 
Prop.  I. 


Cor.  3. 


the  elementary  arc  Po-,  andfince  the  arc  P 0 — 


1 Fx  V r1 xx 

t Sea.  Ill*the  principles  of  acceleration  f give  usz  = 

Prop.  V.  1 r r 

Cor.  4*  • 

X r x — — xF,  wherefore  z — xF,  and  if  / = 193 

V r1 — x 1 

inches,  the  velocity  of  p while  it  defcribes  0 P ~ V ^IFx 
inches  in  a fecond. 

If  T be  put  to  reprefent  the  time  of  defcribing  the 

Sea.  III. arc  Po  or  this  will  give  { T = 

Prop.  III.  Vr1-*1 


1 — r-  x ? 

V+lFx  4 IF  'Sr'x  — x* 


V rl  — x* 
, the  fluent  of 
which 
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which  will  be  the  time  of  defcribing  the  arc  Bp-.  this 
may  be  found  by  an  infinite  feries.  Since 


s/  x 


+ 


3. 

Xx  X 


. 1 .2 


r J .2  .4 


7 2.  4.  6 


&c.  the  fluent  of 


s/  rr  x — * 


will  — 


2 x ■ 


1 + 


time  in 


x 1 


+ 


x+.i-3 


* •'  -3-S_ 
2 .4 .9  + rG.2.4.6.!3 


, &c.  and  the 


which  the  weight  p deferibes  the  arc  Bp  -\J ^ 


X 1 + 


.2.5 


+ 


•'  -3 


•1-5 


.2.4.9  7-6  -2.4.6.!  1 ’ 


&c.  ex- 


preffed  in  feconds.  As  the  arms  of  a lever  in  raifing 
weights  are  fuppofed  to  move  through  but  fmall  angles, 
a few  terms  of  the  feries  will  be  a fufficientapproximation: 
if  the  an o-l e through  which  the  weight  w is  raifed,  be  not ' 
greater  than  thirty  degrees,  two  terms  will  give  the  time 

true  within  about  ^ part  of  the  whole. 

In  this  cafe,  the  weight  and  figure  of  the  materials  of 
which  the  lever  is  compofed,  have  not  been  taken  into 
account.  The  following  is  a more  general  folution  ; let 
be  the  lever,  w the  weight  moved  by  the  power  p, 
each  afting  in  a direction  perpendicular  to  the  horizon. 
Let  G be  the  common  centre  of  gravity  of  the  whole 
fvftem,  including  the  weights  / andw,  and  the  lever  itfelf, 
and  O the  centre  of  ofcillation  when  AB  vibrates  round 
the  axis  5 : the  force  which  accelerates  B when  the  lever 


SGxSB  SB  . , 

is  * horizontal  rz  or,  w — "77,  • If  J^13  Put 


r * Seft.  VI. 
Prop.  V. 


SGxSO  ~~  SO  Pro’.  VIII. 

the  time  wherein  p defeends  through  a perpendicular 
{pace  x,  and  confequently  wherein  <w  afeends  throughProp.il. 

SA  n/~3T  “ & _ yS*  SO  Fig.-LXI. 

V X 1 +r*a.s»&c.  LX  SB 


x X 


SB 


X I + 


.2.5 


IF 
, Sc  c . 


H h 2 


When 


I 
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When  a wheel  and  axle  is  employed  to  raife  any  weight 
<j  applied  to  the  circumference  of  the  axle,  by  means  cf 
the  power  p applied  to  the  circumference  of  the  wheel, 
the  axis  of  the  wheel  is  fuppofed  horizontal,  and  the 
moving  force  being  conllant,  the  force  which  accelerates 
any  given  point  in  the  fyftem  will  be  obtained  from  the 
principles  already  demonftrated,  and  confequently  the 
fpr.ce  defcribed  by  the  elevated  weight  in  a given  time 
will  b.e  al'certained. 


XIX, 

Fig.  lx i.  Let  abc  reprefent  a wheei  and  axle,  its 

weight  w,  and  let  the  axis  be  horizontal: 
having  given  a weight  q applied  to  the 
circumference  of  the  axle,  and  p applied 
to  the  circumference  of  the  wheel  in  or- 
der to  raife  q,  it  is  required  to  affign  the 
fpace  defcribed  by  the  elevated  weight  q 
from  reft  in  any  given  time. 


The  abfolute  force  which  impels  D is  p,  and  ftnce  q 

a£ts  in  a direttion  contrary  to  p with  a force  — ~~~  , 

oU 

o X S A 

this  being  fubdu&ed  from  p will  give  p — — ^ 

for  the  force  which  upon  the  whole 
SD 

impels  D.  Let  the  centre  of  gyration  of  the  wheel  be 
R.  then  fuppofe  the  mafs  of  matter  in  the  whole  fyftem 

Pr^vTlI.  , •'  , r 'ivxSR'+'qxS^+pxSP1  L 

1<J*  removed,  if  the  mafs <- be 

concentrated  in  D,  the  point  D will  be  accelerated  in 
the  fame  manner  as  when  the  parts  of  the  fyftem  are  dif- 
pofed  as  they  are  defcribed  in  the  problem.  Since  then 

liie  force  which  impels  D — > and  *“e 


inertia 
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inertia  which  refills  the  communication  of  motion  to  D is 

sr*  + 7 x sj'  + px  sip  h h force  whkh a(> 
DS'- 


, „ p x SD  — ? X SA  X SD 

celerates  D = ~x  SR'+JVS&TJ^' 


p,  and  confe- 
quently  the  force  which  accelerates  the  weight  w in  its  af- 


p x SD  — q X SAxSA 


, * Seft.  VJ. 
let  this  — F,  and  Prop.  II. 


~ w xSR'  + pxSD'+qxSA 
l =r  193  inches,  then  the  fpace.  defcribed  from  f reft  by  q 
in  the  time  t feconds  — tz  l F inches,  cor. 


Cor.  1 . Let  SD  be  to  SA  as  n : 1 ; then  if  SA  — a , 
SD  — tia:  let  SR  — ra,  mm  the  force  which  accelerates 


the  point  D — 


n'  p — 72  q 
wrz  + p»i+  q' 


Cor.  2.  If  the  inertia  of  the  wheel  and  axle  is  evanef- 
cent  or  too  fmall  to  have  fenfible  effedt,  the  force  which 

accelerates  D — — ^ — — . 

/»  + q 


Cor.  3.  If  the  inertia  of  the  moving  force  is  alfo  — o, 
the  force  which  accelerates  the  point  D 


71  p 72  q 


Cor.  4.  If  the  mafs  moved  has  no  weight  but  poflefles 
inertia  only,  the  force  which  accelerates  D — - — . 


Whenever  motion  is  communicated  to  a body,  a cer- 
tain refiftance  mull  have  been  overcome  by  the  moving 
force:  this  refiftance  is  of  various  kinds,  i.  e.  1.  The  iner- 
tia of  the  mafs  moved  whereby  it  endeavours  to  perfevere 
in  its  Hate  of  quiefcence,  or  of  uniform  motion  in  a right 
line.  2.  That  of  a weight  or  other  abfolute  force  op- 
pofed  to  the  adlion  of  the  moving  power.  3.  Obftacles 
upon  which  the  moving  body  impinging  is  retarded  in  its 
progrefs ; fuch  for  example  is  the  refiftance  which  arifes 
from  the  particles  of  a fluid  through  which  a body  moves. 
The.  eftimation  of  thefe  refinances,  and  their  effedls  in  re- 
tarding the  motion  of  bodies  adted  on  by  a given  force, 
are  deducible  from  the  laws  of  motion,  and  conftitute  a 
part  of  the  folution  of  almoft  all  problems  relating  to  the 
motion  of  bodies, 
u 


The 


[ 246  ] 

The  moving  forces  alfo  are  of  various  kinds,  i.  e.  the 
earth’s  gravity,  mufcular  power,  the  impaft  of  bodies 
folid  or  fluid,  &c.  It  has  been  Ihewn,  that  the  effefts  of 
thefe  moving  forces  which  are  exerted  on  bodies  in  order 
to  create  motion,  excluflve  of  the  refiftance  oppofed  to 
them,  depend  on  the  various  circumftances  of  the  time  in 
which  they  aft,  and  on  the  fpaces  through  which  the  bo- 
dies moved  are  impelled,  &c. 

Thefe  confiderations  are  urged  to  (hew,  that  from  the 
great  variety  of  undetermined  conditions  which  may  enter 
into  mechanical  problems,  there  mult  be  of  courfe  various 
me  hods  of  producing  the  fame  mechanical  effect;  and  it 
is  a very  material  part  of  the  art,  confidered  either  in  a 
theoretical  or  praftical  view,  to  proportion  the  means  to 
the  end,  and  to  effcft  this  with  all  the  advantages  which 
the  nature  of  the  cafe  is  capable  of.  It  is  the  due  obfer- 
vation  of  thefe  particulars  which  contributes  to  render 
mechanic  inftruments  compleat,  and  the  negleft  of  them 
dcfeftive  in  their  conltruftion.  This  proper  choice  of 
means  to  produce  mechanical  effcft  is  frequently  the  refult 
of  long  continued  experience  independent  of  all  theory; 
the  knowledge  of  which  however  when  immediately  ap- 
plied to  praftice  would  fave  the  artilt  much  time  and 
trouble,  as  well  as  would  be  produftiveof  other  advantages 
which  experience  alone  mult  be  deftitute  of. 


XX. 

rig. lxi.  abc  is  a wheel  and  axle  moveable 
round  an  horizontal  axis  which  pafles 
through  s.  Suppofe  a given  weight  q, 
which  is  applied  to  the  circumference  of 
the  axle,  to  be  raifed  by  the  application 
of  a given  moving  force  p,  which  is  ap- 
plied to  the  circumference  of  the  wheel: 
let  it  be  required  to  affigti  the  proportion 
of  the  radii  of  the  wheel  and  axle,  fo 
that  the  time  in  which  the  weight  w af- 

cends 
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cends  through  any  given  fpace  fliall  be  the 
leaft  poffible. 

Let  the  given  radius  of  the  axle  SA  — a,  the  radius 
of  the  wheel  fought  — x,  let  the  wheel’s  weight  r=  w,  the 
diftance  of  the  centre  of  gyration  from  the  axis  of  motion 
— r,  then  will  the  force  which  accelerates  the  weight  p 

during  its  'defcent  = *■  p — q ax — , that:  whith  ac-  p ron^xrc' 


celerates  q in  its  f afcent 


a x p — q a 
wr:  + p x ~ ~f  q a 5 


op. 

+ Sea.  VI. 
Prep.  II. 


The  fquare  of  Jtime  therefore  in  which  any  fpace  s is  de-  J Scfl.^III. 

,.  ,,  , ...  s 'wrz+pxx-t-  qaz  Cor.  5. 

fenbed  by  the  amending  weight  q — j-  X . 


qa- 


which  is  to  be  the  leaft  pofiible  by  the  problem ; making 
therefore  its  fluxion  — o,  we  have  p^ax'x — 2pqaLxx  — 
ivr^pax  —pqa3x  — o,  which  being  reduced  gives  x — 

ag  + \/ q'~  az  + pwr*  + gpa* 


cent,  then  x 


Cor.  1.  Suppofe  the  inertia  of  the  wheel  to  be  evanef- 
= 5?  ±VjLa  1+  and  if  q - p, 

' P . 

that  is,  the  weight  moved  being  equal  to  the  moving  force, 

it  will  follow,  that  A:  = «+  iixV2  = /iXi  + V z. 

Let  ABC  reprefent  a cylindrical  wheel,  the  radius  of 
which  r 10  inches,  and  its  weight  zo  oz.  let  the  radius 
of  the  axle  S 4 ~ 1 inch,  the  weight  to  be  raifed  through 
any  given  fpace  be  ?oo  oz.  the  moving  force  by  which  it 
is  raifed  — 33  oz.  fince  the  radius  of  the  cylinder  — 10 
inches,  the  diftance  of  the  centre  of  gyration  from  the 

axis  — Vi  o inches  || : then  to  find  a diftance  SD,  at  which  ||  Sea.  VI. 
the  moving  force  p is  applied,  fo  that  the  time  in  which  Prop.  XII. 
q afeends  through  a given  fpace  fhall  be  the  leaft  poffible,  22*' 
we  have  a ~ 100,  p — 33,  w — 20,  r*  — 50,  a — 1,  and 

the  diftance  fought  - + ^ -°°°°  + 33°oo  + 33^ 

° ' 33 

3 1 5- *7  - , 

— — — = 9-5S  inches. 


This 
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Fig.  LXIJ. 


This  therefore  will  be  the  mod  convenient  diftatfce  to 
Apply  the  given  moving  force,  when  the  chief  objedl  is  to 
lefien  the  time  of  afcent.  If  it  be  required  to  aflign  the 
diltance  SD,  when  the  moment  communicated  to  w while 
it  afcends  through  a given  fpace  is  the  greatell  poflible,  the 
folution  will  be  the  fame  as  before,  which  therefore  anfwers 
to  two  conditions ; that  is,  it  will  render  the  time  in  which 
q afcends  through  a given  fpace  the  leaft,  and  the  moment 
generated  during  the  fame  afcent  the  greatell  poflible. 

If  the  weight  q in  Head  of  afeending  in  a vertical  di- 
redlion  is  drawn  along  an  horizontal  plane,  and  the  fur- 
faces  be  perfe&ly  free  from  fridlion,  the  weight  of  q will 
— o.  In  this  cafe  if  it  be  required  to  aflign  the  diflaned 
SD,  at  which  if  the  given  force  p be  applied,  the  time  of 
deferibing  a given  fpace  lhall  be  the  lead,  and  the  mo- 
ment generated  in  q the  greatell  poflible,  we  fhall  have 


r1  <w  -f-  q az 


P 


9 


and  if  the  inertia  of  the  wheel 


Ihould  be  too  fmall  to  have  fenfible  effefl,  S D — a x 


P 

Thus,  let  the  quantity  of  matter  to  be  drawn  along  the 
plane  be  four  times  greater  than  that  which  is  contained 
in  the  moving  force,  the  radius  of  the  axle  SA  being 
given ; in  order  that  it  may  be  impelled  with  the  greatell 
velocity  poflible  and  with  the  greatell  moment,  the  radius 
of  the  wheel  Ihould  be  double  to  that  of  the  axle,  when 
the  inertia  of  the  wheel  is  not  confidered. 


XXI. 

Fig.  lxi.  ABC  is  a wheel  and  axle,  the  axis  of 
which  is  horizontal : having  given  a mov- 
ing force  or  weight  p adting  on  the  cir- 
cumference of  the  wheel  in  order  to  raife 
a weight  y which  is  applied  to  the  cir- 
cumference of  the  axle,  it  is  required  to 

aflign 


I 
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affign  the  quantity  y,  when,  the  moment 
generated  in  it  in  any  given  time  fhall  be 
the  greateft  poffible,  the  inertia  of  the 
wheel  and  axle  not  being  conlidered. 


Let  SD  ~d,  SA  — n,  the  force  which  accelerates  the 

afcent  * of y - > therefore  if  / — 193  inches, 

the  velocity  generated  in  y in  the  f time  t will  be  2 tlx 

a dp  — y and  the  moment  generated  in  y in  the 

d'p+ya*’  

a dpy  — a 1 y2 

fame  time  t will  be  exprefled  by  2//  X y az  » 

and  as  this  is  to  be  the  greateft  poffible  by  the  pro- 
blem, its  fluxion  muft  be  = o,  which  will  give  a d2p'y 
— 2(1*  dzpy y — a^y^y  — °>  and  tilc  weight  fought  ra 

\/ d*pz  -f  dz  p'-a  — dxp 
az 


Cor.  1 . If  SD  is  to  SA  as  « : 1,  y ~ p X V h*  + n% 
— nzp:  if  the  radius  of  the  axle  — the  radius  of  the 

wheel,  that  is,  if  n — 1,  the  weighty  will  be  —p  V 2 — 1 : 

the  weight  moved  therefore  muft  be  about  j-  parts  of  the 

moving  force. 


Cor.  2.  If  the  wheel’s  weight  be  taken  into  account,  let 
its  weight  — to,  the  diftance  of  the  centre  of  gyration 
from  the  axis  — r,  and  the  moment  generated  in  the  af- 
cending  weight  the  time  t will  be  exprefled  by  2/?  X 

^ — 2 , which  is  the  greateft  pollible  whcnV  = 

V d*p%  -f  idzp  r'L--yj-\-Dxvz  -{■  p <wda rz pz  d*  a — dzp  — 


Ii 
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XXII. 

Fig.  lxiii.  Let  a b c ii  be  a fyftem  of  bodies  move- 
able  round  a vertical  axis  which  pafles 
through  the  common  centre  of  gravity  of 
the  fyftem.  Suppofe  deg  to  be  a wheel 
the  axis  of  which  is  vertical  and  coinci- 
dent w'ith  that  of  the  fyftem,  let  motion 
be  communicated  by  means  of  a line  go- 
ing round  this  wheel,  the  firing  Dp  be- 
ing ftretched  by  a given  weight  p;  let  it 
be  required  to  affign  the  radius  of  the 
wheel  egd,  fo  that  the  angular  velocity 
communicated  to  the  fyftem  in  any  given 
time  may  be  the  greateft  poffible. 


Let  the  weight  of  the  fyftem  rr  tu,  the  diftance  of  the 
centre  of  gyration  from  the  axis  of  motion  :=  r,  the  ra- 
dius fought  SD  = x : then  will  the  velocity  generated  in  a 
* Se£t.  VI,  given  time  in  the  * defcending  weight p be  proportional  to 

Prop,  ' a x z 

- — ~ , and  the  angular  velocity  generated  in  the 

wr‘+/*‘ 


fame  time  as  — — — - , which  is  to  be  a maximum  by  the 
<wrl+pxz 

conditions  of  the  problem  ; we  have  therefore  its  fluxion 

P.™  r.  JLlk-P  x * 2L--—  = o,  and  the  diftance  fought 

wr 7 -+■  pxz 

* = V -xr. 

P 


Thus,  fuppofe  the  moving  force  is  -b  of  the  weight  of 

.4 

the  fyftem,  it  Ihould  be  applied  at  a diftance  from  the  axis 
; a equal 


[ 251  ] 

equal  to  twice  the  diftance  of  the  centre  of  gyration,  in 
order  to  produce  the  greateft  angular  velocity  in  a given 
time. 

In  order  to  increafe  the  aftion  of  a given  moving  force 
againft  a weight  to  be  raifed,  or  reftftance  to  be  over- 
come, a combination  of  two  or  more  mechanic  powers  is 
frequently  made  ufeof.  Letp  be  a power  applied  by  means  Fl5-  LXIV, 
of  a line  to  the  vertical  wheel  C : fuppofe  the  circumference 
of  the  axle  K to  be  in  contaft  with  the  circumference  of 
any  other  vertical  wheel  B,  fo  that  the  circumference  of 
the  wheel  B may  always  move  equally  fall  with  that  of  the 
axle  which  belongs  to  C : let  alfo  the  axle  of  B commu- 
nicate motion  to  a vertical  wheel  A,  to  the  axle  of  which 
a weight  q is  fufpended,  fo  as  to  adl  in  oppoficion  top: 
moreover  let  Imn:  i be  the  fum  of  the  ratios  of  the  radius 
of  each  wheel  to  that  of  its  axle;  then  if  p Imn  — q,  the 
two  weights p andw  will  fuftain  each  other  in  equilibrio, 
but  if  Imn p is  at  all  greater  than  q,  the  equilibrium  will 
be  deltroyed,  and  the  next  problem  is  intended  to  affign 
the  motion  communicated  to  p or  q in  given  circu-mftances. 


XXIII. 

In  a fyftem  of  wheels  and  axles  juft  rig.Lxiv. 
deferibed,  let  the  radii  of  the  wheel  and 
of  the  axle  a be  in  the  ratio  of  1 :,i,  the 
radii  of  the  wheel  and  axle  in  b as  m : i, 
and  of  cas  n;  i;  alfo  let  the  diftance 
of  the  centre  of  gyration  from  the  axis 
in  a be  r,  the  diftance  of  the  centre  of 
gyration  in  b = s,  in.c  = t:  and  let  the 
weight  of  the  wheel  and  axle  a — a,  that 
of  b = b,  and  of  c = c : fuppofe  the 
weight  p fufficient  to  communicate  mo- 
tion to  q;  and  let  it  be  required  to  affign 
i i 2 the 


* Sea.  VI. 
Prop.  Vi II. 


+ Seft.  VI. 
Prop.  i. 


i sea.  hi. 

Prop.  }V. 
Cor.  5. 
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tile  fpace  defcrifced  by  q in  its  afcent  front 
reft  during  a given  time. 


The  abfolute  force  of p to  move  itfelf  — p,  and  fince  q 
ails  in  oppofition  to  this  force,  its  eflefts  mult  be  fub- 
dudted  from  p in  order  to  obtain  the  force  which  impels 
p on  the  whole;  and  fince  q would  balance  a weight  ~ 


if  applied  at  p,  the  force  which  impels  p on  the 


whole  will  be 


p Imn  — q 
l m n 


In  the  next  place,  the  inertia 


which  refills  the  communication  of  motion  to  p mud  be 
afeertained.  Motion  is  communicated  to  the  wheel  A from 
the  circumference  of  the  axle  B,  and  the  inertia  of  A and  of 
the  weight  q which  refills  the  * communication  of  a force 


applied  at  I — 


a rz  + 7. 

r : 


in  regard  therefore  to  the  in- 


ertia of  A and  q,  thefe  maybe  fuppofed  to  be  removed, 


and  the  equivalent  f mafs 


ar 1 + q 

r- 


colledled  into  the  cir- 


cumference of  the  wheel  A,  or  of  the  axle  B.  Since  mo- 
tion is  communicated  to  B by  the  circumference  of  the 
axle  C,  the  inertia  of  B together  with  the  equivalent  mafs 


will  be 


sr  b + arx  + q 
I'm* 


in  like  manner 


fince  motion  is  communicated  to  C by  the  weight  p 
adline  at  D,  the  inertia  which  refills  the  communica- 

° . . pn1  + c tz 

tion  of  motion  to  D or  p wul  be  — -f- 

1 n 


s'-l-b  + arz  -f  q _ l'm%np  -f  c FFm1  + s'lzb  -f  r' a -f  q 
lxmz  nx  ” x nz 

and  the  force  which  accelerates  /in  itsdefeent  from  relt  — 


p l m n — g X Imn 


lLnAn ' p + ct1lzmz  + s'~lzb  -f  rxa  -f  q 


, and  that  which 


pi  mn  — q 

accelerates  q ~ p + ctx  l x mx  + sz  lx  b + rx  a + q ‘ 

If  therefore  this  force  be  put  — F,  and  l be  = 193  inches, 
the  fpace  deferibed  by  q in  its  alccnt  from  relt  in  the  time 
t feconds  J will  be -il  IF  inches. 


XXIV. 


f 
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XXIV. 

Let  a,  b reprefen t a {ingle  moveable fis.  lxv. 
and  a fixed  pully,  by  means  of  which  the 
power  p elevates  the  weight  w:  having 
given  p and  w,  together  with  the  weights 
of  the  cylindrical  pullies  a and  b,  it  is  re- 
quired to  afiign  the  fpace  which  the  de- 
fcending  weight  p defcribes  in  a given 
time,  the  weight  of  the  moveable  pully 
being  included  in  the  weight  w. 

The  abfolute  force  which  impels  P in  its  defcent,  is  its 
own  weight  or  P ; but  fince  the  weight  /Fa&s  againlt 
- . JV 

this  defcent  with  a force  = — , the  whole  force  by  which 

2 1 

IV 

P endeavours  to  defcend  is  P . The  inertia  which 

2 

refifts  the  communication  of  motion  to  P,  depends  on  the 
mafs  contained  in  P,  together  with  that  contained  in  the 
two  pullies  and  the  weight  JV.  Let  the  weight  of  each 
pully  be  the  inertia  o f P is  its  own  mafs  P,  and  that  of 
9 

the  pully \A  — - : the  inertia  of  the  pully  B,  is  the  fame  j Page2StSi 

as  if  — were  uniformly  accumulated  into  its  circumfe- 
2 » 

rence ; but  fince  the  velocity  of  this  circumference  is  lefs 

than  the  velocity  of  P in  the  proportion  of  2 : i,  its  iner- 

tia  will  be  equivalent  to  a llmafs  2=  defcendinsr  with  H Sea>  VI* 

2x4  b Prop.  11. 

P;  for  the  fame  reafon,  fince  the  weight  Amoves  with  a 
velocity  only  one  half  of  that  with  which  P defcends, 

its  inertia  referred  to  P’s  motion  will  be  — : the  iner- 

4 

tja  of  the  whole  mafs  will  therefore  be  P -j-  -f. 

2 o 

w 
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W _ 8 P + c £ -f  2 W 

“ — * g ; and  becaufc  the  impelling  force 

W 

— x 


. 2P  — Jp  , . 2p 

is , the  accelerating  force  will  n — - 


*SeCt.Vh  8 _ SP  — \W 

brop.iy.  8 P + s^+2^' 


if  therefore  l be 


5^+2  w SP+s^+2^* 

= 1 93  inches,  the  fpace  defcribed  by  P from  reft  in  t fe- 

“n<l*  w'"  be  8i>+  5g_+  lWX‘  ■ 

Cor.  If  W Ihould  be  greater  than  z P,  W will  defcend, 
and  by  the  fame  method  of  reafoning,  the  force  which  ac- 

2 W — 4P 


celerates  tlie  defcent  of  W will  be  found  ~ 


2jy+  s^+  8P‘ 


XXV. 

In  a fyflem  of  pullies  in  which  the  fame 
firing  goes  round  all  the  pullies  contained 
in  two  blocks:  having  given  the  power 
p and  the  weight  w raifed  by  it,  toge- 
ther with  the  number  of  the  pullies  and 
the  weight  and  figure  of  each,  it  is  requir- 
ed to  aflign  the  force  which  accelerates 
the  defcent  of  p,  the  weight  of  the  lower 
block  being  included  in  the  weight  w. 

Let  the  number  of  pullies  be  »,  and  fuppofe  them  as 
before  to  be  cylindrical,  and  that  the  weight  of  each  — 
then  the  abfolute  moving  force  which  adts  at  P — its 
own  weight  P:  but  becaufe  W adts  at  Pin  a contrary  di- 
* IV 

redtion  with  a force  — — , the  force  which  upon  the  whole 

i n * . 1-t  4 

- . , r Pn—W 

impels  P in  its  defcent  =:  

■ ■ n 

Moreover,  the  inertia  of  P is  its  own  mafs  P,  that  of 
the  weight  lVy  the  velocity  of  which  = d part  of  P’s  ve- 
locity 


u 
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locily  t will  be  = ?£,  and  became  the  circumference  of  frlpfilT'' 

the  flowed  pully  moves  with  the  fame  velocity  as 

the  weight  W,  and  its  inertia  is  the  fame  as  if  ^ were 

colle&ed  into  its  circumference,  the  inertia  by  which  it 

refills  the  defcent  of  P will  be  the  circumference  of 

of  the  next  pully  revolving  twice  as  fall  as  the  former,  its 
inertia  will  be  four  f times  as  great,  and  will  therefore  be  £fop  jL  * 

= , and  fo  on ; the  fum  of  the  inertia  of  the  pullies 

~ 2X*1 

beine  = — Xi+4  + 9,  &c.  continued  to  n terms, 

& znL 

9 2 n3  -f-  3 s1  + » .1  , , - 

yhich  is  = X g : the  whole  inertia 

therefore  which  refills  the  communication  of  motion  to 
r , n 21, 

P will  = P+  ^ + — 

11 


3 + 3**  + « _ 
12  1 P 


Ia^f+.a>r+gya.-  + 3»  +.  ^ ^ wUck 

12  Pn'1  — 12  Wn 


12  n 

lerates  the  defcent  of  P— 


acce- 


i2»2P+  i2W+QX2n3-i- 


XXVI. 

Let  a b c d reprefent  a fyftem  of  pul-  Fig.  lxvi. 
lies  in  which  the  firing  that  goes  round 
each  pully  is  fixed  to  the  weight,  as  re- 
prefented  in  fig.  lxvi  : having  given  the 
weight  w,  and  the  power  which  raifes  it 
?,  together  with  the  number  and  weights 
of  the  cylindrical  and  equal  pullies  a,  b, 

C,  d,  &c.  it  is  required  to  aflign  the  force 

which 


* Sea.  VI. 
Prop.  II. 
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which  accelerates  the  defcent  of  the  power 
p,  the  weights  of  the  pullies  b,  c,  d being 
included  in  p. 


Let  the  weight  of  each  pully  be  and  fuppofe  their 
number  — n ; then  the  abfolute  force  which  urges  P 
downwards  is  its  own  weight  P : but  fince  IV a£ts  again!! 
W 

it  with  a force  = — , the  force  by  which  P endea- 


2"  — 1 


vours  to  defcend  upon  the  whole  will  be 


Px  z” — 1 — IV 


2n  — l 


The  inertia  of  W which  retards  the  motion  of  P — - 


W 


2 — 1 

becaufe  the  velocity  with  which  W afeends  is  — part 

of  the  cotemporary  * velocity  of  P:  and  fince  the  ve- 
locity of  the  circumference  of  the  pully  A is  equal  to 
that  with  which  IV  afeends,  the  inertia  of  the  pully  A 

inferred  to  P’s  motion  will  be — — - , and  becaufe 

2 X 2"  — 1 “ 

the  angular  velocities  of  the  pullies  A,  B,  C,  D are  as 
j,  3,  7,  15,  &c.  the  inertia  of  B will  be  — 


that  of  C — 


49^. 


2 X 2 


• , and  the  inertia  of  all  the  pui- 


2 X 2n  — I 

lies  A,  B,  C and  D,8cz.  which  arifes  from  their  rotation,  — 
Xi1+31-f714-i51,  See.  continued  to 


2 zn+i  — 3X2  *+*  -f-  3 71  + 8 


2X2n—  1 

v terms  = — * 

2x2  — 1 3 

Moreover,  the  inertia  which  arifes  from  the  motion  of  the 
centres  of  gravity  of  the  pullies  B,  C,  D,  &c.  as  they  de- 

^L 

feend,  will  be  found  by  the  fame  reafoning  to  ber=^ 

2n—  1 

X 2*”  3 x 2”+1  +3”  } which  being  added  to  the 

inertia 
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inertia  before  found,  will  give  the  inertia  of  the  pullies 

Q 

— ■ X 2 2 ”+2  -f-  2 **+•  — 6x2  n+2  + 9 » -f  1 8 : 

6x  2" — 1 

the  whole  inertia  therefore  which  refills  the  communication 

W 

of  motion  to  P during  its  defcent  r=  P + - — + 

2n  — 1 


. . 

“ a X 2 2fl+z+ 2*"+*  — 6 x 2«+2 -f  o»  + 18  rr 

6 x 2"  - i y 

6f*X2"—  ti+6^r+^x  2*'’+2+22"+'— 6x2»+2  + 9»+  18 

— — 7~i  9 

6 x z" — i 


and  becaufe  the  moving  force  which  a£ts  on  P during  its 


defcent  is 


Px?.n — i — W 


2" — i 


, the  force  which  accelerates  P ~ 


6Pxz” — r — 6 IV x 2" — i 


6Pxzn — i -f  blV-\ $x 2zn+1+zln+l — 6 x 2"+z-f-9 n-f- 1 8 
and  the  force  which  accelerates  W in  its  afcent  — 


6 P x 2 " — i — 6 W 

ePxz”—  ix-ji6^rH-^X2l"+1  + 21'>+‘— 6x2n+z+9«  + i8’ 

In  order  to  render  the  folutions  of  thefe  Iafl:  propofitions 
lefs  complicated,  the  weights  of  the  moveable  pullies  have 
been  included  either  in  the  weight  W or  the  power  P.  In 
the  fyftem  defcribed  in  the  *propofition  juft  demonllrated,  * Prop, 
there  is  this  particular  advantage,  i.  e.  the  weights  of  the  XXVI, 
pullies  conftitute  a part  of  the  moving  force  and  confe- 
quently  facilitate  the  elevation  of  any  weight  to  be  raifed 
by  it,  whereas  the  weights  of  the  pullies  in  the  other  con- 
ftru&ions  act  againft  the  moving  force.  The  weights  of  the 
pullies  in  the  fyftem  delcribed  in  the  propofition  have  been 
luppofed  to  be  included  in  the  power  P,  but  as  they  are 
not  equal  in  their  effett  on  the  raifed  weight,  it  may 
be  neceffary  to  mention  in  what  manner  their  forces  when 
referred  to  the  power  P are  eftimated.  It  is  manifeft, 
that  the  pully  A being  fixed  contributes  nothing  to  the 
moving  power  : alfo  if  the  weight  of  each  pully  be  &>,  the 
pully  B afts  on  W with  a force  — the  pully  C with  a 
force  r:  3^  and  D with  a force  7 if  therefore  the 
number  of  pullies  be  n,  the  moving  force  exerted  by 
them  on  the  weight  to  be  raifed  — ^_x  1 -j-  3 13, 

&c.  continued  to  n — 1 terms  — ^jx  2"  — 1 — n,  and 

K.  k this 
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^ ^ 2 ^ £ il— , ^ 

this  weight  would  be  balanced  by  - afling 

at  P,  wherefore  if  a power  G be  applied  at  P,  exclufive  of 
the  weights  of  the  pullies,  the  whole  moving  force  which 


a£ls  on  P will  be  G -f 


2 " — 1 — n 
z” — 1 


W 


If  this  value  for  the  moving  force  be  fubftituted  for 
P in  the  preceding  folution,  that  is,  as  far  as  that  body  is 
concerned  in  contributing  to  the  moving  force,  we  fhall 
have  a general  expreffion  for  the  acceleration  of  the  de- 
fending weight,  every  circumftance  being  taken  into  ac- 
count, except  thofe  of  fridlion,  the  line’s  weight,  and 
the  air’s  refinance ; the  two  latter  of  which  are  too  fmall 
to  have  fenfible  effeft,  and  the  former  may  be  fo  diminifh- 
ed,  that  the  real  motion  of  the  defending  weight  lhall 
fc arcely  deviate  from  that  which  is  deduced  from  the 
theory.  Let  therefore  G be  any  moving  force  applied  to 
raife  the  weight  W by  means  of  the  fyftem  of  pullies  de- 
fc ribed  in  the  propofition,  every  thing  elfe  remaining,  we 
lhall  have  the  force  which  accelerates  the  defending  weight 
G equal  to  that  part  of  gravity  expreffed  by  the  fradlion 

6G  X 2" — 1 -f  6^x2"—  I — n — 6Wy.&n — i 
6G  x 2" — 1 2M+1  + zln+' — 6 x z”+l+ gn  -f  ?8 
In  the  fame  manner  the  motion  generated  in  any  of  the 
mechanic  powers  may  be  afcertained  from  the  ncceflary 
data,  and  in  other  cafes,  provided  the  forces  by  which 
each  particle  of  the  fyftem  is  moved  be  conftant.  Al- 
though the  following  propofition  be  not  immediately  con- 
nefted  with  the  fubjett  of  rotatory  motion,  yet  as  the  fo- 
lution of  it  is  included  in  a more  general  theory  hereafter 
demonftrated,  of  which  the  principles  of  rotation  are  like- 
wife  particular  cafes,  it  may  be  not  ufelefs  to  infert  it. 


XXVII. 

rig.LXvn.  Let  ab  c be  ail  ifofceles  wedge,  the  bafe 
of  which  is  a b ; let  two  equal  fpheres  be 
applied  fo  as  to  touch  the  Tides  in  the 

points 
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points  d and  e equally  diftant  from  c: 
then  the  bafe  being  bifedted  in  g let  a 
weight  p be  applied  fo  as  to  urge  the 
wedge  forward  in  the  direction  gch,  and 
to  communicate  motion  at  the  fame  time 
to  the  fpheres  d and  e in  free  fpace,  the 
wedge  and  fpheres  being  confidered  with- 
out gravity,  and  their  furfaces  being  per- 
fectly fmooth:  having  given  the  neceflary 
conditions,  it  is  required  to  alhgn  the 
force  which  accelerates  the  weight  p and 
the  fpheres  d and  e,  and  the  direftion  in 
which  the  fpheres  move. 


Let  the  mafs  contained  in  the  wedge  — IV,  that  in  either 
fphere  zz  then  will  the  force  which  tends  to  commu- 
nicate motion  to  the  weight  P be  — P;  to  find  the  mafs 
moved,  fince  each  particle  of  the  wedge  moves  equally  fall 
with  P , its  inertia  will  be  — W\  now  to  find  the  in- 
ertia of  the  fphere  D,  fuppofe  the  wedge  to  have  moved 
through  a fpace  ~ CH,  draw  HI  parallel  to  A C,  and  HK 
to  C B,  then  if  DI  be  drawn  perpendicular  to  HI,  and 
EK  to  HK,  when  the  point  C arrives  at  H,  the  fpheres 
D and  E will  be  coincident  with  I and  K refpedlively: 
and  if  IA,  KB  be  drawn  parallel  >o  C G,  the  point  A 
will  become  coincident  with  the  fphere  D at  I,  and  the 
point  B with  the  fphere  E at  K : it  follows,  that  the 
force  which  impels  the  fphere  D will  be  equal  to  that 


part  of  the  force  P which  is  exprelfed  by  the  fradlion 


AG 

AC' 


and  the  velocity  of  D will  be  that  part  of  P’s  cotempora- 


ry velocity  which  is  exprelfed  by  the  fraction  — • or 

IA  AC 

The  inertia  therefore  of  the  fphere  D whereby  it  refills  the 


communication  of  motion*  to  P is 


^jx  AG1  . 

— > and  the 


* Seft.  VI. 
Prop.  II. 


K k 2 


in- 
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J S eft.  T. 
Prop.  IX. 


Fift. 

LXVIII. 


Sedt.T. 


p.  '8.  and 
Seft.  111. 
P-  4*- 


inertia  of  both  the  fpheres  — — - : wherefore 

fince  the  force  of  P to  move  itfclf  — P,  and  the  inertia 
exerted  againft  the  communication  of  motion  to  it  — P -f 
2 0 x A G 1 

„ .2 — -f  JF,  the  force  which  accelerates  P will  be  zz 
v a 


PyCAz 


^ and  that  which  accele- . 


P x CAZ+  IV  y CAz-\- 2^X  AG1 

. , , „ - ...  Py.AGy.CA 

rates  the  fpheresD,  wi  _ p x 


Let  a body  be  moved  from  reft  at  A in  the  direction  AB 
by  any  conftant  force;  then  if  the  force  ceafes  to  ait  at  B , 
the  body  will  proceed  with  the  fame  uniform  velocity  which 
it  had  acquired  at  B.  Suppofe  when  it  arrives  at  C fome 
obftacle  or  refiftance  is  oppofed  to  its  progrefs:  if  the  oppo- 
fttion  ariles  from  an  inert  and  nonelaftic  obftacle  on  which 
it  impinges,  it  will  after  a j|  certain  time,  ftill  proceed  uni- 
formly through  with  a diminifhed  velocity.  If  inftead  of 
an  inert  obftacle  oppofed  to  the  body’s  progrefs  at  C,  it  be 
adted  upon  by  an  uniformly  refilling  force,  the  body  will 
be  continually  retarded  until  its  motion  is  deftroyed.  Molt 
mechanical  operations  conlift  either  in  communicating 
motion  to  quiefeent  and  inert  bodies  or  in  overcoming 
reftllances,  in  which  operations  the  adlion  of  the  moving 
force  and  its  mechanical  effedt  are  not  always  cotempo- 
rary; but  motion  is  frequently  firit  generated,  and  at  fub- 
fequent  times  employed  in  producing  the  defired  refult. 
Thus,  in  the  preceding  example,  motion  is  generated 
while  the  body  is  deferibing  AB,  and  it  is  fublequently 
employed  in  overcoming  the  refiftance  oppofed  while  the 
body  deferibes  fome  fpace  CD.  The  mechanical  effedt  of 
the  motion  generated  will  be  greater  or  lefs  according  to 
various  circumftances : for  a greater  mafs  of  matter  will 
overcome  a greater  refiftance  than  a fmaller  moving  with 
the  fame  velocity,  every  thing  elfe  being  equal : it  is  evi- 
dent that  the  effedt  will  depend  on  the  velocities  alio,  but 
the  exadl  quantity  of  motion  communicated  to  a body  by 
a moving  force  or  deftroyed  by  any  refiftance,  cannot  be 
eftimated  bv  the  quantity  of  matter  contained  in  the  body 
and  its  velocity,  neither  by  affuming  the  quantity  of  mo- 
tion as  the  mafs  into  the  fquareof  the  velocity,  nor  as  the 
quantity  of  matter  into  the  velocity,  and  for  thefe  rea- 
fons;  there  are  five  quantities  concerned  in  the  genera- 
tion of  motion,  i.  e.  the  quantity  of  matter  moved,  the 

force 
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force  which  moves  it,  the  fpace  defcribed,  time  of  defcrip- 
tion,  and  velocity  generated,  and  any  two  of  thefe  being 
given  will  not  determine  the  reft  or  any  one  of  them.  If 

. M _ Vz  ^ 

therefore  we  were  to  affirm,  either  that  — — — 5 X ~ > 

?tl  *1)  % 

or  that  — — — x — , either  affirmation  would  be  as  in- 
m v q 

conclufive,  as  if  eftimating  the  fpaces  defcribed  by  bodies 
moving  with  uniform  velocities,  we  were  to  fay,  that  the 
fpaces  defcribed  are  in  the  fame  ratio  as  the  velocities  of 
motion;  but  any  three  of  the  five  quantities  juft  mentioned 

being  given  determine  the  reft : wherefore  if  — be  the  ra- 
tio of  the  fpaces  defcribed,  and  that  of  the  times  of  mo- 

tion  be  fince  = 2-x  - X if  T=  then  §-x  Zfv"' 
t m q v T q rrop,  v n. 

— — — - that  is,  the  ratio  of  the  moving  forces  is  equal 
•v  m 

to  the  fum  of  the  ratios  of  the  velocities  generated,  and 
of  the  quantities  of  matter  moved  when  the  times  are  the 

M Vr  s V 1 + Sea.  III. 

fame : moreover,  fince  f — — — X x-x,  if  — and  Prop.  VI. 

m 'll  q o <v 

M 


is  determined,  and  confe- 


o 

— be  given,  when  S — 

quently  when  the  fpaces  defcribed  are  equal,  the  ratio  of 
Vx  9 . . 

the  moving  forces  = — - X — . Now  it  is  certain,  that 
<v  q 

we  are  at  liberty  to  efiimate  mechanical  effedts  and  the 
forces  by  the  operation  of  which  they  are  produced,  by 
the  velocities  deftroyed  or  generated  in  bodies,  during  their 
motion  through  a given  fpace  or  in  a given  time ; and 
according  to  which  of  thefe  hypothefes  is  aftumed,  the 
moving  forces  or  refiftances  will  be  as  the  fquares  of  the 
velocities  into  the  quantities  of  matter  moved,  or  as  the 
velocities  into  the  quantities  of  matter.  Thus  Leibnitz, 
Bernoulli,  and  many  of  the  foreign  philofophers,  eftimated 
the  motion  of  bodies  according  to  the  former  fuppofi- 
tion  ; Newton,  Keil,  and  moft  of  the  Britilh,  according 
to  the  latter : the  fame  conclufions  will  of  courfe  be  pro- 
duced by  each  method  from  given  data;  in  regard  to  the 
truth  of  thefe  conclufions  therefore.it  is  a matter  of  indiffer- 
ence which  method  be  ufed  in.  the  inveftigation  of  them, 

al- 
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although  particular  problems  may  come  out  in  a more  eafy 
and  Ample  manner  from  one  hypothefis  than  the  other. 

Thefe  confiderations  being  premifed,  when  any  me- 
chanical effedt  is  to  be  produced,  in  order  to  proportion 
duly  the  means  to  the  end  required,  it  mult  be  confider- 
ed,  that  if  only  one  mechanic  quantity  be  given  in  the 
problem,  there  are  four  others  remaining,  two  of  which 
may  be  varied  fine  limue,  and  combined  with  all  the  dif- 
ferent conftrudtions  which  mechanic  inftruments  are  capa- 
ble of.  Thus,  fuppofe  it  were  required  only  to  put  in 
motion  a given  body  A : of  the  force,  the  fpace  defcrib- 
ed,  the  velocity  communicated,  and  the  time  of  motion, 
any  two  may  be  infinitely  varied,  but  the  reft  are  deter- 
mined when  any  two  with  the  original  quantity  are  given. 
2.  Suppofe  it  were  required  to  communicate  to  a given 
body  A a certain  velocity  T,  then  of  the  force,  the  fpace 
defcribed  by  A before  it  has  acquired  the  given  velocity 
as  well  as  the  time  of  acceleration,  any  one  of  thefe  may  be 
afiumed  of  any  magnitude  at  pleafure.  In  the  fame  man- 
ner, if  it  were  required  to  flop  or  deftroy  the  motion  of  a 
body  A , the  velocity  of  which  is  V % here  a great  force 
may  flop  the  body  in  a fmall  time,  or  a fmall  force  in  a 
great  time,  the  fpace  being  determined  by  either  of  thefe 
quantities  ; but  the  fame  effedt,  i.  e.  the  deftroying 
the  motion  of  A,  is  obtained  in  any  cafe,  however  the 
means  may  vary  : if  it  be  required  to  generate  a velocity 
V in  a given  body  A during  the  time  T , the  force  to  be 
applied  as  well  as  the  fpace  defcribed,  before  A has  ac- 
quired that  velocity  ceafe  to  be  a matter  of  choice;  there 
being  but  one  force  that  can  be  applied  to  fatisfy  the 
conditions  of  the  problem  which  limits  the  fpace  defcrib- 
ed alfo  ; and  the  lame  method  of  reafoning  is  applicable 
, to  the  deftroying  the  motion  of  A by  the  adtion  of  an  uni- 
formly refilling  force. 

From  obferving  thefe  circumftances,  an  ufeful  problem 
in  mechanics  may  be  folved,  fuch  as  having  given  the 
refiftance  overcome  by  a given  body  moving  through  a 
given  fpace,  to  aflign  the  quantity  of  matter  contained  in 
fome  other  body  moving  with  a given  velocity  which  lhall 
overcome  the  fame  refiliance,  or  produce  a mechanical  ef- 
fect equal  to  the  former,  under  certain  conditions  and  re- 
ftridtions  required  by  the  nature  of  the  cafe. 


xxvnr. 
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XXVIII. 

Having  given  the  quantity  of  matter 
contained  in  a body  = q^,  and  its  velocity 
= v ; then  fuppofe  it  to  be  refilled  by  a 
force  which  is  to  that  which  gravity 
would  oppofe  to  the  fame  body,  when 
thrown  perpendicularly  upwards,  as  m : 

0^,  and  let  the  fpace  defcribed  by  (^before 
its  motion  is  wholly  deftroyed  by  the  re- 
filling force  m be  s,  the  whole  time  of  its 
motion  being  = t j let  it  be  required  to 
aflign  what  mull  be  the  quantity  of  mat- 
ter q moving  with  any  other  given  velo- 
city u,  fa  that  the  refinance  m fhall  de- 
ftroy  its  whole  motion:  1.  while  it  de- 
fcribes  the  fame  fpace  as  before  s;  2.  in 
the  given  time  t. 

Since  univerfally*  when  S = x p^vf' 

v% 

and  M — m,  as  in  the  firft  part  of  the  problem,  — 

wherefore  the  weight  required  q — , when  the  fame 

fpace  is  defcribed  as  in  the  former  cafe.  2d.  t Since  in  t Seft- 

. M V1  9 t Prop,  VH. 

general  — = __  x — x rp,  when  T — t and  M — m,  as 

m q </  1 

in  the  fecond  part  of  the  problem,  it  follows  that  — 
wherefore  the  weight  fought  q — - x ^ 

Let 


+ Robins’ 
Gunnery, 
Vol.  ]. 


Fig.  LX1X. 


I Seft.  III. 
v.  38. 
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Let  an  example  be  taken  from  Mr.  Roblnsf : he  found 
that  a leaden  ball  of  of  an  inch  diameter,  impinging  per- 
pendicularly with  a velocity  of  1700  feet  in  a fecond,  on 
an  elm  block  penetrated  into  its  fubftance  5 inches : let  it 
be  required  to  aflign  what  quantity  of  matter  mull  impinge 
on  the  fame  fubftance  with  a velocity  of  one  foot  in  a fe- 
cond, fo  that  its  whole  motion  (hall  be  deftroyed  while  it 
defcribes  the  fame  fpace,  that  is,  5 inches:  here  referring 
to  the  folution  we  have  V—  1700,  S>j=.  x,  <1/  — 1,  and  the 
y*  _ 

mafs  required  q — — - x ££  = iqoo*  £><  and  q = 2890000 

times  the  ball’s  weight.  This  is  the  folution  when  the 
ball’s  motion  is  deftroyed  during  the  time  it  defcribes  5 
inches  in  the  elm,  being  the  whole  depth  to  which  it  pe- 
netrates. If  it  be  required  to  aflign  the  mafs,  when  the 
ball’s  motion  is  deftroyed  in  the  fame  time  as  before,  the 
V 

quantity  will  be  — 1700  times  the  ball’s  weight. 

It  remains  to  fliew  in  what  manner  this  theory  may  be 
praflically  illuftrated.  Let  /reprefent  the  bullet,  fuch  as 
is  referred  to  in  the  preceding  example,  and  which  would 
if  it  impinged  on  a block  of  elm  with  a velocity  of  1700 
feet  in  a fecond,  penetrate  into  its  fubftance  to  the  depth 
of  5 inches.  In  the  preceding  problem,  when  the  mafs 
contained  in  the  ball  is  increafed,  in  order  to  compenfate 
for  the  diminiflied  velocity,  fo  that  its  effects  fhall  be  the 
fame,  the  refiftance  of  the  block  m is  fuppofed  to  be  nei- 
ther greater  or  lefs  than  before : it  follows  from  thefe 
confiderations,  that  in  augmenting  the  quantity  of  matter 
contained  in  the  ball,  the  magnitude  of  it  mull  not  be  al- 
tered ; for  if  it  were,  the  J refiftance  of  the  elm  would  not 
continue  the  fame.  The  following  means  may  be  made 
ufe  of,  whereby  the  magnitude  of  the  ball  will  not  be  al- 
tered, and  yet  the  impulfe  exerted  by  it  when  impinging 
againft  an  elm  block  with  the  given  velocity  of  one  foot 
in  a fecond  fhall  be  the  fame  as  if  it  were  in  fad  2890000 
times  heavier  than  before.  Suppofe  the  ball  / affixed  to 
an  iron  rod,  which  is  fattened  into  a heavy  block  of  wood 
or  other  fubftance,  the  weight  of  which  is  2890000  times 
greater  than  that  of  the  ball  I:  and  fuppofe  this  block  fo 
iufpendcd  as  to  revolve  about  an  horizontal  axis  of  motion 
LM  at  a convenient  height,  and  which  is  parallel  to  the 
plane  of  the  elm  block.  Let  the  tod  ID  pafs  through  the 
centre  of  percuflion,  the  pendulum  vibrating  in  a plane  per- 
pendicular to  the  axis  : then  let  the  block  be  brought  to 
^ i fuch 
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fuch  a pofition,  that  it  fliall  touch  the  bullet  when  the  pen- 
dulum is  quiefcent,  ID  being  horizontal : alfo  let  the  pen- 
dulum be  drawn  out  of  its  vertical  pofition  by  any  force 

through  an  arc  the  verfed  fine  of  which  is  equal  to  part 

of  a foot:  if  it  be  fuffered  to  defcend  from  reft  along  this 
arc  to  its  lowed:  point,  it  will  there  have  acquired  a velo-  + 
city  of  one  foot  in  a fecond,  and  if  the  block  be  immove- 
ably  fixed,  the  whole  motion  of  the  impinging  body  will 
be  deftroyed.  Moreover,  by  the  problem,  the  depth  to 
which  the  bullet  I will  penetrate  into  the  fubftance  of  ' 
the  block  will  be  5 inches.  The  fame  mechanical  effedt 
is  therefore  produced  by  an  inconfiderable,  as  by  a very 
great  velocity,  compenfation  being  made  for  the  diminifh- 
ed  velocity  by  increafing  the  mafs  of  matter  moved.  And 
it  is  plain  that  the  fame  means  may  be  ufed  to  produce  by 
vaft  and  mafly  bodies  moving  with  fmall  velocities,  the  ef- 
fects of  cannon  balls  impinging  againft  obftacles  confiding 
of  ftone  walls,  earth,  or  wood.  Thefe  two  methods  have 
been  made  ufe  of  in  different  ages  for  the  purpofe  of  de- 
moliihing  fortifications:  the  battering  rams  of  the  anci- 
ents confided  of  very  large  beams  of  wood,  terminated  by 
folid  bodies  of  iron  or  brafs ; fuch  a mafs  being  fufpended 
as  a pendulum,  and  driven  partly  by  its  gravity  and  partly 
by  the  impulfe  of  men  againft  the  walls  of  a fortification, 
exerted  a force  which  in  fonje  refpedts  exceeded  the  ut- 
moft  effetts  of  our  battering  cannon,  though  in  others  it 
was  probably  inferior  to  the  modern  ordnance.  To  com- 
pare the  effects  of  a battering  ram,  the  metal  extremity  of 
which  fuppofe  equal  in  magnitude  to  a 24  pounder,  with 
that  of  a cannon  ball  of  24  pounds  weight : in  order  that 
the  two  bodies  may  have  the  fame  effedt  in  cutting  a wall, 
or  making  a breach  in  it,  the  weight  of  the  aries  mud  ex- 
ceed that  of  the  ball  in  the  proportion  of  about  1700**  to  * Se£t.  VI. 
the  fquare  of  the  velocity  with  which  the  battering  ram  “roP- 
could  be  made  to  impinge  againft  a wall  exprefled  in  feet;  XXlV* 
if  this  may  be  eftimated  at  about  10  feet  in  a fecond,  the 
proportion  of  the  weights  will  be  that  of  about  2890000 
to  ico,  or  28900  to  1 : the  weight  of  the  battering  ram 
muft  therefore  = 346  ton.  In  this  cafe  the  battering  ram 
and  the  cannon  ball  moving  with  the  velocities  of  10  feet 
a"d ‘7°°  feet  re(pe&ively  in  a fecond, would  have  the  fame 
effect  in  penetrating  the  fubftance  of  an  oppofed  obftacle - 
but  it  is  probable,  that  the  weight  of  the  aries  never 
amounted  to  fo  much  as  is  above  deferibed,  and  confe- 
quent  y the  effefts  of  the  cannon  ball  to  cut  down  walls 
by  making  a breach  in  them,  muft  exceed  thofe  of  the 

^ 1 an- 


/ ■ 
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ancient  battering  rams : but  the  momentum  of  thefe,  or 
the  impetus  whereby  they  communicated  a lhoc'k  to  the 
whole  building  was  far  greater  than  the  utmoft  force  of 
cannon  balls ; for  if  the  weight  of  the  battering  ram  were 
no  more  than  170  times  greater  than  that  of  a cannon  ball, 
each  moving  with  its  refpe£tive  velocity,  the  moments  of 
both  would  be  equal : but  as  it  is  certain,  that  the  weight 
of  thefe  ancient  machines  was  far  more  than  170  times 
our  heavieft  cannon  balls,  it  follows,  that  their  moment  or 
impetus  to  fhake  or  overturn  walls,  &c.  was  far  fuperior 
to  that  which  is  exerted  by  the  modern  artillery.  And 
lince  the  ftrength  of  fortifications  will  in  general  be  pro- 
portioned to  the  means  which  can  be  ufed  for  their  demo- 
lition, the  military  walls  of  the  moderns  have  been  con- 
ilrudted  with  lefs  attention  to  their  folidity  and  malfy 
weight,  than  the  ancients  thought  a necelfary  defence 
againft  the  aries:  that  fort  of  cohefive  firmnefs  of  texture 
which  refills  the  penetration  of  bodies  being  now  more 
necelfary  than  in  ancient  times;  but  it  is  manifell,  that 
even  now,  folidity  or  weight  in  fortifications  alfo  is  of  ma- 
terial confequence  to  the  effedlual  conltruftion  of  a wall  or 
battery.  This  remark  has  been  urged  only  to  Ihew  fuch 
variations  in  the  degrees  of  folidity  and  firmnefs  of  tex- 
ture in  the  fabric  of  military  walls,  as  have  been  occafion- 
ed  by  the  change  which  took  place  in  the  praftice  of  ar- 
tillery, when  lighter  bodies  impelled  with  greater  veloci- 
ties were  fubllituted  inllead  of  the  ponderous  machines  of 
the  ancients,  to  which  but  inconfiderable  velocities  could 
be  communicated. 

Fig.  LXX.  There  is  alfo  another  method  of  producing  great  me- 
chanical effedls  by  means  of  fmall  velocities  generated  in 
ponderous  bodies  by  inconfiderable  moving  forces.  Sup- 
pofe^SC  were  an  heavy  cylinder  of  iron  or  lead,  moveable 
about  its  axis  and  in  a vertical  plane:  a fmall  force  being 
applied  to  turn  the  cylinder,  if  long  continued,  will 
generate  fuch  a force  in  it  as  will  produce  eftedls  in 
railing  weights  and  overcoming  refinances,  by  no  means 
obtainable  by  the  moving  force  immediately  applied. 
Suppofe,  for  inltance,  it  were  required  to  alfign  what 
mull  be  the  weight  of  the  wheel,  fo  that  when  the  bullet 
referred  to  in  the  laft  example  is  affixed  to  any  point  D, 
and  revolves  with  the  cylinder  at  a given  rate,  for  ex- 

+ Page  265.  ample,  with  a f velocity  of  1 foot  in  a fecond,  if  it 
Ihould  impinge  perpendicularly  againft  an  immoveable 
block  of  elm,  it  fhall  penetrate  into  that  fubftance  to 
the  fame  depth  as  when  it  impinged  freely  upon  the 
immoveable  block  with  a velocity  of  1700  feet  in  a fe- 
cond. 
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cond.  Here  the  velocity  of  the  ball  — I foot  in  a fecond, 
]et  p — its  weight,  and  x the  weight  of  the  cylinder 
fought;  moreover,  let  R be  the  centre  of  gyration  of  the 
cylinder,  then  will  the  effedt  of  D ftriking  againft  an  ob- 
ftacle  be  the  fame  as  if  the  whole  weight  of  the  wheel  were 


removed,  and  the  equivalent  *mafs 


a-  x SRZ 
SD 1 


collected  into  propfviiil 


the  point  D.  And  fince^  or  D’s  velocity  is  that  of  one 
foot  in  a fecond,  the  mafs  at  D mud  be  = p x 17001,  or 
2890000  ||  times  the  weight  of  p,  putting  therefore  p x 11  Supra. 
x x SR~ 

2890000  — — > we  have  the  weight  of  the  cylin- 


der, which  will  anfwer  the  conditions  of  the  problem,  — 

SDX 

2890000  p X -xr7rz  ; and  if  the  radius  of  the  cylinder  — 
oR.  * 

10 xSD,  then  will  SR 2 -;OX  SDZ f,  and  the  cylinder’s  p.  a*^". VI* 

weight  — 2^9°^°°  p _ jj-g00 p > that  ;s>  p — 1.3048  oz. 

the  weight  would  become  = 4713  pounds. 

It  remains  therefore  only  to  aflign  for  what  time  or 
through  what  fpace  a moving  force,  which  may  be  a flu  til- 
ed of  convenient  magnitude,  mull  a£l  on  the  wheel,  fo 
that  a velocity  of  1 foot  in  a fecond  may  be  generated  in 


the  point  D,  the  dillance  of  which  from  the  axis  is  — 

10 

part  of  thee  wheel’s  radius.  The  folution  of  this  may 
ierve  as  an  example  to  the  principles  already  demonftrated, 
as  well  as  for  the  purpofe  of  ifluftrating  the  fubjedl  in 
quellion  : the  moving  force  may  be  aflumed  equal  to  that 
which  the  human  body  can  apply  without  any  remark- 
able exertion. 


XXIX. 

Let  a cylinder  of  any  given  radius,  for  Fig.Lxx. 
example  io  feet,  the  weight  of  which  = 

47 1 3 pounds,  revolve  round  an  horizontal 
axis  ol  motion;  it  is  required  to  affign 
how  long  a moving  force  of  20  pounds 
l 1 2 weight 


weight  muft  a 61  on  the  circumference  h, 
in  order  to  generate  a velocity  of  one  foot 
in  a fecond  in  the  point  d,  sd  being  = i 
foot. 


When  S D rr  i foot  let  SR  be  the  diftance  of  the  cen- 
tre of  gyration  from  the  axis,  and  when  the  velocity  in  D 
is  that  of  one  foot  in  a fecond,  the  velocity  of  the  circum- 
ference will  be  io  feet  in  a fecond  ; and  fince  the  cylin- 
der’s weight  will  refill  the  communication  of  motion  to 
the  circumference  in  the  fame  manner,  as  if  the  whole 

mafs  were  removed  and  the  equivalent  mafs 

were  collefled  into  the  circumference,  that  is,*  if  dill  = 

2 

2356.5  pounds  were  fo  colledled,  we  lhall  have  the  force 

20 


which  accelerates  the  circumference  — 


20  -+■  2556.3 


j 18.8 


— , and  the  time  in  which  this  force  will  generate  a 


velocity  of  io  feet  in  a fecond  — 


10  x 1 18.8 

1 = 37  fe- 

32^ 


■ corkis.  A weight  therefore  of  20  pounds  afling  for  37 
i‘e<*onds  at  the  circumference  of  fuch  a cylinder  as  is  de- 
fcribdd  in  the  problem,  will  generate  a moment  which 
beJftg^cumulated  in  a mulket  ball  fixed  at  the  dillance  of 


— the  cylinder’s  radius  from  the  axis  will  produce  an  ef- 
10 

fe£l  in  penetrating  an  oppofed  block  of  elm  immoveably 
fixed,  equal  to  that  which  is  exerted  by  the  fame  mufket 
ball  fired  ‘witl^ts  full  charge  of  gunpowder  againll  the 
fame  blqck. 

It  muft  be  JTy.e  obferved,  that  the  ftrength  of  the  human 
body  cannot  exert  conftantly  fo  great  a quantity  of  force  as 
that  of  20  pounds,  if  it  be  applied  fo  far  from  the  axis  as 
jo  feet:  thV  velooity  of  10  feet  in  a fecond  is  much  greater 
than  that  which  the  velocity  of  the  arm  could  keep  up  to, 
for  when  the  velocity  generated  is  no  more  than  4 or  5 
feet  in  a fecond,  a perfon  by  pulling  can  fcarcely  keep  the 
rope  ftretched  with  a force  equal  to  20  pounds : but  then 
o it 
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it  may  be  urged,  that  the  force  which  a man  can  exert  by 
pulling  downward,  when  the  velocity  of  the  mafs  moved 
is  inconliderable,  is  nearly  equal  to  his  weight,  and  there- 
fore may  in  fome  meafure  compenfate  for  the  deficiency 
juft  defcribed;  but  at  all  events  the  folution  may  be  ac- 
commodated to  any  particular  cafe.  For  inftance,  let  the 
wheel  be  turned  by  a handle,  the  diftance  of  which  from 
the  axis  rz  1 foot,  then  will  the  force  which  accelerates 
the  circumference  be  * diminifhed  in  the  ratio  of  10  : 1, 
and  the  time  of  generating  the  given  angular  velocity 
above  defcribed  will  be  f increafed  in  the  ratio  of  10:1, 
and  fo  will  become  370  feconds,  or  6 minutes  10  feconds, 
provided  a force  equal  to  20  pounds  be  conftantly  exerted. 

This  accumulation  of  mechanic  force  appears  extraor- 
dinary at  firft  fight,  and  might  fuggeft  wrong  notions  con- 
cerning the  fubjeft  unlefs  fully  confidered.  ft  might  feem 
from  this  great  power  gained, that  by  incrcafing  the  time  in 
which  the  moving  force  a£ts,  the  moment  communicated 
to  a ponderous  wheel  might  be  applied  to  elevate  a weight 
to  an  altitude  greater  than  that  from  which  an  equal  weight 
defcended  from  reft,  in  order  to  generate  the  motion  in  the 
fyftem ; and  were  this  really  the  cafe,  nothing  more  would 
be  wanting  to  conftitute  a machine  containing  the  prin- 
ciple of  perpetual  motion  within  itfelf:  but  it  will  ap- 
pear from  the  enfuing  propofitions,  that  the  altitude  to 
which  a weight  is  elevated  by  a power  which  communi- 
cates motion  to  a revolving  fyftem,  and  is  any  how  applied 
to  raife  it,  can  never  be  fo  great  as  that  from  wffich  an 
equal  weight  mull  defcend,  in  order  to  generate  the  mo- 
tion fo  applied  : the  times  wherein  the  weights  defcend 
and  afcend  not  being  of  any  confequence,  the  proportion 
depending  on  the  altitudes  only. 


XXX. 

Let  abc  reprefent  a ponderous  cylin- 
der moveable  in  a vertical  plane  about  its 
axis:  let  motion  be  communicated  to  the 
whole  by  a weight  p defcending  through 
a fpace  s ; when  the  adlion  of  p ceafes 
after  it  has  defcended  through  the  fpace  s, 

the 


* Sea.  vr. 

Prop.  Ill, 

t Prop. 
XVI. 

Cor.  5. 


Fig.  LXXI. 
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the  fyftem  will  continue  to  revolve  uni- 
formly j let  the  moment  thus  generated 
be  employed  to  elevate  another  weight  q : 
the  propolition  affirms,  that  the  fpace 
through  which  the  wheel’s  motion  ele- 
vates q,  can  never  be  fo  great  as  sx-, 

<1 

but  will  be  ultimately  equal  to  s x - when 

q 

the  mafs  of  the  revolving  body  is  increaf- 
ed  fine  limite,  the  effefts  of  fridlion  not 
being  here  confidered. 


There  are  two  cafes  contained  in  this  propofition;  firft, 
the  weight  q when  quiefcent  is  adted  on  by  the  revolving 
fyftem:  2dly,  the  weight  y always  poflefles  motion  equal  to 
that  of  the  circumference  to  which  it  is  applied.  To  con- 
fider  both  thefe ; let  the  radius  SD  ~d,SE  — a,  the  centre 
°f  gyration  — R,  SR  — r,  the  weight  of  the  revolving  bo- 
dy — ® , the  fpace  through  which  p defcends  from  reft  — s. 
ill.  Let  p by  defcribing  the  fpace  s generate  motion  in 
the  fyftem  before  q is  applied  at  the  circumference  EH: 
then  fince  the  force  which  accelerates  the  defcent  of  p — 
pd'- 


p dz  <wr 


■L  » 


the  velocity  acquired  by  p during  its  de- 


* Seft.  VI. 

Prop.  XV.  fcent  through  the  fpace  * 
Cor.  5. 


/being  _ 

' pd1  + wrl  6 

193  inches,  and  the  velocity  generated  in  E at  the  fame 

_ V/  P a ; . Now,  fuppofe  p to  be  re- 


11  Sea.  VI.  ..  • t _ V __± 
Prop.  III.  Ilinltant-  pd* 


■f  wr' 


moved,  at  that  inftant  let  E be  connected  with  q while 
quiefcent,  then  will  the  wheel  have  the  fame  effedt  in 
communicating  motion  to  q as  if  the  whole  mafs  were  re- 

fix ) X ^ 1 

Sea.  VI.  moved,  and  the  J equivalent  mafs  — - — were  colle&ed 
'rop.  VIII.  c 

into 
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into  E.  In  order  therefore  to  determine  the  motion  of 
q,  the  laws  of  collifion  give  us  this  proportion  — p q 

qjj  r 4 S A.  I S p (l~ 

: : — — : : "V  — — to  the  common  velocity 

a * pd*  + wr1  1 

with  which  E and  q begin  to  move,  which  will  therefore  — 


/ \lspa'L 
^ pdr  + ■wr3 


w r ' 


wrz  + a q 


and  fince  the  conftant 


_ 1a 


force  which  always  retards  the  afcent  of  a ~ 

Tvr--f  qa 

the  height  5 to  which  q will  f afcend  will  — f Sea.  Ilf. 
4 w x + I*  2 _ co0^^' 


X 


,z  1 


qa 


4 /x/^+wr1  wr,  + 

J d rzv  ^ ^ 

— x ===== — - which  is  always  lefs  than 

f fid’1  -p  wr2  X wr*  -p  q ax 

but  approaches  — as  a limit  when  isr1  is  increafed 
i q 

or  p dx  -p  ja1  diminilhed  fine  limite. 


In  the  preceding  cafe,  motion  has  been  fuppofed  to  be 
generated  in  the  fyftem  ABC  by  a weight  p defcending 
through  a given  fpace  r;  and  this  motion  being  commu- 
nicated to  a quiefcent  weight  q,  applied  at  any  diftance 
whatever  from  the  axis,  has  been  Ihewn  infufficient'to  ele- 
vate q to  an  altitude  which  is  to  s,  the  fpace  defcended 
through  by  the  weight  p,  in  fo  great  a proportion  as  that 
of  p ; q.  There  is  ftill  another  cafe  to  be  confidered  : 
fuppofe  the  weight  q to  begin  its  motion  with  the  revolv- 
ing fyllem,  being  elevated  by  the  defcent  of  q + p,  p be- 
ing here  alfo  the  moving  force : then  let  q -p  p defcend 
through  a given  fpace  s ; it  is  to  be  proved  that  if  q -p  * 
be  removed  the  inftant  the  fpace  s has  been  defcribed 
the  velocity  generated  in  the  fyftem  will  not  be  fufficient 


to  elevate  q to  an  altitude  fo  great  as  s x — . Let  the 

q 

weight  q acquire  gradually  from  quiefcence  a velo- 
city equal  to  that  of  the  point  E : the  force  which 

. J X 

accelerates  p in  its  defcent  — 

q°Z  -fq+p  X d*  + wr** 
and  the  velocity  generated  in  p during  its  defcent  through 

a 
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a fpace 


, = nA 


4 Ispd1 


™rz  -f  qaz  + q + p X d 
locity  generated  in  E — v/ 


-,  and  the  ve- 


4 1 s p a- 


9 ^ "h  9 -f-  p X dz 
Now  let  9 -p  p be  removed;  then  will  the  weight  q begin 

to  afcend  with  the  velocity  \/- — s£^- 


rl+  qaz  + q + p X d%* 


and  being  retarded  by  the  conftant  force 
fpace  S through  which  q will  rife  — 


9 “ 


wr*  + q a 
spa 1 


7>  the 


iv  r 1 -f q a1 + q -f  / X d 1 

wvrz  + qa'1  sp  ewrz+qaz 

X — ; ~ * 1 — — ■ 

qaz  q wrz-{-qaz  + p + qy.dl 

which  is  always  lefs  than  s x ^ while  the  quantities  w,V, 


Sec.  are  finite:  but  approaches  ix  - as  a limit  while  wr* 
_ 1 

is  increafed,  or  p -f-  q X dz  is  diminiflied  fine  limite. 

It  appears  frem  both  cafes,  that  when  any  motion  is 
generated  by  the  defeent  of  a heavy  body,  and  this  mo- 
tion is  afterwards  employed  to  elevate  another  weight,  the 
altitude  of  the  elevated  weight  into  its  quantity  of  mat- 
ter, will  be  always  lefs  than  the  altitude  from  which  the 
former  body  defeended  multiplied  into  the  body  itfelf. 
If  therefore  this  operation  were  repeated,  and  the  motion 
laft  generated  were  applied  to  elevate  another  weight  -z/ 
by  the  defeent  of  q,  the  motion  generated  by  the  prior 
delcent  would  be  diminilhed;  this  diminution  being  the 
confequence  of  every  fucceflive  elevation,  until  the  mo- 
tion is  entirely  deflroyed. 

This  feems  to  llrengthen  thofe  arguments  which  have 
been  urged  to  fhew  the  impoffibility  of  a machine  poflelfing 
the  «f  principle^merpetu.il  motion  within  itfelf:  and  it  is 
worthy  of  remark,  that  the  continual  lofs  of  motion  above 
demonftrated,  is  wholly  independent  of  the  effeils  of 
fri&ion,  and  arifes  from  the  inertia  of  the  fyflem  only  ; 
and  this  appears  to  be  in  fait  the  greateft  obltacle  which 
prevents  the  conflruilion  of  a felf  mover:  for,  notwith- 
flanding  what  has  been  urged  concerning  the  effeils  of 
friition  and  the  air’s  refiftance,  in  order  to  account  for  the 
failure  of  the  very  many  attempts  to  execute  this  famous 

pro- 
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project,  it  does  not  feem  that  they  are  fuch  very  mate- 
rial impediments  to  the  fuccefs  of  it:  for  if  it  were  pof- 
fible  from  the  principles  of  mechanics,  independent  ot  all 
obilacles,  to  'generate  motion  in  a body  by  the  defcent  of 
a weight  through  any  fpace,  fo  that  this  motion  when  ap- 
plied to  raife  a weight  equal  to  the  former,  could  elevate 
it  to  an  altitude  in  the  fmalleft  degree  greater  than  that 
from  which  the  former  weight  defeended  ; the  reafon  does 
not  appear  why  the  fame  means  by  which  this  fmall  me- 
chanical advantage  was  gained,  (hould  not  be  employed 
in  accumulating  a flill  greater  acceffion  of  mechanic  force, 
fuch  as  would  be  more  than  fufficient  to  overcome  the 
effedls  of  fridlion  and  other  refinances. 

The  motion  generated  in  ponderous  wheels  is  applied 
to  many  practical  purpofes.  Thus,  machines  to  lift 
weights,  to  grind  corn,  &c.  as  well  as  many  others,  hav- 
ing a large  wheel  of  mafly  fubllance  affixed  to  fome  part 
of  them,  fo  that  it  (hall  revolve  round  its  axis,  have  been 
found  to  produce  far  greater  mechanical  effefts  than  when 
they  are  without  fuch  additional  mafs  of  matter. 

Let  J B C rep  refen  t a wheel  and  axle  moveable  round  Fig.LXXII, 
an  horizontal  axis,  palling  through  5 by  means  of  an  arm 
or  handle  E,  which  is  impelled  by  mufcular  force  : let 
iu  be  a weight  raifed  by  the  machine  ; and  let  S D — d, 

SF—  a : part  of  the  moving  force  applied  at  E or  F to  turn 
the  wheel  will  be  employed  to  balance  <u>.  Suppofe,  for  ex- 
ample, the  whole  force  applied  at  E were  p,  then  will  that 


part  of  it  which  is  exprefled  by^  be  employed  in  ba- 


lancing w,  and  the  other  part 


fd  — a "Wjf 

d 


will  communi- 


cate motion  to  the  weight  w ? this  is  upon  a fuppofition, 
that  the  force  imprefied  on  the  handle  E is  confiant. 
But  this  is  not  always  the  cafe  : for  in  the  firft  place,  fince 
the  force  which  adls  at  E is  the  preflure  exerted  by  muf- 
cular force,  it  is  manifeft,  that  when  the  velocity  generat- 
ed in  E is  equal  to  that  with  which  the  mufcular  power 
could  move  if  no  ways  impeded,  all  preflure  mud  ceafe  : 
moreover,  in  the  intermediate  velocities  a given  exertion 
ol  mufcular  force  will  always  prefs  with  lefs  effeft  accord- 
ing as  the  velocity  of  the  handle  is  greater  ; for  which  rea- 
fon there  is  fome  velocity  of  the  handle  which  will  be  con- 
tinued uniform  : becaufe  if  it  be  greater  the  moving  force 
diminifnes,  and  the  force  of  the  weight  <iu  preponderates 
againft  it  ; if  it  be  lefs  than  that  mean  velocity,  the 
M m moving 


moving  force  will  accelerate  it  until  it  comes  at  the  degree 
of  motion  above  defcribed.  This  being  the  cafe,  the  ufe 
of  a ponderous  wheel  ABC,  affixed  fo  as  to  revolve  on 
its  axis  with  the  fyltem  is  manifell:  for,  fuppofe  a certain 
uniform  velocity  generated  in  it,  this  will  continue  for 
fome  time  to  elevate  the  weight  <w,  although  the  moving 
force  of  the  arm  be  difcontinued,  which  mull  in  fome 
degree  happen  when  the  arm  is  afcending;  but  if  there 
were  no  motion  in  the  wheel  AB  C to  continue  the  afcent 
of  w,  the  weight  <w  would  begin  to  preponderate  as  foon 
as  the  moving  force  was  at  all  diminiffied,  from  which  it 
is  manifell  how  much  motion  mull  be  continually  loll. 
And  thefe  arguments  are  further  llrengthened  by  remark- 
ing, that  a given  mufcular  force  will  produce  by  gradual 


wheel  is  app  machine,  as  when  the  machine  is 

without  it,  the  effects  of  fridlion  not  being  conlidered  ; the 
only  difference  is  in  the  time  wherein  this  velocity  is  pro- 
duced, the  time  being  increafed  by  the  wheel’s  weight. 

In  the  preceding  propofitions  the  force  by  which  bodies 
or  fyllems  of  bodies  are  caufed  to  revolve,  has  been  fup- 
pofed  conllant ; and  the  properties  relating  to  gyration 
which  have  been  demonllrated  are  true,  when  the  forces 
are  variable,  provided  the  time  of  their  adlion  be  taken 
evanefcent:  from  which  conclufion,  and  having  given  the 
law  according  to  which  the  force  varies,  the  effedls  pro- 
duced by  a variable  force  on  a revolving  fyllem  may  be 
invelligated.  In  the  lalt  example,  where  rotatory  mo- 
tion is  fuppofed  to  be  generated  in  a ponderous  wheel  by 
the  adtion  of  mufcular  ilrength,  (of  the  human  arm  for  in- 
llance,)  it  was  obferved,  that  the  moving  force  was  not 
conllant,  being  greatell  at  the  firft  inftantof  motion,  and 
abfolutely  evanelcent  when  the  velocity  of  that  part  of  the 
wheel,  to  which  the  hand  was  applied,  became  equal  to 
the  greatell  velocity  with  which  the  hand  could  move 
when  not  impeded. 

If  the  laws  according  to  which  mufcular  force  varies 
in  refpedt  of  the  velocity  of  the  body  to  which  it  is  ap- 
plied were  known,  the  effedls  produced  might  be  com- 
puted ; but  as  this  kind  of  power  is  irregular  in  its  adlion, 
being  in  general  greater  as  the  point  to  which  it  is  applied 
is  defcending,  geometrical  reafoning  cannot  be  ufed  to 
ellimate  the  motion  generated  by  it,  although  there  would 
be  perhaps  little  difficulty  in  forming  rules  which  Ihould 
be  fufficiently  near  the  truth.  In  the  next  problem,  ro- 
tation is  generated  by  the  adlion  of  a moving  force,  upon 


acceleration 


uniform  velocity  when  the  heavy 
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a principle  not  entirely  diffimilar  to  that  juft  defcribed  ; 
but  the  laws  according  to  which  the  force  varies  in  this 
cafe  being  known,  (fetting  afide  the  effefts  of  friftion) 
a folution  may  be  obtained  and  will  be  a proper  illuftra- 
tion  of  this  part  of  the  fubjeft. 

XXXI. 

Let  abc  reprefent  a water  wheel  which  fi*. 
revolves  round  an  horizontal  fixed  axis, 
pafling  through  its  centre  s.  Suppofe 
d e f to  be  the  axle  of  this  wheel,  and 
that  a weight  w is  affixed  to  a line  dw 
fo  wound  round  the  axle,  that  while 
the  wheel  is  driven  round  in  its  own  plane 
by  the  force  of  the  water  impinging  at  r, 
the  weight  w may  be  raifed  in  a vertical 
line  : having  given  the  area  of  the  boards 
i,  i,  i,  againft  which  the  ftream  impinges 
perpendicularly,  and  the  altitude  from 
which  the  water  defcends,  it  is  required  to 
affign  the  greateft  velocity  with  which  the 
wheel  can  revolve. 

When  a ftream  of  any  fluid  impinges  perpendicularly 
againft  a plane  and  quiefcent  fnrface,  the  exadl  quantity 
of  the  moving  force  is  equal  to  the  weight  of  a column  of 
the  fluid,  the  bafe  of  which  is  the  area  upon  which  the 
fluid  impinges,  and  the  altitude  that  from  which  a body 
muft  defcend  freely  from  reft  by  gravity  to  * acquire  that  • Seft.  V. 
velocity : this  will  be  the  moving  force  which  impels  ProP'  i1, 
the  body  when  quiefcent,  or  juft  beginning  to  move,  but 
after  fome  motion  has  been  communicated  to  the  body 
upon  which  the  fluid  impinges,  the  impulfive  force  of  the 
fluid  will  be  diminilhed ; being  the  lame  as  if  the  body 
were  quiefcent,  and  the  water  impinged  upon  it  with  the 
Udifferenceofthe  former  velocities.  Wherefore  the  altitude  ||  III.  Law 
of  the  column  of  the  fluid,  which  is  equal  to  its  impelling  of  Motion. 

Mma  force 


+ Stft.m. 
Prop.  IV. 
Cor.  z. 


Fig. 

LXXIII. 


J Setf.  VI. 
Prop.  VIII. 


11  Sea.  VI. 
Prop.  111. 
and  VJ1L. 


» 
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force,  will  be  always  as  the  difference  between  the  velocity 
of  the  impact  and  that  of  the  body  itfelf;  and  fince  the  al- 
titudes from  + which  bodies  fall  from  reft  are  in  a dupli- 
cate ratio  of  the  velocities  acquired,  it  follows,  that  the 
force  of  the  impadt  will  be  in  a duplicate  ratio  of  the  dif- 
ference between  the  velocity  of  the  wheel  and  that  of  the 
impadt. 

Let  the  weight  of  a column  of  water  equal  to  the  force 
of  the  impadt,  when  the  wheel  is  quiefcent,  be  A,  and  in 
order  to  facilitate  the  folution,  it  muft  be  fuppofed  that 
the  force  of  the  ftream  adts  perpendicularly  to  the  planes 
on  the  points  1,1,  I,  at  a given  diftance  from  the  axis, 
the  radius  SI  — a,  SD  ~b,F the  velocity  with  which  the 
water  impinges  on  the  boards  1, 1, 1,  y the  velocity  of  the 
circumference  I,  I,  I;  then  we  have  this  proportion  for 
determining  f the  force  of  the  water  to  turn  the  wheel 
when  its  velocity  is  y,  V — o*  : V — y 1 :r  A'.fzz 

AxF—y 


- . Let  R be  the  centre  of  gyration  of  the  wheel 

and  the  weight  IV  taken  together,  and  let  G be  the  wheel’s 
weight,  and  SR  ezr-,  then  (hall  the  inertia  of  the  fyftem 
which  refills  the  communication  J of  motion  to  I,  I,  I,  be 

JV~+~G  Xrl 

— — , and  the  force  which  accelerates  the  circum- 


A v — y 

ference  when  its  velocity  — is  -y,  -g  X — yi — * 

a 

, but  from  this  muft  be  fubdudled  the  force  of  the  weight 

....  W ab 

IF  to  retard  the  circumference,  which  is  ||  = ; ■■■-- • 

/f -f  G X r 

The  force  therefore  which  accelerates  the  circumference 

A V — y 1 ..  a* 

will  be  upon  the  whole  — py  Q x y1  * rz~~" 

b t and  when  the  wheel’s  velocity  becomes  uni- 

IV  + G xT1 

form,  this  force  of  acceleration  muft  be  evanefeent,  which 
will  give^-^^-  X«- Wl  — o,  andj  = F—FX 


V 


x — the  velocity  required. 
A « 


xxxir. 
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XXXII. 

Every  thing  elfe  remaining  as  in  the  laft 
propofition,  let  the  weight  w vary,  and  voim"*' 
let  it  be  required  to  affign  the  weight  w,  p,7*8“ 
fo  that  when  the  wheel  has  acquired  its 
uniform  velocity,  the  moment  of  w may 
be  the  greateft  poffible. 


Let  the  weight  fought  — x,  and  fince  the  uniform  ve- 

/ x b * ProP* 1 

locity  of  the  ‘wheel’s  circumference  rr  V — V x \C  — , XXXI, 

ia  Cl 

Vb 

the  uniform  velocity  of  the  afcentof  x will  be V x 

a 

\/ '—J—f,  and  the  moment  of  x will  be  ~ V x 
A a J a 

/ x 3 0 3 

"V  fl°xion  of  which  being  made  o,  we 


have  x 


3 s/ xb  xx 


z s/  A a 
greateft  poflible,  and  x 


— o,  when  the  moment  of  x is  the 


the  weight  required. 


Cor.  i.  Let  fuch  a weight  ^be  fufpended  from  the 
axle,  as  will  exaftly  balance  the  force  of  the  water  A aft- 

• ci  x .A 

ing  at  the  circumference,  then  will  — — ; where- 

b 

fore  when  the  moment  of  the  afcending  weight  x is  the 

greateft  poflible,  that  weight  will  be  i^or  — parts  of  the 

9 9 

weight  which  would,  if  fufpended  from  the  axle,  balance 
the  force  of  the  ftream. 

Cor.  2.  Since  the  uniform  velocity  of  the  wheel’s  dr- 
eam- 


[ ] 


* Prop. 
XXX!. 

U Supra. 


cumfcrence  is  *V — V x 
the  moment  generated 
greateft,  by  fubftituting 


W=-^r 


when 


in  the  afcending  weight  is  the 
for  W , we  have  the  velocity 


zz  V — V X V^—  = — , that  is,  the  velocity  of  the 
9 3 


wheel’s  circumference  will  be  y the  velocity  of  the  llream 


impinging  againft  it,  when  the  moment  generated  in  thc 
weight  afcending  uniformly  is  the  greateft  poflible. 

Cor.  3.  The  laft  Cor.  fuggefts  another  problem  which 
may  be  of  ufe  : having  given  a weight  W to  be  raifed  by 
the  adtion  of  the  ftream  of  water,  the  force  of  which  is  —A, 
againft  a quiefcent  furface;  let  it  it  be  required  to  aflign 
what  muft  be  the  proportion  between  the  radius  of  the 
wheel  and  that  of  the  axle,  fo  that  the  uniform  velocity 
of  the  afcending  weight  may  be  the  greateft  poflible.  The 
value  of  V remaining,  if  the  radius  of  the  wheel  be  put 
;r  x,  and  S D — b,  the  uniform  velocity  of  the  afcending 


V X 


of  which  if  the  fluxion 


be  made  = o,  it  will  give  x 


g Wh 

4 A ' 


Cor.  4.  Every  thing  elfe  remaining,  if  the  velocity 
with  which  the  water  impinges  againft  the  boards  I,  /,  /, 
be  doubled,  the  greateft  moment  communicated  to  a 
weight  W afcending  uniformly  will  be  increafed  in  the 
ratio  of  8 : 1 : for  flnce  the  uniform  velocity  of  the  af- 


11  Supr* 

p.  177. 


t Pag*  »76* 


cending  weight  is  and  the  weight||  moved  IV— 

thc  moment  generated  in  the  afcending  weight  will  be  ex* 

prefled  by  and  — being  given,  the  moment  will  be 

1 27  27 


proportional  to  A X V , but  % A is  as  V % wherefore  the 
moment  communicated  to  the  afcending  weight  will  be 
as  V3,  or  in  a triplicate  ratio  of  the  velocity  wherewith  the 
water  .impinges  on  the  wheel. 

The  force  which  communicates  motion  to  water  wheels, 
and  the  refinances  which  are  occafioned  by  fridtion,  tena- 
city, and  various  other  caufes,  render  the  application  of the 

theory 
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theory  of  mechanics  to  practice  in  thefe  cafes  extreme})/ 
difficult.  It  is  probably  from  this  reafon,  that  the  art  of 
conftrudting  machines,  which  are  moved  by  the  force  of 
water,  &c.  has  been  almofl  wholly  pradtical ; the  belt  im- 
provements having  been  deduced  from  continued  obferva- 
tion  of  the  refults  produced  in  given  circumftances,  where- 
by the  gradual  correction  of  error,  and  varied  experience 
of  what  is  moll  effectual,  have  fupplied  the  place  of  a 
more  perfeCt  inveftigation  from  the  laws  of  motion. 

This  feems  to  be  the  belt  method,  as  far  as  regards  the 
practical  conftrudtion  of  thefe  machines,  the  nature  of  the 
cafe  will  admit  of ; for  although  there  may  be  two  roads 
leading  ultimately  to  the  fame  truths,  i.e.  a direCt  invef- 
tigation from  the  laws  of  motion,  and  long  continued  ob- 
fervation,  independent  of  theory;  the  latter  is  frequently 
the  moll  eafy  and  moll  eligible,  although  lefs  direCt  and 
lefs  fcientilic;  the  former  being  inacceffible  to  thofe  who 
poffefs  the  elementary  parts  of  mechanics  only.  It  is  in 
vain  to  attempt  the  application  of  the  theory  of  mechanics 
to  the  motion  of  bodies,  except  every  caufe  which  can 
lenlibly  influence  the  moving  power  and  the  refinance  to 
motion  be  taken  into  account:  if  any  of  thefe  be  omitted, 
error  and  inconfifiency  in  the  conclufions  deduced  mull  be 
the  confequence.  It  was  at  one  time  fuppofed  from  this 
inadequate  application  of  the  theory,  that  the  fame  laws  of 
motion  would  not  extend  to  all  branches  of  mechanics, 
but  that  different  principles  were  to  be  accommodated  to 
different  kinds  of  motion.  If  this/were  truly  the  cafe,  the 
fcience  of  mechanics  would  fall  lhort  of  that  fuperior  ex- 
cellence and  extent,  which  it  is  generally  allowed  to  pof- 
fefs. For  it  is  probable,  that  there  is  no  kind  of  motion, 
whether  of  the  moll  fimple  or  complicated  nature,  but 
what  may  be  referred  to  * three  eafy  and  obvious  propo-*  Laws  of 
fitions,  the  truth  of  which  it  is  impoffible  to  doubt : and  motion* 
if  we  are  not  enabled  to  invelligate  the  effefts  from  the 
data  in  all  cafes,  the  deficiency  muff  not  be  imputed  to 
the  fcience  of  mechanics,  but  to  the  want  of  methods  of 
applying  mathematics  to  it. 

This  may  be  ill ullrated  by  an  example  in  order  to  fhew 
that  the  motion  communicated  to  water  wheels,  however 
complicated,  the  data  may  be,  is  equally  referable  to  the 
laws  of  motion,  with  the  effedls  of  the  moll  uncompound- 
ed force.  If  a ftream  of  water  falls  perpendicularly  on  a 
plane  furface,  the  moving  force  arifing  from  the  impafl 
only  is  equal  to  the  weight  of  a column  of  water,  the  bafe 
of  which  is  the  furface  f upon  which  the  water  impinges, 


Fisr. 

LXXIIJ. 
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and  altitude  that  through  which  a body  mull  fall  from  reft 
to  acquire  the  velocity  of  impaft.  If  the  inclination  of 
the  flream  to  the  furface  Ihould  be  changed,  the  force  ex- 
erted in  a dire&ion  perpendicular  to  the  plane  will  be  di- 
minilhed  in  a duplicate  ratio  of  the  radius  to  the  fine  of 
inclination,  the  furface  on  which  the  water  impinges  re- 
maining. Now  . when  water  falls  on  the  boards  of  a water 
wheel,  the  direction  of  the  ftream  makes  different  angles 
with  the  planes  of  thofe  boards;' for  fince  the  particles  of 
water  defcend  in  curve  lines,  they  will  fir  ike  any  plane  fur- 
face in  the  direction  of  a tangent  to  the  curve  on  the  point 
of  impadt.  Moreover,  the  water  will  flrike  the  higher 
boards  T,T,  with  a lefs  velocity  and  in  a direction  more  in- 
clined to  their  planes,  than  when  it  impinges  on  the  boards 
1,1  \ it  is  alfo  to  be  confidi  red,  that  the  ftream  will  impinge 
on  the  boards  at  different  diftances  from  the  axis  of  motion ; 
all  which  circumftances  mult  be  taken  into  account  to  find 
the  force  which  tends  to  communicate  motion  to  the  wheel 
when  quiefeent;  and  when  motion  has  been  communicated, 
the  force  of  the  ftream  to  turn  the  wheel  will  be  deter- 
mined as  in  p.  276.  But  this  is  not  the  only  confideration 
which  affedts  the  moving  force  ; the  force  hitherto  confi- 
dered  has  been  fuppofed  to  proceed  from  the  impadt  of  the 
particles  only;  in  which  cafe  each  particle,  after  it  has 
ftruck  the  board,  is  imagined  to  be  of  no  other  effedl  in  com- 
municating motion;  but  this  is  not  wholly  the  cafe:  for  after 
the  particle  has  impinged  on  the  board,  it  will  continue 
fome  time  to  operate  by  its  weight,  and  this  time  will  be 
longer  or  fhorter  according  to  the  different  conftrudlions 
of  the  wheel.  Tn  the  overfhot  wheel,  the  continuance  of 
the  preffure  ariftng  from  tire  weight  of  the  water,  will  be 
longer  than  in  the  underfbot,  the  force  which  arifes  from 
theimpadl  of  the  water  being  nearly  the  fame  in  each 
cafe.  The  whole  moving  force  therefore  will  confift  of 
the  impadt  determinable  as  above,  and  of  the  weight  of  the 
water  defeending  along  with  the  circumference  and  com- 
municating additional  motion  to  it : this  entire  moving 
force  being  determined  either  by  theory  or  experiment 
may  be  denoted  by  A.  After  the  moving  force  which 
impels  the  circumference  has  been  determined,  the  refin- 
ance to  this  force  rnuft  be  found  ; for  on  the  proportion  be- 
tween the  moving  force  and  the  refiftance,  the  acceleration 
of  the  machine  will  depend.  This  refiftance  is  of  various 
kinds : 1 .That  of  inertia:  let  the  centre  of  gyration  of  the 
wheel  — R,  SR  =:  r,  SI  — a,  the  wheel’s  weight  — G, 
then  will  the  inertia  of  the  wheel  which  refills  the  com- 
munication 
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munication  of  motion  to  the  circumference,*  — 


Wxr'  . 
r— : in 


the  fame  manner,  the  inertia  of  any  parts  of  the  fyftem  may 
be  obtained  from  having  given  the  weights,  figures,  and 
diftances  from  the  axis  by  prop.  xii.  2.  If  the  machine  is 
of  that  kind  which  raifes  weights,  fuch  for  inllance  as 
water,  the  weight  raifed,  allowing  for  its  mechanical  effedt 
on  the  point  the  acceleration  of  which  is  fought,  muft  be 
fubdudted  from  the  moving  force  before  found  ; and  this 
will  be  a conflant  quantity.  There  are  other  refinances  alfo 
homogeneal  to  weight,  i.  e.  thofe  of  fridtion  and  tenacity, 
&c.  which  are  variable  in.fome  ratio  of  the  machine’s 
velocity:  and  in  order  to  proceed  with  the  inveftigation, 
the  exadt  quantity  cf  weight  which  the  fridlion  is  equal  to, 
when  the  wheel  moves  with  a given  velocity,  muft  be 
known,  and  the  variation  of  the  refiftances  in  refpedt 
of  the  velocities,  which  circumftances  muft  be  deter- 
mined by  experiment.  If  the  force  equivalent  to  the  fric- 
tion, &c.  be  lubdudled  from  the  moving  force,  the  remain- 
der will  give  the  moving  power  by  which  the  circum- 
ference is  impelled  upon  the  whole  ; this  being  divided 
by  the  inertia  of  the  mafs  moved,  will  give  the  force  which 
accelerates  the  circumference.  The  notation  of  the  laffc 
propofition  therefore  remaining,  if,  when  the  wheel’s  ve- 
locity is  V,  the  fridlion  is  equal  to  the  weight  ap- 
plied at  the  circumference,  and  varies  in  the  nth  power  of 
the  velocity,  we  fh all  have  the  force  which  accelerates  the 

A V — y * « * Wah 

Circumference  ■ -7:  X — x — ; — -===-  — 

W+G  V r 1 W+Gxrl 

O y n y ft  2 

— -----I— ; wherefore  if  * be  the  fpace  which  has 

VnxJV-\-Gy.r 1 

been  defcribed  by  the  circumference  when  the  velocity  is 
y,  and  / is  the  fpace  through  which  bodies  are  impelled 
by  the  force  of  gravity  in  one  fecond,  the  principles  of 

acceleration  t give  us  ^ v ^ ~ i'  ..  aA 

6 2 1 ~ t-r+G  X X T » — 

W ab  2ljn  X a 1 

W+G  xr'  7»XIV'+Gxr*  * *’  ^ °m  whkh  if>  be 

determined  in  terms  of  x and  confrant  quantities,  the  ve- 
locity communicated  to  the  wheel  will  be  known.  It  is 
only  by  taking  in  all  thefe  circumftances  into  the  account, 
which  can  produce  coincidence  between  theory  and  mat- 
ter of  fadl.  ^ 

N n In 


* Scff  vr. 
Prop.  Vlli. 


t sea.  nr. 

Prop.  y. 


[ 282  ] 

J Prop.  Mr.  Parent’s  J propofition  above  demonftrated,  the 

XXXIU  effedts  of  fridtion  are  not  confidered,  nor  is  the  time  in 

Cor.  x.  which  the  uniform  motion  is  produced  taken  into  account: 

it  is  not  therefore  to  be  wondered,  that  if  this  propofi- 
tion be  referred  to  experiments  made  on  machines,  where- 
in fridtion  bears  a confiderable  proportion  to  the  mov- 
iug  force,  the  refults  (hall  be  different  from  thofe  demon- 
firated  from  different  data.  The  motion  of  machines  im- 
pelled by  the  force  of  water  or  wind  very  foon  becomes 
uniform ; the  reafon  of  which  is,  that  the  fridtion  of  the 
parts  vary  in  fome  diredt  ratio  of  the  velocity : for  were 
fridtion  entirely  removed,  the  motion  of  the  machine 
would  be  continually  accelerated,  and  would  not  acquire 
its  uniform  velocity  in  any  finite  time.  If  the  exadt  laws 
according  to  which  the  fridtion  of  the  machine  varied  in 
rel'pedt  of  the  velocity  were  known,  together  with  the 
abfolute  quantity  of  fridtion  correfponding  to  a given  ve- 
locity, the  uniform  or  greateft  velocity  acquirable  by  the 
machine,  and  the  finite  time  of  acquiring  it  might  be  af- 
certained  ; but  it  will  appear  from  the  following  propo- 
fition, that  when  fridtion  is  not  taken  into  account,  the 
time  of  acquiring  the  uniform  velocity,  fuch  as  is  referred 
to  in  Mr.  Parent’spropofition,  is  infinite. 


XXXIII. 


Every  thing  remaining  as  in  the  xxxift 
prop,  let  it  be  required  to  affign  the  time 
during  which  the  wheel  a b c is  accele- 
rated before  it  acquires  a given  velocity, 
effects  of  fridtion,  cohelion,  &c.  not  be- 
ing confidered. 


The  notation  remaining,  let  x be  the  fpace  which  has 
been  deferibed  by  any  point  of  the  wheel’s  circumference 
when  the  velocity  generated  has  become  —j:  the  force 

jf 

t Page  176.  which  \ accelerates  the  wheel’s  circumference  = x 

, for  brevity  let 

W+Gxr'  lV+G 


X — 

r 


— F,  and 


IV  a b 


W+  Gxr 1 
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— K;  we  have  therefore  the  force 


V - y X F 

which  accelerates  the  circumference  — — - K : 

V 1 

let  z be  the  fpace  through  which  a body  falls  freely  from 
reft  to  acquire  the  velocity  _y,  then  * wilier:  and  the 

principles  of  acceleration  give  us  this  equation  ~ 


V-y  xF-FzKxx 


, and  x 


zlxV— yzxF—  FZK 

and  the  fluxion  of  the  timer  — — — ^ ^ ; 

y zlxV-y  XF—VrK 


wherefore  taking  the  fluents,  the  time  itfelf  — 


log. 


V-JK+  F—y  s/F 


V\FKlz 

but  this  Ihould  vanilh  when 


V F — y z x F — Vz  K 
y ~ o;  wherefore  the  entire  fluent  or  the  time  required  t 
V VVK+  F—y  </T  VJ=JC 

~ </t,FFK  ''  V Z5— 71  x F—FZK  Y F + VK 

, , , , VF—K 

In  order  to  reduce  this,  let  — _r — “ n,  V — y — 

V F+  v'AT  7—  * 

and  e — the  number,  the  hyperbolic  log.  of  which  m , and 

. , /IFfkT^ 

let  y — y — 


nV V K-\-  nz\/ F 


zz  p\  this  will  give  — ~ - — e* 

n 6 v^f—fzk~' 
, r . n*V1K+2iFVzvTK~+n*z*F 

and  fquanng  the  whole  ■■  F ^ ^ F ^ — ••• 

= and  Fxz—F%  Kzze~zt  X nz  FZK  + \nzFx 
*/Fl£e-lf  nz  zz Fx  e~~zt : this  being  refolved  gives 
nzFvTTCe-zt  /n*F*  FKe~*f 

* = y->  = 


r‘K  + '-'’xn'r'K 


F — n 1 F e~  1 ** 

-1 F—„lFht~ »>' ; which  beinS  fubtradled 

from  F , leaves  y — the  velocity  of  the  circumference  ge- 
nerated in  the  time  t from  reft. 

N n 2 


* Seft.  III. 
Prop.  V, 


Cor. 


J Prop. 
XXXi. 
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Cor.  As  the  time  t increafes,  the  wheel’s  velocity  in- 
creafes,  and  if  it  has  any  limit  by  making  t infinite,  the 
ultimate  value  of  y will  give  that  limit  : here  fince  p rz 
/ W1  / 1 p 

S' — , it  is  manifeft,  that  if  t be  infinite,  p will 

be  alfo  infinite,  and  e ~ zt  evanefcent ; wherefore  all  the 
terms  in  the  preceding  expreffion  which  are  multiplied 
into  e~ Xf  will  become  — 0:  this  will  give  the  ultimate 


value  of  z — V - 


-y 


— to  VS ^ ~ , and  y the  limit  of  the 


velocity  fought  will  be 


= y-vx/L, 


but  K — 


Wab 


G + ZfXr1 


, and  F rz 


A X a* 
G~+JV  X r ' 


Wb 

j a , and  y the  greateft  velocity  J — V - 


wherefore  — — 


rx/YL;  ,hi, 

A a 


was  otherwife  fhewn  to  be  the  uniform  or  greateft  velocity 
of  mo  im  which  could  be  acquired  by  the  circumference, 
which  it  appears  from  this  folution  it  never  can  arrive  at 
in  any  finite  time. 

The  chief  propofition  upon  which  the  eftimation  of  the 
velocities  generated  in  a fyftem  of  bodies  revolving  round 
a fixed  axis  depends,  is  that  by  which  the  inertia  of  the 
various  parts  of  the  fyftem  is  determined : for  after  it  has 
been  fhewn  what  mafs,  when  acled  on  immediately  by  the 
moving  force,  is  equivalent  in  its  inertia  to  that  which  is 
exerted  by  the  parts  of  the  fyftem  revolving  at  their  re- 
fpeftive  diftances,  the  acceleration  of  the  point  at  which 
the  moving  force  is  applied  becomes  known  : it  has  been 
fhewn,  that  the  inertia  exerted  by  the  particles,  which  re- 
+ Se£t.  VI.  volve  at  different  diftances  f from  the  axis  of  motion,  are  in 
Frop.l.&ll.  a ratio  compounded  of  the  diredt  duplicate  ratio  of  their 
velocities  or  diftances  from  the  axis,  and  the  direft  ratio  of 
the  quantities  of  matter  contained  in  them  ; from  which 
principle  thefigures  and  weights  of  the  various  parts  which 
compofe  the  iyftem  being  known,  its  revolving  motion  ge- 
nerated by  a given  moving  force  can  be  elUmated : but 
thefe  propolitions  cannot  be  generally  applied  to  the  de- 
termination of  the  inertia  exerted  by  bodies  againft  the 
adtion  of  moving  forces,  becaufe  the  conditions  on  which 
they  are  demon'lrated  are  particular  in  belonging  to  ro- 
tatory motion,  or  others  of  the  fame  kind  ; the  cotempo- 
rary 
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rary  velocities  of  any  given  points  in  the  fyftem  are  in  a 
conftant  ratio  from  the  firft  inftant  of  motion  ; moreover, 
the  moving  forces,  as  well  as  the  inertia  of  the  various 
parts  are  conftant,  becaufe  in  revolving  bodies  the  diftance 
from  the  axis  of  each  particle,  as  well  as  the  diftance  from 
the  axis  at  which  the  moving  force  is  applied,  is  invaria- 
ble : and  it  follows,  that  in  other  cafes,  where  thefe  con- 
ditions exift  not,  the  laws  which  have  been  demonftrated 
for  the  eftimation  of  the  acceleration  of  revolving  bodies 
'tannot  be  applied;  other  rules  therefore  will  be  neceftary 
for  this  purpofe. 


XXXIV. 

Let  afc,  bgc  be  two  curves,  the 
planes  of  which  are  vertical,  and  let  a line 
ace  be  ftretched  over  a fixed  pully  c by 
two  given  weights  a and  b,  of  which  b 
preponderates  againft  a,  and  defcends 
along  the  curve  cgb:  it  is  required  to 
affign  the  velocity  of  b when  it  has  de- 
fended through  a given  perpendicular 
altitude,  and  a has  afcended  through  a 
given  altitude  in  the  fame  time. 


Let  B L be  the  perpendicular  altitude  through  which  B 
has  defcended,  and  let  AH  be  the  perpendicular  altitude 
thro’  which  A has  afcended  in  the  fame  time,  and  let  BL~y, 
AH*—  q.  Suppofe  the  weight  B to  defcribe  in  its  defcent 
the  evanefcent  arc  bB , and  during  the  fame  time  let  the 
other  weight  A rife  through  the  arc  a A.  Through  b and  A 
draw  bo  and  A l parallel  to  the  horizon  : alfo,  through  b 
draw  bn  perpendicular  to  CB,  and  Avi  perpendicular  to 
C a,  and  let  C B — x,  B n — x zz  A in,  B 0 ~ y,  B b — }t 
■da  — r,  and  al—  and  let  z be  the  fpace  through 
which  a body  muft  fall  freely  by  the  acceleration  of  gravity 
from  reft  fo  as  to  acquire  the  velocity  of  B,  while  it  is  de- 
ferring the  elementary  fpace  bB. 


The 
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The  force  which  impels  B in  the  diredtion  bB  is  r= 

jf?  y 

—r,  and  fince  A adts  in  oppofition  to  this  force,  its  effedts 

when  referred  to  the  diredtion  bB  mull  be  fubdudted  from 
in  order  to  obtain  the  force  which  upon  the  whole 

impels  B in  the  diredtion  bB  : the  force  of  A in  the  di- 
redtion  BC  — — which  being  refolved  into  the  direc- 

(ion  bB  becomes  ~ wherefore  the  whole  force 

s 

by  which  B is  urged  in  the  diredtion  b B will  — 

B v A q 

^ . “ ““  • 

/ s 

Alfo,  the  force  with  which  B impels  A in  the  diredtion 
AC  — — and  that  of  A in  the  fame  diredtion  — , 

* x 

wherefore  the  entire  force  which  urges  A in  the  diredtion 
AC- 

x 

direction  a A becomes  ; with  this  force  there- 

r 

fore  B impels  A in  the  diredtion  a A.  It  is  next  to  be 
enquired,  what  is  the  mafs  moved  by  B,  or  the  inertia 
which  is  oppofed  to  the  communication  of  motion  to  B: 
the  inertia  of  B oppofed  by  its  own  mafs  is  B,  but  as  the 
bodies  A and  B move  with  different  velocities,  the  inertia 
oppofed  by  A will  not  be  equivalent  to  the  mafs  A,  for 
reafons  before  affigned.  In  order  to  determine  an  equi- 
valent mafs,  which,  being  accumulated  in  B when  A is 
removed,  will  refill  the  communication  of  motion  in  the 
fame  manner,  as  the  mafs  A afeending  by  the  force  of 
B,  let  B be  firfl  fuppofed  without  inertia,  and  to  poffefs 
weight  only : then  fince  the  force  which  impels  A in 

the  diredtion  a A is  and  the  mafs  moved  A, 

r 

B being  fuppofed  without  inertia,  the  force  which  acce- 
lerates A will  be  denoted  by  ^ becaufe  A is  now 

rA 

the  only  mafs  of  matter  moved.  But  A deferibes  the  fpace 
rin  the  fame  particle  of  time  in  which  B deferibes  bB  or 
a > J 


- — : — , and  this  force  being  refolved  into  the 
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/ ; and  fince  when  the  fluxion  of  the  time  is  given,  the 
force  which  accelerates  bodies  defcribing  different  fpaces' 
will  be  ilfthe  fecond  fluxions  of  thofe  fpaces,  we  have  the 

By  — A q s 

force  which  accelerates  the  body  B — - — r -- — X — , 

r A r 

from  hence  we  (hall  obtain  the  mafs,  which  if  placed  at 
j S would  exert  a refiftance  or  inertia  equivalent  to  A : for 
fince  in  this  cafe,  the  moving  force  and  inertia  are  each 
applied  at  the  fame  point,  and  referred  to  the  fame  direc- 
tion, the  quantity  of  matter  * moved  will  be  equal  to  the 
moving  force  divided  by  the  accelerating  force  : and  fince 

the  force  which  impels  B is  — — — , and  the  force 


which  accelerates  B rr  — X — , we  have  the  mafs 

A r r 


moved  at  B or  the  inertia  equivalent  to  that  of  A — 


A r 


s s 


From  hence  a folution  to  the  problem  above  defcribed 
immediately  follows ; for  let  z be  the  fpace  through 
which  a body  mull  fall  freely  to  acquire  the  velocity  in  B, 
then  the  force  which  impels  B in  the  direction  bB  is 

^-r — -S  and  the  inertia  of  B is  B,  that  of  A equiva- 


A rr 


lent  to  a mafs  -rr-  when  accumulated  in  B,  A itfelf  being 

taken  away,  the  whole  mafs  moved  therefore  by  B will  be 

• i „ . drr  BY's  + A rr  . , 
equivalent  to  B -f  -rr-  rr  — , and  the  force 


_ sS 


which  accelerates  B — * and  fince  / is  the 
B s i A r r 

fluxion  of  the  fpace  defcribed  by  B,  the  principles  of  ac- 
i f X By — A'q 


celeration  give  us  i 


B s t -f-  A r r 


, and  z =:  the 


fluent  of ; f X . 

B s s + A r r 

Cor.  1.  Let  AFC  become  a ftraight  line  perpendicular 
to  the  horizon,  then  will  r ~ x rr  7,  it  follows  therefore, 

X By  — Ax 
z = . 

B / / -f  A xx 


• Sea.  J. 
Prop.  IX. 


Cor. 
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Cor.  2.  Let  CFA  be  a ftraight  line  perpendicular  to 
a_  the  horizon,  and  let  the  curve  CGB  be  a hjjagithmic 
LlLjLV  fpjra]j  ordinates  of  which  interfedt  the  curve  at  an  an- 
gle the  cofine  of  which  is  to  radius  in  the  proportion  of 
e to  r;  then  the  notation  remaining,  r x — c j-  by  the  pro- 
perty of  the  curve,  and  r x — c wherefore  ■ .■ ..  ' - . 

r J Bjs+Axx 


B + cz  A' 


and  x — - 


X By  — A> 


Brz  -+  czA 


, and  if  l — 193 


* $e£V  I. 
Prop.  IX. 


inches,  the  velocity  acquired  by  B — ( • 

Cor.  3.  The  laws  obferved  by  bodies  which  revolve 

round  a fixed  axis  of  motion  are  particular  cafes  of  this 

general  propofition,  and  may  be  inferred  from  it ; fhus, 

let  L M N reprefent  a wheel  and  axle  moveable  round  an 

horizontal  axis  of  motion;  and  fuppofe  that  a weight  A 

is  applied  to  the  circumference  of  the  axle  to  be  raifed 

by  the  weight  B applied  to  the  wheel’s  circumference : 

and  let  the  radius  SL  — r,  and  S M zz  c,  the  force  where- 

, 1 r j » ^ c &r  — Ac  , 

by  B endeavours  to  defcend  _ B — : let 

any  fpace  defcribed  by  B during  its  defcent  from  reft  — y, 
and  the  fpace  defcribed  by  A in  its  afcent  during  the  fame 
time  ~ x;  then  will  rx  — cy,  wherefore  rx  — cy  and 
r x — cy  ; and  fince  the  inertia  oppofed  by  B to  its  own 
motion  is  B,  and  the  inertia  oppofed  by  A to  the  motion 

of  B is  by  the  preceding  folution  = -yj-  — “T~*  tJie 

Ac 1 

whole  inertia  oppofed  to  the  motion  of  B — B + — r — 
B r + A c _ fmce  tjjC  force  which  impels  B — 

rx 

the  force  which  * accelerates  the  defcent  of  B 


will  be  — 


B r A LL  . Let  z be  the  fpace  through 


Br  1 + Ac 


which  a body  muft  fall  from  reft  freely,  by  the  accelera- 
tion of  gravity,  to  acquire  the  velocity  of  B at  the  in- 
t Scft.  IIJ.  ftant  it  has  defcribed  the  fpace  y ; this  f will  give  k — 


Prop.  V . 


Br'y  — Acry 
~B  rz  Ac*  1 


and  2 — 


B r * y — Aery 
Brz  + Ac- 


or  fince_y  zz 


rx 


\ 
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C • m • 

-,  which  is  precifely  the  fame  value 


rx  Byr * — A r1 

T’2-  Br'+AB 
as  is  otherwife  obtained  J from  prop.  xix.  the  wheel’s  in- 
ertia  not  being  confidered.  In  the  fame  manner,  the  inertia  * v 1* 
of  the  whole  fyftem,  including  that  of  the  wheel,  might 
be  inferred  from  the  preceding  general  folution. 

In  the  examples  which  have  been  given  to  illuftrate  this 
proportion,  the  ratio  of  the  fluxions  x : y Sc  y : "x  is  con- 
ftant ; in  that  which  follows  they  are  variable.  Let  two 
equal  weights  A,  A be  fattened  to  the  extremities  of  a line  F,,> 
which  goes  over  the  fixed  points  E and  C,  which  are  ho-  LXXSDiu 
rizontal:  when  the  line  A EC  A is  ftretched  by  the  equal 
weights  A,  A,  let  a body  B be  fixed  to  the  middle  point 
D,  it  will  defcend  from  reft  at  D in  the  diredtion  DB, 
perpendicular  to  the  horizon,  at  the  fame  time  elevating 
the  weights  A,  A.  Suppofe  it  were  required  to  afiign  the 
velocity  of  the  defcending  weight  B when  it  has  de- 
fcribed  any  fpace  DB.  Let  ED  zz  a,  EB  — y,  and  BD 
zzx:  to  determine  the  velocity  of  B,  while  it  defcribes  the 
evanefcent  fpace  bB  — x.  B is  impelled  downward  by 

its  own  weight  diminifhed  by  2 A X - zz  2 A x — — ' * ■■■  ■- 

y ^ar+7* 

adting  in  the  contrary  diredtion  BD:  the  whole  force 
therefore  by  which  B tends  downwards  rr  B ■ 


2 A j 


vV-f-*2-' 

the  mafs  moved  by  B is  its  own  quantity  of  matter,  toge- 
ther with  the  inertia  of  the  weights  A,  A referred  to  the 
diredtion  Bb}  the  inertia  of  2 A eftimated  in  the  diredtion 

Bb  zz  2 A X yr7  by  the  propofitiori  above  demonftrated. 


xx 

y 

and  becaufe  ~ — —~= 
x vV 


+ x2 


and  ~r  — 
x 


2X 


a1  + 2 xz 


XV 


the  inertia  of  2 A will  be  2 Ax  — — A 

x'i 

B X a* 


+ x* 
a1  4-  2x’l 
a 1 -f-  xx 


+ x2  + Ax  a2-f-  2 x2 


and  that  of  B 4-  2 A will  zz 

ax  + x2 

let  z be  the  fpace  due  to  the  velocity  of  B while  de- 
fcribing  Bb,  and  fince  the  force  which  impels  B — 

B x v'  a1  — 2 Ax 

» we  fhall  * have 


a1-  -f 


* Sea.  Ill,' 
= Prop.  V. 


Cor.  4, 


Bax 
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Bazx  -\-Bxzx — ‘irfxx'S  c? xz 

~Ba*+Bxz+Aaz+zA^~> and  takInS  1116  HuentS  * = 


BAa  X M° 


V B + A xB  + 2.  A 


, Bx-\-zAa — zA  y.  V a1 -\- xx 

3.  "T"  » i - a + 


B -f  zA 


zAz  a 


B+zA- 


4-  V £ -f  2 A x a1  + xz 
y £~+  A x a7-  + £ + zA  x 


, t \ Ji  a 

X loS-— ==s 


'S  B + A 


V'A  + 'SB  -f  z A 


: in  which  M°  fignifies  the  arc  of  a 


t J3  ~ j 2^  y 

circle,  the  tangent  of  which  is  \J~x~  -j-  X - to  radius 

£ + A a 


— i . 


Cor.  i.  By  infpetting  the  value  of  z,  it  appears,  that 
when  A is  = o,  or  when  B is  infinite,  z — .*•. 

Cor.  2.  If  B — zA,  B will  dcfcend  continually,  but 
the  velocity  acquired  will  be  limited;  by  making  * infi- 
nite, Azzi,  and  B — z,  p — 3.141  59,  &c.  the  limit  of 


z will  become  — - — ay.  2161,  fo  that 


Pa_ 

8^3  4 

the  velocity  of  the  defcending  weight  5,  is  always  lefs  than 
that  which  a heavy  body  acquires  by  falling  freely  from 
reft  through  .2161  part  of  half  the  firing’s  length. 

Cor.  3.  If  R be  in  the  leaft  greater  than  2 A,  the  value 
of  z,  and  confequently  the  velocity,  when  x is  infinite, 
will  increafe  fine  limite. 

Cor.  4.  When  B is  lefs  than  2 A,  the  velocity  of  B 
during  its  defcent  will  firft  increafe  and  afterwards  de- 
creafc,  until  the  weights  become  ftationary:  £ will  then 
begin  to  afcend. 

Cor.  5.  By  making  the  fluxion  of  z ~ o,  or  z — 


£ arx  -f  Bxzx  — 2 A xx  x + 


- — o,  and  folving  the 


£al  + £xz  + A a-  + 2 Axz 
equation,  we  fhall  have  the  value  of  x when  the  velocity 
of  B is  the'greateft  poflible  in  general  terms, in  which  cafe  it 

, Ba 

appears  that  * = * 


Sect. 
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Sect.  VII. 


CONTAINING  A DESCRIPTION  OF  EXPERI- 
MENTS ON  THE  RECTILINEAR  MOTION 
OF  BODIES,  WHICH  ARE  ACTED  ON  BY 
CONSTANT  FORCES. 

ECHANICAL  experiments  are  of 


two  forts ; the  one  relating  to  the 
quiefcence  of  bodies,  and  the  other  to  their 
motion.  Among  the  former  are  included 
thofe  which  demonftrate,  or  rather  make 
evident  to  the  fenfes,  the  equilibrium  of  the 
mechanic  powers,  and  the  correfponding 
proportions  of  the  weights  fuftained  to  the 
forces  which  fuftain  them,  the  properties 
of  the  centre  of  gravity,  the  compofition 
and  refolution  of  forces,  &c. : by  the 
latter  kind  of  experiments  are  fhewn  the 
laws  of  collifion,  of  acceleration,  and  the 
various  effedts  of  forces,  which  com- 
municate motion  to  bodies. 

Concerning  mechanical  experiments,  it 
is  obfervable,  that  thofe  wherein  an  equi  - 
librium  is  formed,  will  frequently  appear 
coincident  with  the  theory,  although  con- 
fiderable  errors  are  committed  inconftrudt- 


mg 
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ing  them.  To  exemplify  this,  let  a b re- 
prefent  a rod  moveable  round  an  horizontal 
axis  of  motion,  which  paffes  through  its 
centre  of  gravity  s.  Suppofe  s a to  s c in  the 
proportion  of  2 : 1 ; and  let  any  weight  w 
be  fufpended  from  A;  in  order  to  balance 
w by  a weight  acting  at  c,  this  weight 
mult  be  accurately  = 2W  by  the  theory: 
but  if,  by  an  error  in  conftrudting  the  ex- 
periment, inftead  of  2w,  another  weight 
greater  or  lefs  than  2w  be  applied  at  c, 
an  equilibrium  will  be  ftill  produced, 
provided  the  friction  of  the  axis  be  fuf- 
ficient  to  counteradt  the  moving  force 
arifing  from  the  erroneous  weight.  In  the 
fame  manner,  it  appears  in  other  cafes, 
that  from  the  effedts  of  fridtion,  tenaci- 
ty, &c.  experiments  relating  to  the  equi- 
librium of  forces  will  derive  an  appear- 
ance of  greater  exadtnefs,  than  would  be 
obferved  in  them  were  fridtion,  &c.  wholly 
removed.  The  cafe  is  different  in  experi- 
ments concerning  the  motion  of  bodies, 
in  which,  whatever  care  be  taken  to  render 
the  proportion  of  the  forces  and  of  the 
weights  moved,  fuch  as  is  required  by  the 
theory,  the  interference  of  fridtion  and 
other  refiftances,  which  contribute  to 
render  the  experiments  on  the  equilibrium 

of 
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of  forces  apparently  more  perfeCt  than  they 
really  are,  caufes  the  motion  of  bodies, 
which  are  the  objeCts  of  experiments,  to 
differ  from  the  theory,  with  which  it  would 
precifely  coincide  were  thofe  obftacles  re- 
moved. 

According  to  the  greater  or  lefs  de- 
gree of  exaCtnefs,  experiments  on  the 
motion  of  bodies  are  required  to  cor- 
refpond  with  the  theory,  more  or  lefs  at- 
tention is  neceffary  in  removing  the  im- 
pediments above  defcribed,  as  well  as 
others  which  will  be  hereafter  confidered : 
if  the  experiments  are  defigned  only  to 
affilt  the  imagination  by  fubftituting  fen- 
fible  objects,  inftead  of  abftract  and  ideal 
quantities,  an  apparent  agreement  be- 
tween the  theory  and  experiment  may 
be  fufhcient  to  anfwer  this  purpofe,  al- 
though it  may  be  produced  from  an  erro- 
neous conftruCtion;  but  it  muft  be  allow- 
ed, that  experiments  of  this  kind  are  ex- 
tremely defective,  and  entirely  infufficient 
to  imprefs  the  mind  with  that  fatisfaCtory 
convi£tion,  which  always  attends  the  ob- 
fervation  of  experiments  accurately  made. 

It  may  perhaps  be  required  to  affign 
what  degree  of  precifion  is  neceffary  in 
experiments  on  the  motion  of  bodies  fince 


ma- 
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ing  them.  To  exemplify  this,  let  a b re- 
prefent  a rod  moveable  round  an  horizontal 
axis  of  motion,  which  paffes  through  its 
centre  of  gravity  s.  Suppofe  s a to  sc  in  the 
proportion  of  2 : 1 ; and  let  any  weight  w 
be  fufpended  from  A;  in  order  to  balance 
w by  a weight  acting  at  c,  this  weight 
muft  be  accurately  = 2W  by  the  theory: 
but  if,  by  an  error  in  conftruCting  the  ex- 
periment, inftead  of  2w,  another  weight 
greater  or  lefs  than  2W  be  applied  at  c, 
an  equilibrium  will  be  Hill  produced, 
provided  the  friction  of  the  axis  be  fuf- 
ficient  to  counteract  the  moving  force 
arifing  from  the  erroneous  weight.  In  the 
fame  manner,  it  appears  in  other  cafes, 
that  from  the  effeCts  of  friCtion,  tenaci- 
ty, &c.  experiments  relating  to  the  equi- 
librium of  forces  will  derive  an  appear- 
ance of  greater  exaCtnefs,  than  would  be 
obferved  in  them  were  friCtion,  &c.  wholly 
removed.  The  cafe  is  different  in  experi- 
ments concerning  the  motion  of  bodies, 
in  which,  whatever  care  be  taken  to  render 
the  proportion  of  the  forces  and  of  the 
weights  moved,  fuch  as  is  required  by  the 
theory,  the  interference  of  friCtion  and 
other  refiftances,  which  contribute  to 
render  the  experiments  on  the  equilibrium 

of 
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of  forces  apparently  more  perfedt  than  they 
really  are,  caufes  the  motion  of  bodies, 
which  are  the  objedts  of  experiments,  to 
differ  from  the  theory,  with  which  it  would 
precifely  coincide  were  thofe  obftacles  re- 
moved. 

According  to  the  greater  or  lefs  de- 
gree of  exadtnefs,  experiments  on  the 
motion  of  bodies  are  required  to  cor- 
refpond  with  the  theory,  more  or  lefs  at- 
tention is  neceffary  in  removing  the  im- 
pediments above  defcribed,  as  well  as 
others  which  will  be  hereafter  confidered : 
if  the  experiments  are  defigned  only  to 
affrft  the  imagination  by  fubftituting  fen- 
fible  objects,  inflead  of  abftradt  and  ideal 
quantities,  an  apparent  agreement  be- 
tween the  theory  and  experiment  may 
be  fufficient  to  anfwer  this  purpofe,  al- 
though it  may  be  produced  from  an  erro- 
neous conftrudtion ; but  it  mull  be  allow- 
ed, that  experiments  of  this  kind  are  ex- 
tremely defective,  and  entirely  infufficient 
to  imprefs  the  mind  with  that  fatisfadlory 
convidtion,  which  always  attends  the  ob- 
fervation  of  experiments  accurately  made. 

It  may  perhaps  be  required  to  aflign 
what  degree  of  precifion  is  neceffary  in 
experiments  on  the  motion  of  bodies  fince 

ma- 
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peri  men ts  on  bodies,  which  defcend 
through  con fider able  altitudes,  and  if  the 
altitudes  be  diminifhed,  the  times  of  mo- 
tion will  be  fo  fmall  as  to  render  the  ob- 
fervation  of  them  very  precarious  and 
unfatisfa&ory. 

If  to  remedy  this  inconvenience  bodies 
be  caufed  to  defcend  along  inclined  planes, 
according  to  the  experiments  of  the  cele- 
* calico,  brated  author*  of  this  theory,  by  varying 
the  proportion  of  the  planes’  heights  to 
their  lengths,  the  force  of  acceleration 
may  be  diminifhed  in  any  ratio,  fo  that 
the  defending  bodies  fhall  move  fuffici- 
ently  flow  to  allow  of  the  times  of  motion 
from  reft  being  accurately  obferved;  and 
the  effects  of  the  air’s  refiftance  to  bodies 
moving  with  thefe  fmall  velocities  will  be 
abfolutely  infenfible:  the  principal  diffi- 
culty however  which  here  occurs,  arifes 
from  the  rotation  of  the  defending  bo- 
dies, which  cannot  be  prevented  without 
increafing  their  frittion  far  beyond  what 
the  experiment  will  allow  of. 

To  confider  this  a little  further : Bo- 
dies thus  defending  along  inclined  planes 
by  rotation,  with  an  uniformly  accelerated 
motion,  may  be  either  fpherical  or  cylindri- 
l'x'xvji.  Let  A B c reprefent  an  inclined  plane, 

the 
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the  height  of  which  is  to  its  length  as  i 2 
9.2;  then  if  a body  defcends  from  reft  by 
Aiding  along  this  plane,  and  the  furfaces 
of  the  plane,  and  of  the  defending  body  be 
perfedtly  free  from  fridtion,  fince  the  force 

of  acceleration  is  — part  of  acceleration 

9.2  r 

of  gravity,  the  fpace  defcribed  in  one  fe- 

cond  from  *reft  = — = 2 1 inches : but  Propfiv!1' 

9.2 

if  a 'fphere  defcends  by  rolling  along  the 
fame  inclined  plane,  the  fpace  defcrib- 
ed in  one  fecond  -f  from  reft  will  be  only 

— — 2 = 1 5 inches ; and  if  a cylinder 

ftiould  roll  down  the  plane  inftead  of  a 
fphere,  the  fpace  defcribed  in  onej  fecond  t sea.  vr, 
would  be  no  more  than  14  inches,  inftead  co°rP2.XlV’ 
of  21  inches,  the  fpace  which  would  be 
defcribed  from  reft  in  one  fecond,  by  a cy- 
linder or  any  other  body  Aiding  along  the 
plane:  it  may  however  be  obferved,  that 
in  each  of  thefe  defcents,  the  body  will  be 
uniformly  accelerated,  and  confequently 
the  fpaces  defcribed  in  a duplicate  ratio  of 
the  times  of  motion  eftimated  from  the 
body’s  quiefcence.  $ , 

But  in  thefe  methods  of  making  expe- 
riments on  the  accelerated  motl&n  of  bo- 
p p dies. 


Of  the  n% 
moved. 


[ 298  ] 

dies,  there  are  no  means  feparating  the 
mafs  moved  from  the  moving  force ; we 
cannot  therefore  apply  different  forces  to 
move  the  fame  quantity  of  matter  on  a 
given  plane,  or  the  fame  force  to  different 
quantities  of  matter.  Moreover,  the  ac- 
celerating force  being  conftant  and  infe- 
parable  from  the  body  moved,  its  velocity 
will  be  continually  accelerated,  fo  as  to 
render  the  obfervation  of  the  velocity  ac- 
quired at  any  given  inftant  impoffible.  It 
may  be  therefore  not  altogether  ufelefs  to 
defcribe  fuch  an  inftrument  as  will  fubjedl 
to  experimental  examination,  the  proper- 
ties of  the  five  mechanical  quantities,  i.  e. 
the  quantity  of  matter  moved,  the  conftant 
force  which  moves  it,  the  fpace  defcribed 
from  reft,  the  time  of  defcription,  and  the 
velocity  acquired. 

1 . In  order  to  obferve  the  effedls  of  the 
moving  force,  which  is  the  objedt  of  any 
experiment,  the  interference  of  all  other 
forces  fhould  be  prevented  : the  quantity 
of  matter  moved  therefore,  confidering  it 
before  any  impelling  force  has  been  ap- 
plied, fhould  be  without  weight.  Al- 
though it  be  impoffible  to  abftradt  the  na- 
tural gravity  or  weight  from  any  fubftance 
whatever,  yet  the  weight  may  be  fo  coun- 

teradted 
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teradfed  as  to  be  of  no  fenfible  effect  m 
experiments.  Thus  in  the  inllrument 
conftrudted  to  illuftrate  this.fubjedt  expe- 
rimentally, a,  b reprefent  two  equal  weights 
affixed  to  the  extremities  of  a very  fine 
and  flexible  filk  line : this  line  is  ftretch- 
ed  over  a wheel  or  fixed  pully  abed, 
moveable  round  an  horizontal  axis : the 
two  weights  a,  b being  precifely  equal 
and  acting  againft  each  other,  remain 
in  equilibrio ; and  when  the  leaft  weight 
is  fuperadded  to  either  (fetting  afide  the 
effects  of  fridtion)  it  will  preponderate. 
When  a,  b are  fet  in  motion,  by  the 
adtion  of  any  weight  m,  the  fum  a ■+-  b 
-+-  m would  conftitute  the  whole  mafs 
moved,  but  for  the  inertia  of  the  mate- 
rials which  mud  neceffiarily  be  ufed  in 
the  communication  of  motion  : thefe 

materials  confift  of  r.  the  wheel  abed 
over  which  the  line  fuftaining  a and  b 
paffes.  2.  The  four  fridtion  wheels  on 
which  the  axle  of  the  wheel  abed  refts : 
the  ufe  of  thefe  wheels  is  to  prevent  the 
lofs  of  motion,  which  would  be  occafion- 
ed  by  the  fridtion  of  the  axle  if  it  revolv- 
ed on  an  immoveable  furface.  3.  The 
line  by  which  the  bodies  a and  b are 
connedted  fo  as  when  fet  in  motion  to 
p p 2 move 


r 3 °°  j 

move  with  equal  velocities.  The  weight 
and  inertia  of  the  line  are  too  fmall  to  have 
fenfible  effect  on  the  experiments,  as  will 
appear  in  a fubfequent  note : but  the  in- 
ertia of  the  other  materials  juft  mention- 
ed conftitute  a confiderable  proportion  of 
the  mafs  moved,  and  muft  be  taken  into 
account.  Since  when  a and  b are  put 
in  motion,  they  muft  neceffarily  move  with 
a velocity  equal  to  that  of  the  circumfe- 
rence of  the  wheel  abed,  to  which  the 
line  is  applied ; it  follows,  that  if  the  whole 
mafs  of  the  wheels  were  accumulated  in 
this  circumference,  its  inertia  would  be 
truly  eftimated  by  the  quantity  of  matter 
moved  : but  fince  the  parts  of  the  wheels 
move  with  different  velocities,  their  effefls 
in  refitting  the  communication  of  motion 
to  a and  b by  their  inertia  will  be  differ- 
ent; thofe  parts  which  are  furtheft  from 
the  axis  refilling  more  than  thofe  which 
• s«a.  vi.  revolve  nearer,  in  a duplicate  proportion* 
l>rop,1I‘  of  thofe  diftances.  If  the  figures  of  the 
wheels  were  regular,  from  knowing  their 
t Seft.  vi,  q.  weijxhts  and  figures,  the  diftances  of  their 
centres  of  gyration  from  their  axes  of 
motion  would  become  known,  and  confe- 

t,  which  be- 
in  the  ^[cir- 
cum- 
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cumference  abed,  would  exert  an  inertia 
equal  to  that  of  the  wheels  in  their  con- 
ftrudled  form.  But  as  the  figures  are 
wholly  irregular,  recourfe  muft  be  had  to 
experiment  in  order  to  affign  what  equi- 
valent quantity  of  matter,  which  being 
accumulated  uniformly  in  the  circumfe- 
rence of  the  wheel  abed,  would  refill  the 
communication  of  motion  to  a in  the 
fame  manner  as  the  wheels  themfelves. 

In  order  to  afeertain  the  inertia  * of  the  * Sea- XI* 
wheel  abed,  with  that  of  the  fridtion  m 
wheels,  the  weights  a,b  being  remov- 
ed, the  following  experiment  was  made. 

A weight  of  30  grains  was  affixed  to  a 
filk  line  (the  weight  of  which  was  not  fo 


much  as  ^ of  a grain,  and  confequently  too 


inconfiderable  to  have  fenfible  effedl  in  the 
experiment)  this  line  being  wound  round 
the  wheel  abed,  the  weight  30  grains  by 
defeending  from  reft  communicated  motion 
to  the  wheel,  and  by  many  trials  was  ob- 


ferved  to  deferibe  a fpace  of  about  38^  inch- 
es in  3 feconds.  From  thefe  data  the  equi- 
valent mafs  or  inertia  of  the  wheels  will  be 
known  from  the  rule  contained  ^in  prop.  X Page  ms. 
xm.  fedl.vi.  Applying  this  rule  to  the  pre- 

fent 
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fent  cafe,  we  have  p ==  30  grains,  t = 3 
fecondsj  1 ==  1 93  inches,  s = 38.5  inches. 


and  the  inertia  fought  = 


P y t2l 

s 
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3°  = I323  Srains>  or  2^ 

ounces.  This  is  the  inertia  equivalent  to 
that  of  the  wheel  abed,  and  the  fri&ion 
wheels  together  j for  the  rule  to  which 
the  preceding  experiment  was  referred, 
^tends  to  the  eftimation  of  the  inertia  of 
the  mafs  contained  in  all  the  wheels.  j** 
The  refinance  to  motion  therefore  arii- 

l!Ixviii  *nS  fr°m  t^ie  wheel’s  inertia  will  be  the 
fame  as  if  they  were  abfolutely  removed, 

and  a mafs  of  2^  ounces  were  uniformly 

accumulated  in  the  circumference  of  the 
wheel  abed.  This  being  premifed,  let 
the  boxes  a and  b be  replaced,  being 
fufpended  by  the  filk  line  over  the  wheel 
or  pully  abed,  and  balancing  each  other: 
fuppofe  that  any  weight  m be  added  to  a 
fo  that  it  (hall  delcendj  the  exadf  quantity 
of  matter  moved,  during  the  defeent  of 
the  weight  a,  will  be  afeertained,  for  the 

whole  mafs  will  be  a-4-b  + m + 2-  oz. 

4 

To 
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To  proceed  in  defcribing  the  conftruc- 
tion  of  the  enfuing  experiments.  In  order 
to  avoid  troublefome  computations  in  ad- 
jufting  the  quantities  of  matter  moved  and 
themoving  forces,  fome  determinate  weight 
of  convenient  magnitude  may  be  affumed 
as  a ftandard,  to  which  all  the  others  are 
referred.  This  ftandard  weight  in  the  fub- 


fequent  experiments  is  ^ of  an  ounce,  and 
is  reprefented  by  the  letter  m.  The  in- 


ertia of  the  wheels  being  therefore  = 2 — 

ounces  will  be  denoted  by  nm.  a and  b 
are  two  boxes  conftrudted  fo  as  to  contain 
different  quantities  of  matter,  according  as 
the  experiment  may  require  them  to  be 
varied:  the  weight  of  each  box,  including 


the  hook  to  which  it  is  fufpended  = 1 i 

2 

oz.  or  according  to  the  preceding  eftima- 
tion,  the  weight  of  each  box  will  be  de- 
noted by  6 m j thefe  boxes  contain  fuch 
weights  as  are  reprefented  by  c,  each  of  Ffe* 
which  weighs  an  ounce,  fo  as  to  be  equi- 
valent to  4m:  other  weights  of  ~ an  oz. 

2 

= 2 m,  ~ ==  m,  and  aliquot  parts  of  m, 

fuch 


Of  the 
moving 
forte. 
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fuch  as  -m,  - 

2 4 


m,  may  be  alfo  included  in 


the  boxes,  according  to  the  conditions  of 
the  different  experiments  hereafter  de- 
fcribed. 


If  4^-  oz.  or  io  m,  be  included  in  either 
7 

box,  this  with  the  weight  of  the  box  itfelf 
will  be  25  m ; fo  that  when  the  weights  a 
and  b,  each  being  25  m,  are  balanced  in 
the  manner  above  reprefented,  their  whole 
mafs  will  be  50  m,  which  being  added  to 
the  inertia  of  the  wheels  11  m,  the  fum 
will  be  61  m.  Moreover,  three  circular 
weights,  fuch  as  that  which  is  reprefent- 
ed at  fig.  lxxx.  are  conftrudledj  each  of 

which  =-oz.  orm:  if  one  of  thefe  be 
4 


added  to  a and  one  to  b,  the  whole  mafs 
will  now  become  63  m,  perfectly  in  equi- 
librio,  and  moveable  by  the  leaft  weight 
added  to  either  (fetting  afide  the  effects  of 
fridtion)  in  the  fame  manner  precifely  as 
ifthe  fame  weight  or  force  were  applied  to 
communicate  motion  to  the  mafs  63  m, 
exifting  in  free  fpace  and  without  gravity. 

2.  Since  the  natural  weight  or  gravity 
of  any  given  fubffance  is  conftant,  and  the 
exadt  quantity  of  it  eafily  eftimated,  it 

will 
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will  be  convenient  in  the  fubfequent  ex- 
periments to  apply  a weight  to  the  mafs  a 
as  a moving  force:  thus,  when  the  fyftem 
confifts  of  a mafs  = 63  m,  according  to 
the  preceding  defcription,  the  whole  be- 
ing perfectly  balanced,  let  a weight  - oz. 

or  m,  fuch  as  is  reprefented  in  fig.  lxxx. 
be  applied  on  the  mafs  a,  this  will  com- 
municate motion  to  the  whole  fyftem : by 
adding  a quantity  of  matter  m to  the 
former  mafs  63  m,  the  whole  quantity 
of  matter  moved  will  now  become  64  m, 
and  the  moving  force  being  = m,  this 
will  give  the  force  which  accelerates  the 

m 1 

* defcent  of  a = or  — part  of  the 

accelerating  force  by  which  the  bodies  de- 
fcend  freely  towards  the  earth’s  furface. 

By  the  preceding  confirmation  the  mov- 
ing force  may  be  altered  without  alter- 
ing the  mafs  moved  j for  fuppofe  the 
three  weights  m,  two  of  which  are  placed 
on  a,  and  one  on  b to  be  removed,  then 
will  a balance  b.  If  the  weights  3 m be 
all  placed  on  a,  the  moving  force  will 
now  become  3 m,  and  the  mafs  moved 
64  m as  before,  and  the  force  which  acce- 

Q^.q  lerates 
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Fif. 

LXXXI, 


lerates  the  defcent  of  a = — — = — 

64  m 64 

part  of  the  force  by  which  gravity  acce- 
lerates bodies  in  their  free  defcent  to  the 
earth’s  furface. 

Suppofe  it  were  required  to  make  the 
moving  force  2 m,  the  mafs  moved  con- 
tinuing the  fame.  In  order  to  effect  this, 
let  the  three  weights,  each  of  which  = m, 
be  removed;  a and  b will  balance  each 
other;  and  the  whole  mafs  will  be  61  m: 

let  -m  be  added  to  a,  and  - m to  b,  the 
2 2 

equilibrium  will  ftill  be  preferved,  and  the 

mafs  moved  will  be  62  m;  now  let  2 m 

be  added  to  a,  the  moving  force  will  be 

2 m,  and  the  mafs  moved  64  m as  before; 

wherefore  the  force  of  acceleration  = — 

32 

part  of  the  acceleration  of  gravity.  Thefe 
alterations  in  the  moving  force  may  be 
made  with  great  eafe  and  convenience  in 
the  more  obvious  and  elementary  experi- 
ments, there  being  no  neceffity  for  alter- 
ing the  contents  of  the  boxes  a and  b: 
but  the  proportion  and  abfolute  quanti- 
ties of  the  moving  force  and  mafs  moved 
may  be  of  any  affigned  magnitude,  ac- 
cording 
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cording  to  the  conditions  of  the  propor- 
tion to  be  illuftrated : thus,  let  any  number 
of  the  weights  m,  for  example  1 1 m,  be 
included  in  a,  and  8 m in  b,  then  will  the 
moving  force  be  3 m,  and  the  mafs  moved 
14  m + 17  m-!-  11  m,  (becaufe  1 1 m is 
the  inertia  of  the  wheels,  and  each  of  the 
boxes  = 6m)  making  altogether  42  m ; 
wherefore  the  accelerating  force  in  this  cafe 
js  that  part  of  the  acceleration  of  gravity 

3 m 


which  is  expreifed  by  the  fra&ion 


42 


m 


H 

3.  The  moving  force  and  the  mafs  mov-  ?f,th*rPac« 
ed,  and  confequently  the  force  which  acce- 
lerates the  bodies,  having  been  conftrudted ; 
the  method  of  eftimating  practically  the 
fpace  defcribed  from  quiefcence  is  next  to 
be  confidered.  The  body  a defcends  in  a Fig. 
vertical  line  ; and  a fcale  about  64  inches  L*XVI1*' 
in  length  graduated  into  inches  and  tenths 
of  an  inch  is  adjufted  vertical,  and  fo 
placed  that  the  defcending  weight  a may 
fall  in  the  middle  of  a fquare  ftage,  fixed 
to  receive  it  at  the  end  of  the  defcent:  the 
beginning  of  the  defcent  is  eftimated  from 
0 on  the  fcale,  when  the  bottom  of  the  box 

2 a 
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a is  on  a level  with  o.  The  defcent  of  a is 
terminated  when  the  bottom  of  the  box 
ftrikes  the  ftage,  which  may  be  fixed  at  dif- 
ferent diftances  from  the  point  o,  fo  that 
by  altering  the  pofition  of  the  ftage,  the 
fpace  defcribed  from  quiefcence  may  be  of 
any  given  magnitude  lefs  than  64  inches. 
S°ent1m?S?  4*  The  time  of  motion  is  obferved  by  the 
motion,  beats  of  a pendulum  which  vibrates  fe- 
conds : and  the  experiments,  intended  to  il- 
luftrate  the  elementary  propofitions,  may 
be  eafily  fo  conftru£ted  that  the  time  of 
motion  fhall  be  a whole  number  of  feconds; 
the  eftimation  of  the  time  therefore  ad- 
mits of  confiderable  exattnefs,  provided 
the  obferver  take  care  to  let  the  bottom  of 
the  box  a begin  its  defcent  precifely  at  any 
beat  of  the  pendulum ; then  the  coinci- 
dence of  the  ftroke  of  the  box  againft  the 
ftage,  and  the  beat  of  the  pendulum  at  the 
end  of  the  time  of  motion,  will  fhew  how 
nearly  the  experiment  and  the  theory  agree 
together.  There  might  be  various  me- 
chanical devices  thought  of  for  letting  the 
weight  a begin  its  defcent  at  the  inftant 
of  a beat  of  the  pendulum ; but  the  fol- 
lowing method  may  perhaps  be  fufficient : 
let  the  bottom  of  the  box  a,  when  at  o 
on  the  fcale,  reft  on  a flat  rod  held  in  the 

hand 
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hand  horizontally,  its  extremity  being 
coincident  with  o;  by  attending  to  the 
beats  of  the  pendulum,  and  with  a little 
pradlice  the  rod  which  fupports  the  box  a 
may  be  removed  at  the  inftant  the  pendu- 
lum beats,  fo  that  the  defcent  of  a {hall 
commence  at  the  fame  inftant. 

5.  It  remains  only  to  defcribe  in  what 
manner  the  velocity  acquired  by  the  de-  auiied* 
fcending  weight  a,  at  any  given  point  of 
the  fpace  through  which  it  has  defcended, 
is  made  evident  to  the  fenfes.  The  velo- 
city of  a’s  defcent  being  continually  acce- 
lerated will  be  the  fame  in  no  two  points 
of  the  fpace  defcribed:  this  is  occafioned  by 
the  conftant  adlion  of  the  moving  force  j 
and  fince  the  velocity  of  a at  any  inftant, 
is  meafqred  by  the  fpace  which  would  be 
defcribed  by  it,  moving  uniformly  for  a 
given  time  with  the  velocity  it  had  acquir- 
ed at  that  inftant,  this  meafure  cannot  be 
experimentally  obtained,  except  by  re- 
moving the  force  by  which  the  defending 
bodies’  acceleration  was  caufed. 

In  order  to  fhew  in  what  manner 
this  is  effected  praftically,  let  us  fuppofe 
that,  according  to  a former  example,  the 
boxes  a and  b = 25  m each,  fo  as  toge- 
ther to  be  = 50  m j this  with  the  wheel’s 

in- 
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inertia  1 1 m will  make  61  m : now 
let  m be  added  to  a,  and  an  equal  weight 
m to  b,  thefe  bodies  will  balance  each 
other,  and  the  whole  mafs  will  be  63  m. 
If  a weight  m be  added  to  a motion  will 
be  communicated,  the  moving  force  being 
m,  and  the  mafs  moved  64  m.  In  a for- 
mer ||  example,  the  circular  weight  = *m 
was  made  ufe  of  as  a moving  force ; but 
for  the  prefent  purpofe  of  fhewing  the 
velocity  acquired,  it  will  be  convenient  to 
ufe  a flat  rod,  the  weight  of  which  is 
alfo  = mt.  Let  the  bottom  of  the  box 
a be  placed  on  a level  with  o on  the  fcale, 
the  whole  mafs  being  as  defcribed  above 
= 63  m,  perfedfly  balanced  in  equilibrio. 
Now  let  the  rod,  the  weight  of  which 
= m,  be  placed  on  the  upper  furface  of 
a ; this  body  will  defcend  along  the  fcale 
precifely  in  the  fame  manner  as  when  the 
moving  force  m was  applied  in  the  form 
of  a circular  weight.  Suppofe  the  mafs 
A to  have  defcended  by  conftant  accele- 
ration of  the  force  m,  for  any  given  time 
or  through  a given  fpace : let  a circular 
frame  be  fo  affixed  to  the  fcale,  contiguous 
to  which  the  weight  defcends,  that  a may 
pafs  centrally  through  it,  and  that  this 
circular  frame  may  intercept  the  rod  m by 

which 
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which  the  body  a has  been  accelerated 
from  quiefcence.  After  the  moving  force 
m has  been  intercepted  at  the  end  of  the 
given  fpace  or  time,  there  will  be  no  force 
operating  on  any  part  of  the  fyftem,  which 
can  either  accelerate  or  retard  its  motion ; 
this  being  the  cafe,  the  weight  a,  the  in- 
ftant  after  m has  been  removed,  muft  pro- 
ceed uniformly  £ with  the  velocity  which  j r.  Law  of 
it  had  acquired  that  inftant : in  the  fub-  motlon' 
fequent  part  of  its  defcent,  the  velocity 
being  uniform  will  be  meafured  by  the 
fpace'  defcribed  in  any  convenient  num- 
ber of  feconds,  according  to  the  examples 
given  in  the  enfuing  experiments. 

It  is  needlefs  to  defcribe  particularly,  other  ures 
but  it  may  not  be  improper  juft  to  men- ftrunwn. 
tion  the  further  ufes  of  this  inftrument ; 
fuch  as  the  experimental  eftimation  of  the 
velocities  communicated  by  the  impadt  of 
bodies  elaftic  and  nonelafticj  the  quan- 
tity of  refiftance  oppofed  by  fluids,  as  well 
as  for  various  other  purpofes ; thefe  ufes 
will  be  fhewn  on  a future  occafion:  but 
the  properties  of  retarded  motion  being  a 
part  of  the  prefent  fubjedt,  it  may  be  ne- 
ceflary  to  fhew  in  what  manner  the  mo- 
tion of  bodies  refilled  by  conftant  forces 
are  reduced  to  experiment  by  means  of  the 

u ' 
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inftrument  above  defcribed,  with  as  great 
eafe  and  precifion  as  the  properties  of  bo- 
dies uniformly  accelerated.  A Tingle  in- 
ftance  will  be  fufficient:  thus,fuppofe  the 
mafs  contained  in  the  weights  a and  b 
and  the  wheels  to  be  61  m,  when  perfe£tly 
in  equilibrio,  as  in  a ||  former  example; 
let  a circular  weight  m be  applied  to  b, 
and  let  two  long  weights  or  rods,  each  = 
m,  be  applied  to  a,  then  will  a defcend 
by  the  attion  of  the  moving  force  m,  the 
mafs  moved  being  64  m : fuppofe  that 
when  it  has  defcribed  any  given  fpace  by 
conftant  acceleration,  the  two  rods  m are 
intercepted  by  the  circular  frame  above 
defcribed,  while  a is  defcending  through 
it ; the  X velocity  acquired  by  that  defcent 
is  known,  and  when  the  two  rods  are  in- 
tercepted, the  weight  a will  begin  to  move 
on  with  the  velocity  acquired,  being  now 
retarded  by  the  conftant  force  m ; and  ftnce 
the  mafs  moved  is  62  m,  it  follows,  that 

the  force  of  * retardation  will  be  ^ part  of 

that  force  whereby  gravity  retards  'bodies 
thrown  perpendicularly  upwards.  The 
weight  a will  therefore  proceed  along  the 
graduated  fcale  in  its  defcent  with  an  uni- 
formly retarded  motion,  and  the  fpaces 
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defcribed,  times  of  motion,  and  velocities 
deftroyed  by  the  refilling  force,  will  be 
fubje£t  to  the  fame  meafures  as  in  the 
examples  of  accelerated  motion  above  de- 
fcribed. 

The  ufes  of  the  inftrument,  in  verify- 
ing pradtically  the  properties  of  rotatory 
motion,  will  appear  in  the  next  fedtion. 

In  the  foregoing  defcriptions,  two  fup- 
pofitions  have  been  affumed,  neither  of 
which  are  mathematically  true : but  it 
may  be  eafily  fhewn  that  they  are  fo  in  a 
phyfical  fenfe  ; the  errors  occafioned  by 
them  in  practice  being  infenfible : 

i.  The  force  which  communicates  mo- 
tion to  the  fyflem  has  been  affumed  con- 
ftant,  which  will  be  true  only  on  a fuppo- 
lition  that  the  line,  at  the  extremities  of  lxxviii, 
which  the  weights  a and  b are  affixed,  is 
without  weight.  In  order  to  make  it 
evident,  that  the  line’s  weight  and  inertia 
are  of  no  fenfible  effect,  let  a cafe  be  re- 
ferred to,  wherein  the  body  a defcends 
through  48  inches  from  reft  by  the  action 
of  the  moving  force  m,  when  the  mafs 
moved  is  64  m : the  time  * wherein  a de- 

fcribes 


* In  thefe  experiments  the  length  of  the  line  by  which 
the  weights  are  lufpended  is  about  72  inches,  its  weight 

R r 3 
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fcribes  48  inches  is  increafed  by  the  effedls 
of  the  line’s  weight  by  no  more  than 

o i 2 

— part  of  a fecondj  the  time  of  defcent 

being  3.9896  feconds,  when  the  firing’s 
weight  is  not  confidered,  and  the  time 
when  the  firing’s  weight  is  taken  into  ac- 
count = 4.0208  feconds  j the  difference 
between  which  is  wholly  infenfible  by  ob- 
fervation. 

2.  The  bodies  have  alfo  been  fuppofed 
to  move  in  vacuo,  whereas  the  air’s  re- 
finance 


3 grains:  the  vertical  diftance  between  the  weights  at  the 
beginning  of  motion  rr  60  inches : fuppofe  the  fpace  de. 
fcribed  by  the  defcending  weight  A ~ 48  inches,  the 
mats  moved  — 64 w;  -f  3 grains  = 7683  grains;  where- 
fore in  order  to  afcertain  the  time  in  which  the  defcend- 
ing weight  A defcribes  48  inches  from  reft,  taking  into 
account  the  weight  and  inertia  of  the  line,  we  have  by  re- 
ferring to  prop.  xiv.  fett.  tv.  7683,  x zz  48  inches, 
L — 72,  b — 60,  p — 3 grains,  on  (or  m)  — 1 20,  wherefore 

*/px  + */L<w  + px—pb_\/ 144+  A/8640  + 144  — 1 So 

\/ L*w — bp  .v/8640 — 180 


— ’ C4’ 7 — 1-13891,  the  hyperbolic  logarithm  of 
which  — .1301  o;  wherefore  the  time  wherein  the  defcend- 


ing weight  defcribes  48  inches 


= v/ 


h 


X 13010  Z2 
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\/ x .13010  = 4.0208  feconds.  If  the 
193x3 

firing’s  weight  and  inertia  be  not  confidered,  the  time 


will  be  - _ 3.9896,  and  the  difference 

I 20  X I Q3 

between  the  times  = 0.0312  parts  of  a fecond.' 


a 
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fiftance  will  have  fome  efte£t  in  retarding* 
their  motion : but  as  the  greateft  velocity 
communicated  in  thefe  experiments,  can- 
not much  exceed  that  of  about  26  inches  in 
a fecond,  (fuppofe  the  limit  26.2845)  and 

o 

the  cylindrical  boxes  being  about  1 ~ inches 

in  diameter,  the  air’s  refinance  can  never 
increafe  the  time  of  defcent  in  fo  great  a 
proportion  * as  that  of  240  : 2413  its  ef- 
fecls  therefore  will  be  infenfible  in  expe- 
riment. 

The 


* If  the  diameter  of  a cylinder  moving  in  the  dire&ion 
ofitsaxis  be  d,p  — ^.  14159,**  the  altitude  through  which  * Sea.  v. 
a body  mull  fall  freely  by  the  acceleration  of  gravity  to  ^roP’ ,I- 
acquire  the  cylinder’s  velocity,  the  refinance  which  the  Uor'  x* 
air  oppofes  to  the  motion  of  the  cylinder  — the  weight  of 

i x 

— cubic  inches  of  air ; that  is,  fince  according  to  the 


* 26.2841; 

prefent  cafe,  d — 1.7c,  — — — .8049  parts  of  t Sea. Ill, 

3 4 x 193  w r prop.  v> 

2 

an  inch,  and  - of  a grain,  being  equivalent  in  weight  to 
7 

each  cubic  inch  of  air,  the  refiftance  to  the  two  cylinder’s 


.8949 X 3. 141 59 X 1.75  X 2X2 


— 1.23  parts 


motion  _ 

r • 4 * 7 

of  a grain.  This  is  on  a fuppofition,  that  the  refiftance 

is  always  equal  to  that  which  oppofes  the  weights,  when 
moving  at  the  rate  of  26.2845  inches  in  a fecond ; and  fince 
the  velocities  are  in  every  point  of  the  defcents  lefs  than 
that  above  mentioned,  it  is  wholly  needlefs  to  ellimate  the 
exadl  increafe  of  time  arifing  from  the  air’s  refiftance, 
which  might  if  necelfary  be  obtained  from  prop.  xi. 
feit.  v.  Suppofmg  therefore  the  air’s  refiftance  to  be  al- 
R r z ways 
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The  effects  of  friction  are  almoft  wholly 
removed  by  the  fridtion  wheels : for  when 
the  furfaccs  are  well  polifhed  and  free 
from  duft,  Sec.  if  the  weights  a and  b be 
balanced  in  perfe£t  equilibrio,  and  the 
whole  mafs  confiits  of  63  m,  according  to 
II  Page  y>s-  the  example  already  ||defcribed,  a weight  of 

1^-  grains,  or  at  moft  2 grains,  being  add- 
ed either  to  a or  b,  will  communicate  mo- 
tion to  the  whole,  which  fhews  that  the 
effects  of  friction  will  not  be  fo  great  as 

a weight  of  i-^or  2 grains.  In  fome  cafes, 

however,  efpecially  in  experiments  relat- 
ing to  retarded  motion,  the  effects  of  fric- 
tion become  fenfiblej  but  may  be  very 
readily  and  exa£tly  removed  by  adding  a 
fmall  weight  1.5  or  2 grains  to  the  de- 
fcending  body,  taking  care  that  the  weight 
added  is  fuch  as  is  in  the  Ieaft  degree 
fmaller  than  that  which  is  juft  fufficient 
to  fet  the  whole  in  motion,  when  a and 
b are  equal  and  balance  each  other,  before 
the  moving  force  is  applied. 

In 

ways  fo  great  as  1.23  grains,  and  the  moving  force  — 120 
grains  — m,  the  moving  force  will  be  dimini Ihed  by  the 
air’s  refinance  in  the  ratio  of  120  to  120  — 1.23,  or  of 
120  to  118.77,  and  the  time  will  be  increafed  in  a fub- 
duplicate  proportion  of  118.77  t0  12°>  which  differs  not 
greatly  from  that  of  240  to  241. 
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In  the  following  defcription  of  experi- 
ments, at  leaft  of  the  more  elementary 
ones,  the  fpaces  defcribed,  times  of  de 
fcription,  &c.  are  fo  proportioned  as  to 
produce  refults  in  whole  numbers,  and 
are  of  fuch  a magnitude  as  admit  of  the 
moft  eafy  and  convenient  obfervation. 
The  refults  are  fet  down  according  to  the 
theory  from  which  the  experiments  will 
differ  infenfibly,  if  due  care  be  taken  in 
conftructing  and  adj ufting  the  inftrument. 


N.  B.  The  fpace  which  bodies  defcribe  by  falling 
freely  from  reft  in  1 fecond  is  rr  193  inches;  but  in  the 
enfuing  experiments,  this  fpace  is  affirmed  — 192  inches, 
(which  will  be  produ&ive  of  no  fenfible  error)  in  order  to 
avoid  fradtions,  which  would  render  the  ufe  of  the  in- 
ftrument lefs  eafy  and  intelligible  : in  thofe  experiments 
at  the  end  of  the  fedtion,  which  are  intended  to  illullrate 
propofitions  of  a more  complex  nature,  this  aflumption  is 
ufelefs ; in  thefe  cafes  therefore  the  fpace  through  which 
bodies  defcend  from  reft  by  their  natural  gravity  in  one 
fecond  is  taken  — 193  inches,  its  true  value. 


I, 

If  a quantity  of  matter  = 64  m be  a£t- 
ed  on  by  a force  = m,  the  fpace  defcrib- 
ed from  reft  in  one  fecond  will  be  three 
inches. 

If  the  quantity  of  matter  denoted  by  64  m be  adled  on 
by  its  natural  gravity  or  weight  64  m,  it  will  defcribe  from 
reft  192  inches  in  one  fecond  of  time:  and  if  the  fame 
quantity  of  matter  64  m be  adled  on  by  a force  m,  being  n s.fl  jj^ 
64  times  fmaller  than  before,  it  will  ||  defcribe  only  a fixty-  Prop.  iv. 

fourth  Cor.  3* 
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fourth  part  of  the  former  fpace,  that  is,  it  will  defcribe 
only  three  inches  in  a fecond  from  reft,  which  may  be  ex- 
Fj  perimentally  illuftrated  by  the  inftrument  above  mention- 

tXXVIII.  ec^‘  Suppofing  the  boxes  A and  B to  be  each  — 6ni  in 
weight,  let  19  m,  or  4|  oz.  be  included  in  each ; then  will 
A and  B together  — 50 m : alfo,  apply  two  circular  weights 
2;//  upon  A,  and  one  of  thefe  weights  or  m upon  B,  then 
will  the  mafs  moved  be  50 + 3«  -f  iim  =.  64/;/,  (the 
$ Page  303.  mafs  1 1 m being  the  inertia  of  the  J wheels) ; and  fince 
A — 27  m,  and  B — 26 m,  the  moving  force  will  be  m. 
Having  affixed  the  fquare  ftage  to  3 on  the  graduated  fcale, 
11  Page  30S.  ]et  the  y under  furface  of  the  weight  A begin  to  defeend 
from  o on  the  graduated  fcale  at  the  inftant  of  any  beat  of 
the  pendulum  : it  will  be  heard  to  ftrike  the  ftage  at  the 
next  fucceffive  beat  of  the  pendulum,  having  deferibed 
three  inches  in  one  fecond  from  reft. 

Another  example  may  be  fubjoined  ; every  thing  elfe 
remaining  as  in  the  laft  example,  remove  the  circular 
weight  m from  B and  place  it  on  A,  which  will  give  A — 
28  m,  B — 25  m,  then  will  the  moving  force  rr  3 m,  and  the 
mafs  moved  25  m -f-  28  m + 1 1 m — 64  m,  and  the  fpace 


deferibed  from  reft  by  A in  one  fecond  r: 


- 3 X ‘9*  _ 


64 


= 9 


inches,  which  is  experimentally  verified  in  the  fame  man- 
ner as  was  juft  deferibed. 


II. 

Let  the  quantity  of  matter  64  m be  put 
in  motion  by  the  adion  of  the  conftant 
* s«a. in.  force  m.  *If  the  times  of  motion  be  1 fe- 

Prop.  IV. 

Cor-  *•  cond,  2 feconds,  and  3 feconds,  the  fpaces 
deferibed  from  reft  by  the  defending 
weight  a in  thofe  times  will  be  3 inches, 
3x4=12  inches,  and  3 x 9 = 27  inches 
refpedtivelyj  the  fpaces  deferibed  from  reft 
being  in  a duplicate  ratio  of  the  times  of 
motion. 


Here 
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Here  let  An  27  m,  and  B — 2 6m:  this  experiment  is  FiK< 
made  exaftly  in  the  fame  manner  as  the  laft  by  fetting  the  LXXVIII. 
ftage  to  3,  9,  and  27  on  the  fcale,  in  the  different  experi- 
ments. Thefe  pradtical  examples  Ihew,  that  if  the  acce- 
lerating forces  be  equal,  the  fpaces  deferibed  from  reft 
are  in  a duplicate  ratio  of  the  times  of  motion. 

The  following  experiments  alfo  will  illuftrate  this 
truth:  let  he  included  in  A,  and  3 6±m  in  B,  then 

the  experiments  being  made  in  the  fame  manner  as  before, 
the  fpaces  deferibed  in  the  times  of  defeent  1 fecond,  2 fe- 
conds,  &c.  will  be  as  in  the  fubjoined  table. 


Moving 

force. 

Mafs 

moved. 

Accele- 

rating 

force. 

Times  of 
motion  in 
feconds. 

Spaces 
deferibed 
from  reft 
eftimated 
in  inches. 

1 

1 

2 

4 

1 

— m 

2 

96  m 

1 

192 

3 

9 

4 

16 

S 

25 

6 

36 

/ 

7 

49 

8 

64 

III. 

If  the  quantity  of  f matter  64  m be  a£t- 
ed  on  by  different  moving  forces,  viz.  m,  Cor,s* 
2 m,  and  3 m,  for  any  given  time,  for 
example  2 feconds,  the  fpaces  deferibed 

will 


Fir. 

LXXV11I. 


• Seft.  T. 
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will  be  12  inches,  24  inches,  and  36  inch- 
es refpedlively,  being  in  the  fame  propor- 
tion with  the  moving  forces. 


1.  Let  A — 27  ot,  B — 26  m,  then  will  the  moving 
force  = m,  and  the  mafs  moved  64  m : let  the  llage 
be  placed  at  12  on  the  graduated  fcale,  and  the  under 
furface  of  A being  coincident  with  o,  let  it  begin  to  de- 
fcend  at  any  beat  of  the  pendulum;  the  weight  will  be 
heard  to  ftrike  the  llage  at  the  next  beat  but  one,  having 
defcribed  12  inches  in  2 feconds. 

2.  Let  A — 27km,  and  B — 25 then  will  the  mov- 
ing force  — 2 m,  and  the  mafs  moved  — 64  m ; let  the 
llage  be  fet  to  24  on  the  graduated  fcale,  and  by  the  fame 
procefs  as  was  defcribed  in  the  lad  article,  the  weight  A 
will  be  obferved  to  defcribe  24  inches  from  reft  in  2 fe- 
conds. 

3.  Let  A — 28  m,  and  B — 2$m,  then  will  the  mov- 
ing force  — 3 m,  and  the  mafs  moved  rr  64  m,  and  the 
fpace  defcribed  from  reft  by  A in  2 feconds  will  be  ob- 
ferved to  = 36  inches. 

It  appears  from  thefe  experiments,  that  when  the  times 
are  the  fame,  the  fpaces  defcribed  from  reft  are  as  the  ac- 
celerating forces,  or  the  quantities  of  matter  being  ’given 
as  the  moving  forces. 

It  being  frequently  necelfary  to  vary  the  accelerating 
forces  in  the  fubfequent  experiments,  the  following  pro- 
blem may  be  here  inferted,  whereby  the  weights  to  be 
included  in  the  boxes  A and  B may  be  in  all  cafes  known, 
from  having  given  the  moving  force  and  accelerating 
force  required  : fuppofe  the  given  moving  force  were  w, 
and  the  accelerating  force  were  intended  to  be  that  part 
of  the  accelerating  force  of  gravity  which  is  exprefled  by 

the  fraction  i.  Let  x be  the  weight  to  be  included  in  B, 
n 

then  will  x + 10  be  the  weight  included  in  A:  but  the 
weight  of  the  box  A — 6m  = the  weight  of  the  box  B, 
and  the  inertia  of  the  fri&ion  wheels  — hot,  wherefore 
the  whole  mafs  moved  will  = 2 x + 23  m + w : and  be- 


caufe  the  given  moving  force  is  w,  we  have 

I n — w — 2 3 m 

— —y  and  x = ; — • 


av 

2x  + Z3OT  + a<; 


Th 


us. 
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Thus  fuppofe  it  were  required  to  aflign  what  weight 
muft  be  included  in  the  boxes  A and  B , To  that  the  force 

which  accelerates  the  defcent  of  A (hall  be  — part  of  the 

accelerating  force  of  gravity,  the  given  Proving  force  be- 
ing m ; here  referring  to  the  rule  n — 96,  w _ otj  and  x — 

96  ~ 1 271  X—  — 26m,  or  90Z.  the  weight  included 

2 

in  B,  and  confequently  37  m,  the  weight  to  be  included 
in  A. 


IV. 


if  the  quantity  of  matter  64  m be  a£t- 

ed  on  by  a moving  force  = -m,  it  will 

defcribe  * from  reft  54  inches  in  6 fe-  p^ivT' 
condsj  if  the  moving  force  be  increafed  Cor- s* 
in  the  ratio  of  1 : 4,  fo  as  to  be  =3  2 m, 
the  quantity  of  matter  or  64  m not  being 
altered,  the  time  of  defcribing  from  reft  54 
inches,  will  be  diminifhed  in  the  ratio  of 
2 : 1,  fo  as  to  become  only  3 feconds. 


Let  20!  m be  included  in  A,  and  20!  m in  B,  then 
will  the  mafs  moved  — 64  aw,  and  the  moving  force 

fo  that  the  force  of  acceleration  rr  — - , and  the  fpace  de- 

120  x 

fcribed  from  reft  in  6 feconds  — = 54  inches. 


The  latter  part  of  the  experiment  (hews,  that  if  the  fpace 
defcribed  remains  the  fame,  while  the  time  of  defcription 
is  dimini(hed,  the  force  of  acceleration  muft  be  increafed 
in  a duplicate  proportion  of  the  times’  diminution. 

It  has  been  fufhciently  defcribed  in  what  manner  to 
difpofe  the  weights  included  in  the  boxes  A and  B,  fo  that 
the  accelerating  force  (hall  be  of  any  afligned  portion  of 

S s the 
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the  accelerating  force  of  gravity,  and  the  methods  of 
making  thefe  experiments  having  been  illuftrated  by  feve- 
ral  examples,  it  may  be  lufficient  in  the  fubfequent  expe- 
riments juft  to  mention  the  numbers  fuited  to  fuch  cafes, 
as  may  be  moft  conveniently  repeated  : but  thefe  experi- 
ments may  be  varied  at  pleafure. 


V. 

Let  the  quantity  of  matter  64  m,  be 
* setf. hi.  afled  on  by  a moving  force*  m for  anv 

Prop.  li.  • J r 0 , J 

given  time,  tor  example  2 feconds,  the 
defcendingweight  a will  defcribe  12  inches, 
and  at  the  end  of  that  defcent  will  have 
acquired  fuch  a velocity  as,  if  uniform- 
ly continued,  will  caufe  the  body  to  de- 
fcribe 24  inches  in  the  fame  time,  i.  e.  in 
2 feconds. 

j-iij.  Let  A — 26m,  and  B ~ 2 6 m,  then  will  the  weights  A 

LXXXIII.  and  B precifely  balance  each  other:  in  fome  former  expe- 
riments, a circular  weight  m was  applied  to  A as  a mov- 
ing force,  and  A was  obferved  to  defcribe  from  reft  by  con- 
% Exp.II.  ftant  acceleration  J 12  inches  in  2 feconds:  if  inftead  of 
a circular  weight  m,  applied  as  a moving  force,  a flat  rod, 
the  weight  of  which  is  alfo  m , be  placed  on  the  upper  fur- 
Fijj.  face  of  A,  the  acceleration  of^’s  defcent  will  be  the  fame 
LXXX1J.  as  before,  i.  c.  fuch  as  caufes  it  to  defcribe  12  inches  in 
2 feconds  from  reft.  This  being  premifed,  let  the  circu- 
lar frame,  reprefented  in  fig,  lxxxiii.  be  fo  affixed  to  the 
graduated  fcale,  that  the  box  A may  in  defcending  pafs 
centrally  through  it,  and  let  its  height  be  fuch,  that  the 
inftant  the  lower  furface  of  the  box  A arrives  at  12  on  the 
graduated  fcale,  the  rod  m may  be  intercepted  by  falling 
cm  the  horizontal  furface  of  the  frame,  and  thereby  be 
prevented  from  the  further  acceleration  of  the  fyftem. 
Moreover,  fet  the  fquare  ftage  on  the  fcale  at  36  ; that  is, 
24  inches  from  the  circular  frame  The  experiment  will 
be  as  follows : let  the  weight  A begin  to  defeend  from  o 

on 
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on  the  fcale,  at  any  beat  of  the  pendulum.  At  the  end  of 
2 feconds  the  rod  will  be  heard  to  ftrike  againft  the  circu- 
lar frame,  having  deferibed  12  inches  with  an  uniformly 
accelerated  motion,  and  at  the  fourth  beat  of  the  pendulum, 
the  box  A will  ftrike  againft  the  fquare  ftage  at  36,  having 
deferibed  24  inches  in  2 feconds  with  an  uniform  motion. 

Although  it  be  certain,  that  the  weight  A deferibed  the 
latter  24  inches  with  a J motion  perfectly  uniform,  this  J I.  Law  of 
may  be  further  confirmed  by  fetting  the  fquare  ftage  at  36,  ™°(1tl0n'0O 
4b,  and  60  fucceflively,  every  thing  elfe  remaining.  Since  an  p'  3°9' 
the  velocity  is  uniform,  and  A deferibes  24  inches  in  2 fe- 
conds, it  will  of  courfe  deferibe  36  inches  in  3 feconds,  and 
48  inches  in  4 feconds:  if  the  ftage  be  fixed  at  6o  inches, 
and  the  experiment  be  repeated,  the  rod  m will  be  removed 
at  the  fecond  beat  of  the  pendulum  as  before,  and  the  box 
A will  ftrike  the  ftage  at  60  at  the  fixth  beat  of  the  pen- 
dnlum,  having  deferibed  48  inches  uniformly  in  4 feconds. 

In  like  manner  it  may  be  /hewn  experimentally,  that 
during  the  motion  of  any  body  afted  on  by  any  conftant 
force,  a velocity  is  acquired,  which  if  continued  uniform 
will  caufe  the  body  to  deferibe  in  the  fame  time,  a fpace 
twice  as  great  as  that  through  which  the  body  was  accele- 
rated, in  order  to  acquire  that  velocity.  Thus,  let  A — 

25 \m  and  B ~ 25 \m>  then  let  two  rods,  each  — m,  be 
placed  on  the  upper  furface  of  A,  and  place  the  circular 
frame  at  6,  and  the  fquare  ftage  at  18  ; {hen  the  weight 
A beginning  its  defeent  at  the  inftant  of  any  beat  of  the 
pendulum,  the  two  rods  will  ftrike  the  frame,  being  re- 
moved from  A,  at  the  next  fucceffive  beat,  and  at  the  fe- 
cond beat  will  ftrike  the  ftage  underneath,  having  deferib- 
ed 6 inches  with  an  uniformly  accelerated,  and  12  inches 
with  an  uniform  motion  in  equal  times,  i.  e.  1 fecond. 

The  method  of  affixing  the  circular  frame,  through 
which  the  weight  A in  its  defeent  paffies,  lhould  be  here 
deferibed.  Suppofe,  as  in  the  preceding  example,  it  were 
required  to  fet  the  frame  at  the  divifion  1 2 on  the  gradu- 
ated fcale ; it  is  meant  to  be  fo  affixed,  that  the  inftant 
the  rod  m,  defeending  along  with  the  weight  A,  ftrikes  the 
circular  frame,  the  lower  furface  of  the  box  (by  which  the 
fpaces  deferibed  are  always  eftimated)  fhall  arrive  at  the 
divifion  12.  In  order  to  effedt  which,  when  A and  B are 
in  equilibrio,  and  A is  lower  than  the  circular  frame,  as  is 
reprefented  in  fig.  lxxxiii.  add  any  weight,  for  example 
m to  B,  then  will  B preponderate,  and  A will  afeend:  if 
the  rod  m or  other  flat  fubftance  be  held  firmly  over  the 
circular  aperture,  it  will  prevent  the  weight  A from  af- 

S s 2 cending 
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cending  further,  its  upper  furface  being  now  on  a level 
with  the  horizontal  furface  of  the  circular  frame  : in  this 
fttuation  the  weight^  mult  be  kept,  until  by  altering  the 
polition  of  the  frame,  the  under  furface  of  the  box  Mihail 
be  on  a level  with  the  divifion  iz,  or  any  other  divifion 
which  the  experiment  may  require:  but  it  would  be  Hill 
more  eligible  to  have  an  index  on  that  part  of  the  frame 
which  is  contiguous  to  the  divifions,  and  at  a diltance  from 
the  frame’s  horizontal  furface,  equal  to  the  length  of  the 
box  A\  by  this  means  the  circular  frame  may  be  truly  ad- 
jured without  further  trouble,  than  fetting  the  index  to 
the  proper  divifion  on  the  feale. 


VI. 

If  a quantity  of  matter  = 64  m be  a<51> 
tsert.  hi.  ed  on  by  any  conftant  -j-  force  m,  during 
Prop-1‘  the  different  times  1 fecond,  2 feconds,  3 
feconds,  &c.  the  velocities  generated  will 
be  thofe  of  6 inches,  1 2 inches,  and  1 8 
inches  in  a fecond  refpedlively,  being  in 
the  fame  proportion  with  the  times  where- 
in the  given  force  a6ts, 

|]  Exp.  V.  1.  The  conftruttion  of  the  preceding  || experiment  re- 
maining, let  the  circular  frame  be  fet  to  3,  and  the  ftage 
Fig.  underneath  at  9 ; the  weight  ^beginning  its  defeent  at 

LXXXI1I.  any  beat  of  the  pendulum,  the  rod  will  llrike  the  hori- 
zontal circular  frame  at  the  next  beat,  and  the  rod  m be- 
ing at  that  inftant  removed,  the  weight  A will  deferibe 
the  remaining  6 inches  uniformly  in  -1  fecond,  linking  the 
fiage  at  9 at  the  fecond  beat. 

2.  Set  the  circular  frame  at  12,  and  the  ftage  at  36, 
and  the  weight  A will  defeend  by  conftant  acceleration 
through  the  firlt  12  inches  in  2 feconds,  and  the  remain- 
ing 24  inches  in  2 feconds  with  an  uniform  velocity  of  12 
inches  in  a fecond. 

3.  Set  the  circular  frame  at  27,  and  the  ftage  at  4;, 
and  the  weight  A will  deferibe  the  27  firlt  inches  from 

reft 


[ 32J  1 

reft  by  conftant  acceleration  in  3 feconds,  and  the  remain- 
ing 18  inches  in  1 fecond,  with  an  uniform  velocity. 

Thefe  experiments  illuftrate  the  propofition*  wherein  * Seft.  III. 
it  is  demonftrated,  that  if  the  force  by  which  bodies  are  ProP-  *• 
accelerated  is  the  fame,  the  velocities,  generated  are  in 
the  fame  proportion  as  the  times  wherein  the  given  force 
aits. 


VII. 

If  a quantity  of  matter  = 64  m be  a6t- 
ed  on  for  any  given  Jtime,  for  example  1 
fecond,  by  the  different  forces  m,  2 m,  and 
3 m,  the  velocities  generated  will  be  6 
inches,  12  inches,  and  18  inches  in  a fe- 
cond, being  in  the  fame  proportion  with 
the  forces  which  accelerate  the  mafs 
moved. 

1 . Let  A — 26  m and  B — 26  m,  and  let  the  rod  m 

be  applied  to  A as  a moving  force ; then  the  experiment  LXXXII. 
being  made  as  before  defcribed,  the  force  m afting  for  1 pjg 
fecond,  generates  in  the  mafs  64  m a velocity  of  6 inches  LXXXIII. 
in  a fecond. 

2.  Let  A — 25 \m  and  B — 25 \m,  and  let  two  rods, 

each  — m,  be  applied  to  A as  a moving  force ; then  will 
the  mafs  moved  be  64?// : fet  the  circular  frame  at  6,  and 
the  ftage  at  1 8 ; and  the  experiment  being  made  as  be- 
fore, the  two  rods  will  be  intercepted  when  the  under  fur- 
face  of  the  weight  A arrives  at  6,  and  the  remaining  12 
inches  of  the  defcent  will  be  defcribed  uniformly  in  1 fe- 
cond, which  (hews  that  the  force  2 m a&ing  on  the  mafs 
64  m for  1 fecond,  generates  in  it  a velocity  of  12  inches 
in  a fecond.  >’ 

3.  Let  A — 25  m and  B — 2;  m,  and  let  three  rods, 
each  equal  to  m,  be  applied  to  A as  a moving  force ; then 
will  the  mafs  moved  be  64  w as  before:  fet  the  circular 
frame  at  9,  then  will  the  three  rods  be  intercepted  when 
the  weight  A has  defeended  1 fecond  from  reft  at  o,  and 
A will  then  go  on  uniformly  deferibing  18  inches  in  the 

next 


% Sedt.  III. 
Prop.  I. 


+ Setf.VII. 
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Art.  x. 
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next  fecond  : this  fhews  that  a force  3 »,  afting  on  a mafs 
64  m for  1 fecond,  generates  in  it  fuch  a velocity  as  caufes 
it  to  defcribe  uniformly  18  inches  in  a fecond. 

It  appears  therefore,  that  if  different  forces  accelerate 
the  fame  body  from  quiefcence  during  a given  time,  the 
velocities  generated  will  be  in  the  fame  proportion  with 
thofe  forces.  T hefe  experiments  may  be  varied  at  plea- 
fure,  to  (hew  that  the  velocities  generated  in  any  different 
quantities  of  matter,  the  time  in  which  the  forces  aft  be- 
ing the  fame,  will  be  as  the  accelerating  forces. 


VIII. 


If  bodies  be  acted  on  by  $ accelerating 
forces,  which  are  in  the  proportion  of  3 : 
4,  and  for  times,  which  are  as  1 : 2,  the 
velocities  acquired  will  be  in  the  ratio  of 
1 x 3 to  2 x 4,  or  as  3 to  8. 


1.  A f force  m afting  on  a mafs  64  >n  for  1 fecond,  ge- 
nerates a velocity  of  6 inches  in  a fecond ; here  the  accele- 


rating force  _ . 

2.  Now  let  A — 19  m and  B — 1 2m,  then  will  the 
moving  force  m,  and  the  mafs  moved  1 9 -f-  i8ot  + 


11  m — 48 «,  wherefore  the  accelerating  force  is  -b  . 

48 

Set  the  circular  frame  at  16,  and  the  ftage  at  48:  the 
weight  A in  defcending  by  the  force  of  the  rod  m will  de- 
fcribe  16  inches  in  2 feconds  with  an  uniformly  accele- 
rated motion,  and  the  remaining  32  inches  until  it  (trikes 
the  ftage  with  an  uniform  motion  of  16  inches  in  a fe- 
cond. The  velocities  generated  therefore  in  thefe  two 
examples,  are  as  6 : ^6,  or  as  3 : 8.  In  thefe  experiments 


the  accelerating  forces  are  — and  — , or  as  3 : 4.  The 

times  during  which  the  bodies  are  accelerated  from  reft 
1 : z : add  thefe  ratios  the  fum  will  be  the  ratio  of  the 
velocities  generated,  or  that  of  3 ; S. 


IX. 
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IX. 

If  a quantity  of  matter  64  m be  acce- 
lerated through  the  fame  £ fpace,  i.  e.  1 2 
inches  by  the  forces  m and  4 m,  the  ve- 
locities generated  will  be  in  a fubduplicate 
ratio  of  thefe  forces,  or  in  the  ratio  of 
1 to  2. 

1 . Let  A — 26  m and  B ~ 26  m,  and  let  a rod  m be  ap- 
plied to  A as  a moving  force,  the  mafs  moved  will  be 
64 m’,  then  if  the  circular  frame  be  fet  to  12,  as  in  a for- 
mer experiment,  and  the  ftage  at  36  ; the  weight  A will 
defcend  through  12  inches  in  2 feconds,  and  the  rod 
being  then  removed  will  proceed  with  an  uniform  velo- 
city of  12  inches  in  a fecond,  to  the  dage  underneath 
at  36. 

2.  Let  A — 244  m and  B — 24 \m,  and  let  4 rods,  each 
equal  to  m,  be  applied  as  a moving  force;  then  the  quan- 
tity of  matter  moved  will  be  denoted  by  64?*;  wherefore 

the  accelerating  force  = = j~,  being  increafed  in 

the  ratio  of  1 to  4 : every  thing  elfe  remaining  as  in  the 
laft  article,  the  weight  A will  defcend  through  the  firfl  1 2 
inches  from  o with  an  uniformly  accelerated  motion  in  a 
fecond,  and  will  defcribe  the  remaining  24  inches  with  an 
uniform  velocity  in  1 fecond  ; the  velocities  generated 
in  thefe  two  examples,  are  12  inches  and  24  inches  in  a 
fecond,  being  in  the  ratio  of  1 : 2;  whereas  the  ratio  of 
the  accelerating  forces  is  that  of  1:4,  the  fpace  through 
which  the  bodies  are  accelerated  being  the  fame  "in 
both  cafes. 


X. 


If  different  quantities  of  ||  matter  64  m n seft.ur. 
and  48  m be  impelled  through  the  fame 

fpace. 
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fpace,  i.  e.  12  inches,  and  acquire  the  fame 
velocity,  the  moving  forces  muft  be  in  the 
fame  ratio  as  the  quantities  of  matter 
moved,  that  is,  as  4:3. 

Experiments  to  illuftrate  this  truth  may  be  comprized 
in  the  fubjoined  table. 


Moving 

forces. 

Quanti- 
ties of 
matter 
moved. 

Accele- 

rating 

forces. 

Spaces 
defcribed 
in  inches. 

Velocities 
acquired 
in  inches 
in  a fe- 
cond. 

tn 

64  m 

1 

64 

IZ 

IZ 

3 m 
z 

96  m 

1 

64 

12 

12 

3 m 
4 

48  m 

1 

64 

IZ 

12 

It  is  collected  from  the  two  Iaff  fets  of  experiments,  that 
the  moving  forces,  which  impel  bodies  through  the  fame 
fpace,  are  in  the  joint  ratios  of  the  quantities  of  matter 
moved  and  fquares  of  the  velocities  generated. 


XI. 

* sea.  in.  If  a quantity  of  ^matter  64  m be  im- 
cor^!v’  pelled  through  different  fpaces  from  reft, 
3 inches  and  27  inches,  by  the  adtion  of 
the  fame  force  m,  the  velocities  generated 
will  be  in  a fubduplicate  ratio  of  the  fpaces 
defcribed,  or  as  1:3. 


if 
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1.  If  the  mafs  moved  is  64  m and  the  moving  force  mt 
the  velocity  generated  in  defending  through  3 inches, 
has  been  ftiewn  in  a former  experiment  to  be  6 inches  in 
a fecond. 

2.  Now  let  A defcend  by  the  fame  force  through  27 
inches,  and  fet  the  circular  frame  to  27,  and  the  ftage  at 
45,  the  weight  A will  defcribe  the  firft  27  inches  with  ail 
uniformly  accelerated  motion  in  3 feconds,  and  the  rod  m 
being  there  removed  will  ftrike  the  ftage  at  45  at  the  fourth 
beat  of  the  pendulum,  having  defcribed  the  laft  1 8 inches 
uniformly  in  a fecond.  In  thefe  experiments  the  fpaces 
defcribed  during  the  body’s  acceleration  are  3 and  27,  or 
as  1 : 9,  the  velocities  acquired  as  6 : 18,  or  as  1:3,  be- 
ing in  a fubduplicate  ratio  of  the  fpaces. 

It  appears  therefore  that  when  the  forces  of  accelera- 
tion are  the  fame,  the  velocities  acquired  are  in  a fubdu- 
plicate ratio  of  the  fpaces;  and  from  a former  fet  of  *ex-  * Exp.  IX. 
periments  it  is  colledled,  that  if  the  fpaces  defcribed  are 
the  fame,  the  velocities  generated  are  in  a fubduplicate 
ratio  of  the  forces  of  acceleration  : it  may  be  concluded 
therefore,  that  when  both  fpaces  defcribed  and  accelerat- 
ing forces  vary,  the  velocities  ^generated  will  be  in  a fub-  j Se£l.  III. 
duplicate  ratio  of  the  accelerating  forces  and  of  fpaces  Erop.  V. 
defcribed  jointly. 

The  laws  obferved  during  the  motion  of  uniformly  ac- 
celerated bodies  are  made  evident  to  the  fenfes,,by  the  ex- 
periments which  have  been  already  defcribed  : thofe  which 
follow  are  defigned  toilluftrate  the  properties  of  uniform- 
ly retarded  motion.  When  a body  is  thrown  perpendi- 
cularly upward  from  the  earth’s  furface,  it  is  continually 
refilled  by  a force  which  is  equal  to  the  body’s  weight ; 
and  the  weights  of  all  fubftances  being  proportional  to  the 
quantities  of  matter  contained  in  them,  it  follows,  that  the 
force  which  retards  the  perpendicular  afcent  of  any  body 
being  f meafured  by  its  weight  divided  by  the  afcending  f Sefl.  I, 
mafs  is  the  fame,  being  fuch  as  deftroys  a velocity  of  32^  Erop.  ix, 
feet  in  a fecond,  in  each  fecond  of  the  body’s  motion. 

But  in  order  to  illuftrate  by  experiment  the  general  laws 
according  to  which  bodies  are  retarded  by  the  adtion  of 
conftanc  forces,  fuch  methods  Ihould  be  made  ufe  of  as 
will  enable  us  to  apply  different  refilling  forces  to  the  fame 
mafs  of  matter  and  the  fame  refilling  force  to  different 
quantities  of  matter ; both  of  which  conditions  will  be 
fatisfied  by  the  inllrument  which  has  been  already  de- 
fcribed,  and  will  be  again  referred  to  in  the  fubfequent 
experiments.  In  order  to  render  thefe  more  obvious,  a 
T t few 
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few  confiderations  concerning  refinances  may  be  inferted 
previous  to  the  defcription  of  the  experiments.  A refill- 
ing force  is  to  be  underllood  to  convey  precifely  the  fame 
idea  as  the  term  moving  force,  except  as  far  as  regards 
the  direftions  in  which  thefe  forces  aft  in  refpeft  cf  the 
bodies’  motion,  thefe  direftions  being  contrary  to  each 
other.  To  exemplify  this,  let  a mulket  ball  of  of  an 
inch  in  diameter,  and  1.3  oz.  weight,  defcend  toward  the 
earth’s  furface  by  its  own  gravity  : the  moving  force  is  in 
this  cafe  equal  a weight  of  1.3  oz.  Let  the  lame  ball  be 
thrown  perpendicularly  upward  ; the  refilling  force  is 
likewife  a weight  of  1.3  oz.  but  let  the  fame  ball  impinge 
perpendicularly  againlt  an  immoveable  block  of  elm,  fo  as 
to  penetrate  its  fubllance,  the  ball’s  motion  will  be  refilled 
S p.  39.  by  a force  equal  to  * 107000  x 1.3  oz.  if  therefore  the 
earth’s  gravity  were  107000  times  greater  than  it  really 
is,  and  the  leaden  ball  before  referred  to  were  projefted 
perpendicularly  upward  with  any  given  velocity,  the  re- 
finance oppofed  to  the  ball’s  motion  would  be  exaftly  the 
fame,  as  when  the  ball  is  projefted  againllan  immoveable 
block  of  elm  with  the  fame  velocity,  and  confequently  the 
ball  fo  projefted  would  rife  to  a perpendicular  altitude 
equal  to  the  depth  to  which  it  would  penetrate  into  the 
fubllance  of  the  elm,  if  it  impinged  againll  the  elm  witli 
the  fame  velocity  of  projeftion. 

Thefe  principles  admit  of  very  exaft  illullration  from 
experiments,  which  alfo  confirm  thofe  mechanical  propo- 
dP-  333*  fitions,  which  f Leitnitz  and  Bernouilli,  &c.  deduced  from 
obferving  the  depths  to  which  fpherical  bodies  penetrated 
the  fubllance  of  clays  and  other  foft  bodies.  Thefe  en- 
fuing  experiments  will  alfo  be  the  more  fatisfaftory  from 
their  admitting  of  an  exaft  ellimation  of  the  moving  force 
and  the  mafs  moved,  in  which  the  experiments  before 
mentioned  are  defeftive;  neither  is  the  force  of  refinance 
conllant  in  the  experiments  on  the  depths  to  which 
fpheres  penetrate  into  the  fubllance  of  clays,  on  account 
of  their  fpherical  figure,  and  the  law  according  to  which 
the  forces  vary,  it  would  be  difficult  to  aflign. 

In  the  fubfequent  experiments,  the  force  of  refillance  is 
a weight,  and  therefore  of  invariable  quantity,  during 
the  whole  time  it  is  oppofed  to  a body’s  motion,  and  the 
the  exaft  quantity  of  it  is  moreover  eafily  alfigned. 


XII. 


[ 331  1 


XII. 

Let  a given  mafs  61  m be  projefted 
with  a velocity  of  18  inches  in  a fecond : 
then  if  it  be  refilled  by  a conftant  force 
m,  the  fpace  defcribed  by  the  refilled  mafs, 
before  its  motion  is  dellroycd,  will  be 
25.6  3 if  it  be  refilled  by  a force  = 2 rri, 

2f,  6 

the  fpace  defcribed  will  be  12.8  = , 

and  if  the  refinance  be  3 m,  the  fpace 
will  8.533  inches;  thefe  fpaces  be- 

ing in  the  inverfe  ratio  of  the  refilling 
forces. 


Let  A — i\\m  and  B — 25 and  apply  to  the  up- 
per furface  of  A two  rods,  each  of  which  zz:  m , then  will 
the  weight  A preponderate  and  defcend  by  the  aftion  of  a 
moving  force  ~m,  the  whole  mafs  moved  being  — 63  m. 

Set  the  circular  frame  to  26.44;  then  the  weight  A by  de- 
ferring from  reft  the  fpace  26.44  inches  will  acquire  a 
, . . x 193  x 26.44 

velocity  — ^ - z=  18  * inches  in  a fe-  « Se£l.  III. 

63  Prop.  v. 

cond  : and  at  that  inftant  the  two  rods,  each  of  which  — anc1  P- 
m,  being  intercepted,  the  weight  A will  continue  to  de- 
fcend with  an  uniformly  retarded  motion ; which  will  be 
precifely  the  fame  as  if  a mafs  of  61  m,  without  gravity, 
were  projefted  with  a velocity  of  18  inches  in  a fecond  in 
free  fpace,  and  a force  ol  refiftance  — m were  oppofed  to 
its  motion  ; wherefore^  (with  the  other  parts  of  the  fyftem) 
will  lofe  its  motion  gradually,  and  will  deferibe  a fpace  zz: 
i8*x6>  , 

^ ^ = ZS'6  inches  before  its  motion  is  entirely  de- 

ftroyed  : A will  therefore  be  obferved  in  the  experiment 

T t 2 to 
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to  defcend  as  low  as  52  inches,  before  it  begins  to  afcend 
by  the  fuperior  weight  of  B. 

2.  Let  A — and  B 26m,  and  let  three  rods* 
each  equal  to  m,  be  applied  at  the  upper  furface  of  A , and 
fet  the  circular  frame  at  26.86;  then  will  A defcend  by  a 
moving  force  m,  the  whole  mafs  moved  being  64 in,  and 
confequently  while  A defcends  through  26.86  inches,  it 
will  acquire  a velocity  of  18  inches  in  a fecond:  and  the 
three  rods  being  intercepted  by  the  circular  frame,  A will 
go  on  with  an  uniformly  retarded  motion,  being  refilled 
by  a force  — zm , and  the  mafs  moved  — 61  m,  where- 


fore the  force  of  retardation  being  ~ — , the  fpace  de- 


fcribed  by  A before  its  motion  is  tdeftroyed  — 

1 1 4X193X2 

— 12.8  inches;  and  will  therefore  be  obferved  from  the 
experiment  to  defcend  as  low  as  the  divifion  on  the  fcale 
which  correfponds  to  39.66  inches. 


3.  Let^  —23 \tn  and  B — 26^  m,  and  let  four  rods, 
each  of  which  r=  m,  be  applied  on  the  upper  furface  of  A, 
and  fet  the  circular  frame  to  27.28;  then  will  A defcend 
by  the  force  m,  the  whole  mafs  moved  being  65  m,  and 
the  four  rods  will  be  intercepted  by  the  circular  frame  at 
27.28,  and  A having  acquired  at  that  inftant  the  velocity 
of  18  inches  in  a fecond,  will  begin  to  be  refilled  by  a 
force  of  3 m,  the  mafs  moved  being  61  m , and  A will  de- 


fcribe  a fpace 


18*  X 6i 
4X193X3 


= 8.533  inches,  before  its 


motion  is  deftroyed : A will  therefore  be  obferved  in  the 
experiment  to  defcend  to  the  divifion  on  the  fcale  which 
anfwers  to  35.81. 

In  the  fame  manner,  other  principles  relating  to  retard- 
ed motions  may  be  verified  experimentally.  It  is  well 
known,  that  if  fpheres  of  the  lame  magnitude,  but  of 
different  fpecific  gravities  fall  on  an  horizontal  furface  of 
clay  or  any  fimilar  fubltance,  having  defcended  from  al- 
titudes which  are  in  an  inverfe  proportion  of  their  fpe- 
cific gravities,  that  the  depth  to  which  they  penetrate 
will  be  equal.  To  analyze  this  is  not  difficult;  for  af- 
firming the  force  which  refills  the  progrefs  of  the  balls  as 
conllant,  it  will  be  of  the  fame  quantity  when  oppofed  to 
the  different  balls,  becaufe  their  magnitudes  f are  equal ; 
and  fince  the  quantities  of  matter  contained  in  the  balls 
are  direflly  as  their  fpecific  gravities,  the  force  which  re- 
tards 
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tards  the  balls  will  be  inverfely  as  their  fpecific  gravities: 
let  therefore  — reprefent  the  diredl  ratio  of  the  forces 
which  retard  any  two  of  the  fpheres,  or  the  inverfe  ratio 
of  their  fpecific  gravities : — the  ratio  of  the  altitudes  from 

which  they  fall,  - the  ratio  of  the  velocities  with  which 

they  impinge  on  the  furface  of  the  fubftance  which  they 
penetrate  to  the  depths  of  S,  s refpedlively ; then  from  the 

, , . , ,F  S*  sea. nr, 

principles  of  uniformly  retarded  motion,  we  have  *—  X - Prop.  V. 

Vx  A F 

— — trr  — , which  is  = - by  the  conftrudlion  of  the  ex-  £ Se£t.  Ill, 
<y1  + a f Prop.  IV. 

q Cor.  *. 

periment;  wherefore  - — i,  or  the  ratio  of  the  depths  to 

which  they  penetrate  the  fubftance  on  which  they  impinge 
will  be  that  of  equality.  Whenever  therefore  the  retarding 
forces  are  in  a diredl  duplicate  ratio  of  the  velocities  where- 
with bodies  begin  to  move, the  fpaces  defcribed  by  them  with 
an  uniformly  retarded  motion  will  be  equal.  Thus,  let 
a mafs  — 64 m be  projedted  with  a velocity  of  12  inches 
in  a fecond,  and  let  it  be  refilled  by  a force  m ; moreover, 
let  a mafs  48  m be  projedted  with  a velocity  of  24  inches 
in  a fecond,  and  fuppofe  it  to  be  refilled  by  a force  — 3 m , 
then  will  the  force  which  retards  the  motion  of  the  bodie 

be  as  — to  ~ , or  as  1:4:  and  becaufe  the  velocities  of 
64  48  T 

projedtion  are  as  1 : 2,  the  fpaces  defcribed  by  the  uni- 
formly retarded  bodies  will  be  equal,  being  in  each  cafe 
1 1.94  inches. 

Thefe  experiments  are  eafily  made,  as  in  the  preceding 
cafes,  and  the  adjuftment  of  the  weights  neceflary  may 
ferve  as  an  example  to  render  the  ule  of  the  inllrument 
familiar. 

In  thefe  inllances  the  motion  of  the  retarded  body  is 
continued,  until  it  is  gradually  deftrojed  by  the  refilling 
force : it  may  be  proper  to  fubjoin  one  pradtical  example 
concerning  retarded  motion,  wherein  the  body  A,  moving 
with  a known  velocity,  is  retarded  by  a given  force,  and 
the  time  of  defcribing  any  given  fpace  ellimated  from  the 
beginning  of  its  retarded  motion  is  obferved  experi- 
mentally. 


XIII. 
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XIII. 

Let  a mafs  = 67  - m move  with  a ve- 

j 2 

locity  of  11.87  inches  in  a fecond;  if  it  be 

retarded  by  a refilling  force  l-  m,  it  will 

defcribe  21.95  inches  in  3 feconds,  the  be- 
ginning of  motion  being  eftimated  from 
the  firft  inflant  of  its  retardation. 


Let  A — 26  m and  B — 26?-  m,  and  let  a flat  rod,  flmi- 
lar  to  thole  which  have  been  before  referred  to  (but  the 
weight  muft  in  this  inftance  be  i|»/)  be  applied  on  the 
upper  furface  of  A,  and  fet  the  circular  frame  to  1 1.877  on 
thefcale;  then  will  A defcend,  the  moving  force  being 
m and  the  mafs  moved  ~ 65  m,  and  when  it  has  defcribed 
1 1.877  inches,  it  will  have  acquired  a velocity  of  1 1.877 
inches  in  a fecond;  and  the  rod  1 \m  being  at  that  inflant 
intercepted,  the  mafs  A will  begin  to  defcend  with  an 
uniformly  retarded  motion,  the  refifting  force  being 
and  the  mafs  moved  6 3^*»,  and  confequently  the  force  of 

retardation  — ; and  fince  if  the  retarding  force 

t>3-5  ,27 

— F,  and  the  initial  velocity  be  equal  to  that  which  a body 
acquires  in  falling  from  reft  freely  by  its  natural  gravity 
through  the  fpace  ?,and/~  I93inches,thefpacedefcribedin 

• Sea.  ill.  T feconds  — 2 T X V t>l  — IFF1 : this  * rule  being  ap- 
Prop.  XI.  plyed  to  the  prefent  cafe,  gives  f ~i,b  — .1827  part  of  an 
inch,  being  the  fpace  through  which  a body  defcends  freely 
from  reft,  by  the  acceleration  of  gravity,  to  acquire  the  ve- 


locity of  11.877  inches  in  a fecond,  F — -1 — ,and  the  fpace 

127 

required  — 6 X JS27  X 193  — 


0 X lot 
127 


~ 21.95 


inches. 


if 
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If  therefore  the  fquare  ftage  be  affixed  to  33.83,  and  the 
yveight  A begins  to  defcend  from  o,  at  any  beat  of  the 
pendulum,  the  rod  1 will  ftrike  the  circular  frame  at 
the  end  of  two  feconds,  having  defcribed  1 1.877  with  an 
uniformly  accelerated  motion,  and  the  rod  being  in- 
tercepted, A will  go  on  with  an  uniformly  retarded  mo- 
tion, and  will  ftrike  the  ftage  at  33.83  at  the  fifth  beat, 
having  defcribed  the  laft  21.95  inches  in  3 feconds. 

The  following  articles  may  tend  to  facilitate  the  con- 
ftrudtion  and  adjuftment  of  the  inftrument  reprefented  in 
Fig.  78  and  83  and  referred  to  throughout  this  fedtion. 

1.  The  pendulum  of  the  clock  which  is  affixed  to  the 
pillar  of  the  inftruments  vibrates  feconds;  it  has  only 
one  wheel  which  immediately  adls  on  the  pendulum  : 
the  fmall  weight  which  continues  the  pendulum’s  motion, 
after  it  has  been  wound  up,  is  half  an  hour  in  defeending 
to  the  ground.  The  clock  will  be  fufficiently  exadt  if  it 
keeps  time  with  a common  well  regulated  clock  for  this 
half  hour. 

2.  The  feet  of  the  frame  on  which  the  fridlion  wheels 
fhould  not  be  fixed  immoveably  to  the  frame  .under- 
neath, becaufe  in  order  to  adjuft  the  axis  of  the  wheel, 
abed  horizontal,  it  will  be  neceflary  to  alter  the  height 
of  the  two  anterior  or  pofterior  feet,  by  inferting  fmall 
plates  of  wood  or  brafs  under  them,  or  by  means  offerews 
adting  immediately  on  the  feet.  — A hanging  level  ap- 
plied to  the  wheel’s  axle,  will  Ihew  when  the  axis  is  hori- 
zontal. 

3.  When  the  axis  of  the  wheel  abed  has  been  adjufted  Fig. 
horizontal,  let  two  equal  weights  ^and  B be  fufpended  LXXVIII, 
from  the  extremities  of  a filk  line  of  proper  length,  the 
thicknefs  of  which  is  no  greater  than  is  juft  fufficient  to 

fuftain  the  weights.  When  thefe  weights  are  perfedlly 
quiefeent,  a fmall  impulfe  being  applied  to  either,  in  a 
vertical  diredtion,  will  fet  the  whole  in  motion;  which 
will  be  continued  uniform  till  one  of  the  boxes  arrives  at 
the  extremity  of  the  feale.  When  the  box  A is  at  the 
bottom  of  the  feale  and  quiefeent,  it  mull  be  obferved 
whether  the  middle  line  on  the  feale  is  every  where  ex- 
adtly  oppofite  to  the  line  fuftaining  A ; or  in  other 
words,  whether  $he  line  in  the  middle  of  the  feale  is  in 
the  fame  vertical  plane  with  the  line  which  fuftains 
A.  If  it  is  not,  the  lower  extremity  of  the  feale  mull  be 
moved  along  the  arm  of  the  bafe  until  the  adjuftment  is 
corredt.  2.  It  is  alio  to  be  obferved  whether  the 
pne  is  every  where  at  equal  perpendicular  diftanccs  frorq 

the 
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the  middle  line  on  the  fcale : if  it  is  not,  the  upper  extre. 
mity  of  the  fcale,  mull  be  moved  further  from  or  nearer 
to  the  filk  line  until  the  diftances  are  every  where  equal. 

ijocXIII  ^ne  on  ^ca^e  now  vertical,  and  the 

LXXXI1J.  cjrcuiar  frame  defcribed  in  page  3 10,  mull  be  fo  conftrudl- 

ed,  that  the  box  A may  pafs  centrally  through  it  when 
thefe  adjultments  are  corrett. 

4.  The  wheel  abed  previous  to  its  adjullment,  Ihould 
weigh  fomething  more  than  fix  ounces,  provided  the 
figure  of  the  wheels  be  not  very  different  from  thofe  re- 
prefented  in  the  Fig.  78,  83.  In  the  circumference  of 
the  wheel  abed , a fmall  groove  Ihould  be  cut  and  well 
polifhed,  to  admit  the  line  which  goes  over  the  wheel  and 
fullains  the  weights  A and  B. 

5.  The  weight  of  the  wheel  abed  mull  be  fo  adjulled 
that  the  refillance  to  motion  of  its  inertia,  with  that  of 
the  friflion  wheels  lhall  be  equivalent  to  2 | ounces.  This 
may  be  effetted  according  to  the  method  defcribed  in  page 
301,  that  is,  by  winding  a very  llender  line  round  the 
wheel,  and  applying  to  the  extremity  a weight  of  jo 
grains : let  the  fquare  llage  be  fixed  to  the  fcale  at  3^ 
inches,  and  let  the  weight  30  grains,  begin  to  defeend  at 
any  beat  of  the  pendulum  from  o on  the  fcale.  If  it  de- 
feribes  the  38^  inches  in  lefs  than  three  feconds,  the 
wheel  is  too  light  to  admit  of  the  experiments  being  made 
according  to  the  numbers  ufed  in  this  fedtion.  Suppofe 
then  the  weight  to  be  more  than  3 feconds  in  deferibing 
the  38  ~ inches  from  reft:  the  wheel’s  weight  mull  be 
gradually  diminilhed  until  the  time  of  defeent  is  exaftly 
three  feconds.  1 1 is  however  to  be  noted  that  in  firll 
making  this  experiment  for  the  adjullment  of  the  wheel’s 
weight,  the  line  was  wound  round  the  cylindrical  furface 
of  the  wheel’s  circumference,  no  groove  having  been  at  firll 
found  neceffary.  When  a groove  is  cut  the  line  mull  no 
longer  be  wound  round  the  wheel  for  reafons  too  obvious 
to  need  mentioning:  in  this  cafe  therefore  the  adjullment 
of  the  wheel’s  weight  is  to  be  obtained  by  another  method. 
Inftead  of  the  weights  A and  B,  let  the  weights  48  grains 
and  24  grains  be  fufpended  from  the  extremities  of  the 
line  which  goes  over  the  wheel  abed,  and  fet  the  fquare 
ftage  at  30;  then  letting  the  weight  48  grains,  begin  to 
defeend  from  o on  the  fcale  at  any  beat  of  the  pendulum, 
obferve  the  time  of  its  deferibing  the  30  inches  as  mea- 
fured  on  the  fcale:  if  the  time  of  defeent  Ihould  be  lefs 
than  three  feconds  the  wheel  is  too  light;  fuppofe  therefore 
the  time  to  be  greater  than  three  feconds ; the  wheel’s 

weight 
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Weight  mull  be  gradually  diminifhed  until  the  time  of 
defcent  is  precifely  three  feconds.  When  this  adjullment 
is  correfl,  the  refiflance  from  the  wheel’s  inertia  including 
that  of  the  fra&ion  wheels,  will  be  exattly  the  fame  as  if 
thofe  wheels  were  removed  and  the  mafs  rt oz,  was 
uniformly  accumulated  in  the  circumference  of  the  wheel 
to  which  the  line  is  applied. 

6.  Great  attention  Ihould  be  paid  to  the  adjullment  of 
the  weights  ufed  in  thefe  experiments  as  a very  fmall  error 
fuch  as  is  fcarcely  perceivable  in  each,  will  tend  greatly  to 
affe£l  the  exaflnefs  of  the  experiments  in  which  many 
weights  are  ufed. 

7.  In  letting  the  box  A begin  to  defcend  at  arty  beat 
of  the  pendulum  according  to  the  method  defcribed  in 
page  308,  the  obferver  mull  not  wait  until  he  hears  the 
the  beat,  at  which  he  intends  A' s defcent  fhall  begin; 
for  in  this  cafe  A’ s defcent  will  always  commence  too 
late  : the  proper  method  is  to  attend  to  the  beats  of  the 
pendulum  until  an  exaft  idea  of  their  fucceflion  is  ob- 
tained 5 then  the  extremity  of  the  rod  being  withdrawn 
from  the  bottom  of  the  box  A diredlly  downward  at  the 
inllant  of  any  beat,  the  defcent  will  commence  at  the 
fame  inllant. 

This  inllrument  was  executed  with  great  mechanical 
lkill,  partly  by  Mr.  L.  Martin , and  partly  Mr.  G.  Adamst 
mathematical  inllrument  makers  in  London. 
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SECT.  VIII. 

CONTAINING  A DESCRIPTION  OF  EXPERI- 
MENTS ON  THE  MOTION  OF  BODIES 
WHICH  REVOLVE  ROUND  FIXED  AXES, 
AND  ROUND  SUCH  AS  MOVE  WITH  THE 
SAME  VELOCITIES  AS  THE  CENTRES  OF 
GRAVITY  OF  THE  REVOLVING  BODIES. 

ALTHOUGH  experiments  may  be 
made  on  bodies  or  fyftems  of  bodies, 
which  revolve  round  fixed  axes  inclined 
to  the  horizon  at  any  different  angles,  it 
is  however  mod  convenient  that  the  axes 
fhould  be  either  horizontal  or  vertical. 

Which  of  thefe  pofitions  fhould  be 
preferred  to  the  other,  will  depend  on  the 
■circumftances  of  the  different  experi- 
ments ; chiefly  on  the  weights  and  figures 
of  the  parts  which  compofe  the  revolving 
iyftem.  When  the  axle  is  horizontal  it 
is  abfolutely  neceffary  that  it  fhould  be 
fupported  on  fridtion  wheels,  which  great- 
ly diminifh,or  altogether  prevent  the  lofs 
of  motion  which  would  be  caufed  by  the 
fridtion  of  the  axle,  if  it  revolved  on  an 
immoveable  furface : If  therefore  the 

i 

the  weight  of  the  fyftem  be  fuch  as  can 
be  fupported  eafily  on  friction  wheels, 

and 
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and  the  parts  of  it  be  of  proper  fhape  and 
dimenfions,  the  pofition  of  the  axle 
may  be  horizontal.  In  Fig.  75. 
p l reprefents  a wheel  and  axle 
which  in  the  experiments  reft  on  the 
fridlion  wheels*.  Suppofe  that  two  weights  lx'xviii 
b and  a a6t  on  the  wheel  and  axle 
refpe&ively,  and  that  b preponderates 
againft  a,  defcending  in  a vertical  line; 
the  graduated  fcale  muft  be  adjufted  fo 
that  the  fpace  defcribed  by  b in  its  defcent 
may  be  meafured  on  it,  or  if  a prepon- 
derates againft  b,  the  fcale  muft  be  placed 
fo  as  to  become  a meafure  of  a’s  defcent: 
by  this  means  the  fpaces  defcribed,  times 
of  defcription,  real  velocities  of  the  de- 
fcending weight  as  well  as  the  angular 
velocities  generated  in  the  fyftem,  will  be 
experimentally  obtained.  In  other  cafes  the 
fyftem  will  revolve  on  a vertical  axis  as 
in  Fig.  84.  where  a b reprefents  a cylin- 
drical axle;  c d a cylindrical  rod,  the  axis 
of  which  cuts  the  vertical  axis  at  right 
angles;  c o,  DQ^are  two  equal  fpheres, 
through  the  centres  of  which  the  axis  of 
the  cylinder  paftes ; thefe  fpheres  are  fatt- 
ened to  the  cylinder  by  fcrews,  at  equal 
diftances  from  the  vertical  axis:  motion  is 
communicated  to  the  fyftem  by  the  line 
U u 2 EF, 


Fi(». 

LXXVIII. 
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e f,  ftretched  by  a weight/;  the  line  e p 
having  been  wound  round  the  vertical  axle 
palfes  horizontally  and  goes  over  a wheel  or 
pully  f g}*  which  revolves  on  the  fridlion 
wheels  fo  often  referred  to  in  the  laft 
fedtion.  It  is  eafy  to  fee  that  the  frame 
u x y z muft  be  fattened  to  the  continue 
ation  of  the  ttage  on  which  the  friction 
wheels  are  placed,  i.  e.  to  that  part  of  the 
ttage  which  projects  beyond  the  pillar. 

The  graduated'^ fcale  is  tobe  foadjutted 
as  to  meafure  the  fpace  delcribed  by  /,  as 
it  delcends  by  communicating  motion  to 
the  revolving  fyttem.  The  reprefentation 
of  the  frame  u x y z,  and  the  fyttem 
c d a b is  omitted  in  Fig.  78,  and  81.  for 
want  of  room. 

In  theenfuing  experiments,  the  moving 
force  is  applied  at  the  circumference  of  a 
wheel  or  axle,  the  axis  of  which  coincides 
with  the  axis  of  the  fyttem;  it  is  therefore 
neccflary  that  the  diftance  of  this  circum- 
ference from  the  axis,  or  the  radius  of  the 
axle,  fhould  be  very  precifely  known ; 
becaufe  the  quantity  of  the  moving  force, 
exerted  by  a given  weight  depends  entirely 
on  it.  In  diredt  menfuration,  errors  muft 
be  unavoidably  committed  which  bear  a 
confiderable  proportion  to  the  whole, 

efpe- 
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efpecially  when  the  radius  to  be  mea- 
fured  is  fmall;  in  order  to  obviate  this 
difficulty,  the  following  indiredt  method 
was  ufed,  by  which  the  radii  of  the  cy- 
linders ufed  in  the  experiments  were  ob- 
tained to  very  great  exadtnefs. 

Having  fixed  to  the  extremity  of  a very 
fine  and  flexible  line  a weight  fufficient  to 
keep  the  line  ftretched,  fatten  the  other  ex- 
tremity to  the  axle  of  which  the  radius  is 
required;  the  line  being  ftretched  by  the 
weight  mentioned  above,  meafure  by  a 
fcale  of  even  parts,  any  convenient  length, 
6 inches  for  example,  and  mark  the  extre- 
mities of  the  length  fo  meafured;  then 
holding  the  axle  horizontal,  let  the  mea- 
fured part  of  the  line  be  wound  round  it 
in  the  form  of  an  helix,  the  circumferences 
being  every  where  contiguous.  Count 
the  number  of  revolutions,  and  fuppofe 
them  = n , alfo  meafure  the  length  of  the 
cylinder  occupied  by  the  helix;  let  this  = 
a,  and  the  length  of  the  helix  or  line  firft 
mentioned =/,/>  = 3 . 1 4 1 59,  &c.  then,  the 

radius  of  the  cylinder  = - ^ — 

2 p n 

The  exadtnefs  of  this  method  may  be  known 
by  obferving,  that  if  the  cylinder  be  truly 

made, 
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made, and  theprocefs  carefullyrepeatedvvith 
different  values  of  In  and  a , the  radius  de- 
duced will  however  always  come  out  the 
fame  to  the  4th  or  even  the  5th  decimal 
place. 

I. 

In  the  wheel  and  axle  p Lq^the  radius 
of  the  wheel  s l is  to  the  radius  of  the 
axle  so,  as  10  to  1 : the  diftance  of  the 
centre  of  gyration  from  the  axis  s r = 
6.7345  parts,  the  radius  of  the  axle  being 
eftimated  as  one  of  them;  the  wheels* 
weight  = 6.0635  oz.  then  if  two  weights 
a and  b aft  againft  each  other  on  the 
axle  and  wheel  refpeftively,  whereof  a = 
10  oz.  and  b = 1 oz.  thefe  weights  will 
exactly  balance  each  other.  Let  48  grains 

or  — oz.  be  added  to  e,  fo  that  b fhall 

JO 

become  = 1.1  oz.  it  will  defcend,  and  will 
defcribe  from  reft  19.54  inches  in  two 
leconds. 

The  wheel  and  axle  P L ^.is  exattly  equal  in  weight 
and  dimenfions  to  the  wheel  and  *axle  abed,  except 
only  in  having  no  groove  cut  in  the  circumference, 
which  in  this  cafe  is  a plane  cylindrical  furface,  termi- 
nated on  each  fide  by  an  edge,  to  prevent  the  line  from 
falling  off : this  wheel  and  axle  is  to  be  placed  on  the 
friftion  wheels,  and  the  weights  being  applied  as  deferib- 
ed  above,  adjuft  the  graduated  fcale  fo  that  it  fhall  be 
oppofite  to  the  defeending  weight  B,  and  fet  the  fquare 
ftage  at  19.541  then  let  B begin  to  defcend  from  o on 
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the  fcale  at  any  beat  of  the  pendulum,  it  will  ftrike  the 
ftage  at  the  fecond  beat,  having  defcribed  19.54  in  two 
feconds. 

In  the  defcription  of  this  experiment  it  is  faid,  that  the 
diftance  of  the  centre  of  gyration  from  the  axis  is  6.7345 
parts,  the  radius  of  the  axle  being  one  of  them.  This  is 
obtained  from  having  the  equivalent  weight,  which  being 
uniformly  accumulated,  in  the  circumferenca  refills  the 
communication  of  motion  by  its  inertia,  equally  with  the 
mafs  contained  in  the  wheels : *This  equivalent  weight 
was  found  to  be  2.75  oz.  Suppofe  then  the  mafs  of  the 
wheels  to  be  removed,  and  the  2.75  oz.  to  be  accumulated 
uniformly  in  the  circumference,  at  the  diftance  from  the 
axis  $ L,  and  let  2.75  rz:  P,  and  the  wheels’  weight  W ; 
then  according  to  the  rule  demonftrated  in  Prop.  VIII. 


Seft.  VI.  5 R — \/  P X — \/ _2-75  *.10g,_  _ 
W 6.0635 

6-7345- 

To  compare  this  experiment  with  the  theory  we  muft 
refer  to  Seft.  VI.  Prop.  XIX.  Cor.  1.  which  being  ap- 
plied to  the  prefent  cafe,  gives  n — 1 o,  p — 1 . 1 , q — 10, 
-102=6.0635,  r — 6.7345,  and  the  force  which  accelerates 

the  defcent  of  B - V ~ * 7 _ - 110~  100 

wr‘4/»H?  275  + 110+10 
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Wherefore  the  fpace  defcribed  from  reft  by 


the  defcending  weight  B in  two  f feconds  zr  1 x . 4 _ 

395 

19-54; 

This  experiment  may  be  varied  by  making  B defcend 
for  1 fecond,  2 feconds,  and  3 feconds:  the  fpaces  defcrib- 
ed  from  reft,  will  be  4.88, 4.88  x 4and4-88x9,  whereby 
it  is  practically  (hewn,  that  the  fpaces  defcribed  are  in  a 
duplicate  ratio  of  the  times  of  motion  ; and  confequcntly 
that  the  rotation  of  the  fyftem  is  equablyaccelerated. 


II. 

On  the  fame  wheel  and  axle  p q^s  l, 
let  a weight  a = io  oz.  be  fufpended  from 
the  axle  by  means  of  a line  wound  round 
it,  and  b = 1 oz.  from  a line  going  round 

the 
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f Sea.  Ill, 

Prop.  IV. 
Cor.  5. 
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the  circumference  of  the  wheel  fo  as  to  a£t 
againft  the  former,  thefe  will  balance  each 
other.  Now  let  ± oz.  be  added  to  a,  fo 
that  it  fhall  become  = 101  oz.  then  will 
a defcend  and  will  defcribe  3.3 7 inches  in 
3 feconds,  from  reft. 


If  the  weight  which  defcends  from  the  axle  be  q,  the 
weight  adting  againft  it  on  the  circumference  of  the 
wheel  — py  the  radius  of  the  wheel  zr  »,  that  of  the 
axle  = 1,  the  diftance  of  the  centre  of  gyration  from  the 
axis  =:  r,  and  the  wheels  weight  — w;  the  force  which 

accelerates  the  defeent  of  q — — — which  is 

demonftrated  exa&ly  in  the  fame  manner  as  Prop.  XIX. 
Sedt.  VI.  Applying  this  to  the  prefent  cafe,  we  have  A — 
q — IO.75,  B— p — \ ,SL— n~  10,  w — 6.0635,  r — 

6.734c,  and  the  force  of  acceleration  =r  — T°-‘— — — 

/JT-'  275  + 100+10.75 

— — iZi-  ; wherefore  the  fpace  deferibed  by  the  defeend- 
385-7S  * 7 

_ .75  x 193 


ing  weight  A in  one  fecond  — — 


385-75 


■ — .3752  parts 


of  an  inch,  and  in  3 feconds  the  fpace  will  be  — 
.3752  X 9 = 3-37  inches. 

In  all  the  preceding  experiments,  the  weights  have 
been  eftimated  according  to  the  troy  meafure,  the 
ounce  confiding  of  480  grains ; in  the  enfuing  experiments 
the  avordupoife  ounce  happening  to  have  been  ufed  when 
they  were  originally  conftrudled,  it  was  afterwards  thought 
needlefs  to  alter  the  numbers ; this  is  here  mentioned,  not 
becaufe  it  is  ofany  confequence  to  what  ftandard  the  weights 
in  any  experiments  are  referred  as  far  as  regards  the  weights 
themfelves,  but  becaufe  according  to  the  known  fpecific 
gravities  of  the  fubftances  ufed,  the  dimenfions  and 
weights  of  the  parts,  of  which  the  revolving  fyftems  con- 
fift  would  not  be  confident  with  the  numbers  fet  down 
in  the  experiments,  according  to  the  troy  meafure;  the 
ftandard  weight  therefore  referred  to  in  the  remaining 
experiments  will  be  the  averdupoife  oz.  confiding  of  43  7.5 
grains. 

£ III. 
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III. 

a b o ojs  the  fyftem  defcribed  in  page 
239,  of  which  the  dimenfions,  &c.  are  as 
follows : Radius  of  the  Reel  axle  a b = 

.20133  parts  of  an  inch,  its  weight  = 

2.4713  oz.  the  radius  of  the  fteel  rod  oq_ 

= .0671,  length  of  the  rod  oq_=  12.55; 
its  weight  = .B034  oz  : radius  of  either 
brafs  fpliere  co,  d q_=  .74,  the  weight 
of  each  fphere  = 7.985  oz.  a line  is  wound 
round  the  axle  a b,  and  palling  horizon- 
tally over  the  wheel  fg,  is  ftretched  by  a 
weight  p = 10  oz.  which  defcribes  from 
reft  during  its  defcent  15.5  inches  in  ten 
feconds,  or  5.59  inches  in  fix  feconds. 

The  wheel  F G as  in  the  laft  experiment  revolves  on 
the  fridlion  wheels,  and  the  fpaces  defcribed  by  p in  its  F; 
defcent  areeftimated  by  means  of  the  graduated  fcale  as  LXXVIII,  ' 
before.  To  compare  this  experiment  with  the  theory, 
we  may  have  recourfe  to  Prop.  I.  Cor.  2.  Sedl.  VI. 
where  it  is  fhewn  that  in  any  revolving  fyftem,  the  force 
which  accelerates  the  point  to  which  the  moving  force  is 
applied,  is  that  part  of  the  acceleration  of  gravity  which 
5s  exprefled  by  a fradtion,  of  which  the  numerator  is  the 
fquare  of  the  diftance  at  which  the  force  is  applied  from 
the  axis,  multiplied  into  the  moving  force,  and  the  deno- 
minator the  fum  of  all  the  produdls  formed  by  multiply- 
ing each  particle  of  the  fyftem  into  the  fquare  of  its  di- 
ftance from  the  axis  of  motion. 

In  the  prefent  cafe  therefore  it  is  neceflary  to  obtain  the 
fum  of  all  the  produdls  which  can  he  formed  by  multiply- 
ing each  particle  of  the  fyftem  ABO  i^into  the  Iqtiare  of 

X x * its 


f Page  224. 


I 


% Page  223. 
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its  diftance  from  the  axis  of  motion,  according  to  the  di- 
menfions  given. 

In  order  to  eftiroate  the  fum  of  thefe  produ&s  in  the 
two  fpheres,  fome  few  confiderations  are  neceflary  before 
the  ufual  rules  can  be  applied.  It  is  to  be  obferved  that 
in  each  fphere  there  is  a cylindrical  cavity  terminated  at 
each  end  by  portions  of  the  fphere  ; but  thefe  portions  are 
far  too  fmall  to  have  fenfible  effeft  in  the  computation, 
even  if  it  were  carried  beyond  the  ufual  number  of  deci- 
mals. The  cavities  therefore  being  cylinders  of  which  the 
length  is  equal  to  the  fphere’s  diameter  orrr  1.48, and  their 
radius  — 0.0671,  and  the  fpecific  gravity  of  brafs  being 
8 when  that  of  water  is  1 ; it  appears  that  if  thefe  cylin- 
ders were  of  brafs,  the  weight  of  each  would  be  — 
0.0969  part  of  an  oz.  which  being  added  to  7.985  the 
weight  of  each  fphere  when  the  cavity  is  not  filled  up, 
will  give  the  weight  of  the  entire  fphere  of  brafs  — 
8.0819  oz. 

When  any  fphere  revolves  round  an  axis  of  motion, 
from  which  the  diftance  of  the  fphere’s  centre  is  d,  the 
radius  of  the  fphere  being  r and  its  weight  w,  the  fum  of 
the  products  which  can  be  formed  by  multiplying  each 
particle  into  the  fquare  of  its  diftance  from  the  axis  of 


f motion  ~ 


5 dz  w -f  2 rz  nv 


fent  cafe,  we 
8.0819,  and 

5 X S-535*  X 8.0819 


5 

have  d — 
the  fum 


Applying  this  to  the  pre- 


+ 2 


5 


S E = 5.535,  r — .74,  w — 
of  the  produdts  required  — 

X .74’  X 8.o8i9 
,=  249-37; 


but  from  this  fum  of  produfts  juft  found  muft  be  fubtra&ed 
the  fum  of  thofe  which  are  formed  by  multiplying  each 
particle  of  the  brafs  cylinder,  imagined  to  be  inferted  in 
the  fphere,  into  the  fquare  of  its  diftance  from  the  axis. 
Now  when  any  cylinder  revolves  round  % an  axis  of  mo- 
tion, the  axis  of  the  cylinder  being  perpendicular  to  that 
axis,  the  fum  of  the  products  mentioned  above  may  be  ob- 
tained by  the  following  rule.  Let  the  radius  of  the  cylin- 
der — r,  its  weight  <iv,  the  diftance  of  its  centre  of  gravity 
from  the  axis  of  motion  ~ d\  the  diftance  of  the  neareft 
extremity  from  the  axis  of  motion  = a , that  of  the  farthcft 
b ; then  will  the  fum  of  all  the  produfls  under  each 
particle  into  the  fquare  of  its  refpeftive  diftance  from  the 

axis  of  motion  =2 3 — = by  apply- 


mg 


( 3+7  ) 


Ing  this  to  the  brafs  cylinder  imagined  to  be  inferted  on 
the  fphere  we  have  w r=  0.0969,  d — 5.535,  b — 6-275, 
a — 4.795,  r — 0.0671,  and  the  fum  of  the  produdls  — 

8 X S-53S  X 6.275  -f  4 X 4.795*  + 3 * 0.067 1 1 x .0969 

12 

— 2.98,  which  being  fubtradled  from  the  fum  of  the 
produdls  249.37,  there  will  remain  246.39,  for  the  fum  of 
the  produdls  of  each  particle  in  the  fphere  with  the  cylin- 
drical cavity  multiplied  into  the  fquare  of  its  diflance  from 
the  axis  of  motion;  and  the  fum  of  thefe  produdls  in  both 
fpheres  rr  492.78. 

To  find  the  fum  of  the  produdls  in  the  rod  S ^we 
have  by  referring  to  the  rule  above,  a — o,  d — 3.1375, 
b — 6.275,  r — 0.0671,  w — .4017  oz . and  the  fum  of 

the  produdls  required  cz  — — * 3,T379 — X — — -15.  1 

12 

~ Z 

—  '°  X .4017  = 5.272,  and  the  fum  for  the  whole 


rod  — 10.544. 

The  fum  of  the  produdls  fimilarly  taken  in  the  axis  is 
obtained  from  the  rule  contained  in  page  224,  where  it  is 
fhewn  to  be  half  the  cylinder’s  weight  multiplied  into  the 
fquare  pf  its  radius  ; this  will  give  the  fum  of  the  pro- 

duds  m queftion  = ' 2 — .050:  the  fum 

of  the  produdls  therefore  in  the  whole  fyftem  — 

492.78  -f  10.544  + .05  r:  503.37,  and  becaufe  the 
weight  of  the  fyftem  is  18.244  ounces,  the  diflance  f Sea.  vr. 
of  the  centre  of  gyration  f from  the  axis  will  be  — l>roP- 


503-37  _ 
18.244 


5.2527. 


Let  this  —r,  and  — 18.244, 


p — 10  ounces  = the  defending  weight:  q — a weight 
equivalent  to  the  inertia  of  the  wheel  FG  and  the  fridlion 
wheels  when  accumulated  into  the  circumference  of  the 
wheel  FG,  this  has  been  ||  found  = 2.75  troy  ounces, 
which  are  equal  to  3.017  avoirdupoize  ounces  ufed  in  this 
experiment.  Moreover,  let  d be  the  radius  of  the  axle 
B -20133’  and  t — 10  feconds:  then  the  fpace  de- 
fcribed  % by  the  defcending  weight  p in  ten  feconds  — 
h'd'p 

r== — : = 15.52  inches. 

p + d%  + wrl  J 


I Page 


f Sea.  vr. 

Prop.  XV. 
Cor.  2. 


X X 2 


In 


J Seft.  V/.‘ 
Prop.  I, 
Bor.  4. 


FI*. 
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In  fix  feeonds  the  fpace  defcribed  from  reft  by  the  de- 
fcending  J weight  is  obferved  r=  5.59,  which  is  to 
15.52,  as  the  fquare  of  6 to  the  fquare  of  to;  thus  it  ap- 
pears by  experiment,  that  the  defcent  of  p is  uniformly 
accelerated,  and  that  the  fpaces  defcribed  from  reft  are  in 
a duplicate  ratio  of  the  times  of  motion. 

IV. 

In  the  fyftem  ABOQj  let  the  length  of 
that  part  of  the  line  which  is  wound 
round  the  axle  = 15.5  inches,  and  let  the 
extremity  of  it  be  fo  applied  to  the  axle 
by  a loop  and  pin,  that  when  p = 10  oz. 
has  during  its  defcent  defcribed  15.5  inch- 
es, the  firing  may  fall  off : At  this  in- 
ftant  the  force  which  accelerated  the  mo- 
tion of  the  fyftem  being  removed,  the 
fyftem  will  continue  to  revolve  uniformly, 
and  will  perform  24.5  revolutions  in  10 
feeonds. 


In  Prop.  XV.  Se£t.  VI.  Cor.  i.  it  is  fhewn  that  if  p 
"be  the  moving  force  generating  angular  velocity  in  any 
fyftem,  d the  radius  of  the  axle  to  which  the  moving 
force  is  applied,  r the  diftance  of  the  centre  of  gyration 
from  the  axis  of  motion,  <w  the  weight  of  the  fyftem,  / — 
193  inches,  and  c — 3.14159,  &c.  the  weight  p in  de- 
fending through  any  fpace  s,  will  generate  fuch  an  angu- 
lar velocity  in  the  fyftem,  as  will  caufe  it  to  deferibe  uni- 
formly revolutions  in  a fecond  ; 

provided  after  p has  defcribed  the  fpace  s,  the  fyftem  fuffers 
neither  acceleration  nor  retardation.  Applying  this  rule 
to  the  prefent  cafe,  we  haver  r:  15.5,  p =:  io,  d = .Z0133 
<u»  — 1 8.244*  r — 5.2527?  anc*  *“e  number  of  revolu- 
tions 


( 349  ) 

tions  in  one  fecond  according  to  the  rule  will  be  — 


193  x 15.9  x 10 


3.i4IS91X.2oi331x  io+3.I4I592X  18. 244X5. 2527* 
— 2.453,  and  confequently  in  10  fecond$  the  number  of 
revolutions  will  be  24.53. 


V. 

d c e is  a brafs  cylindrical  plate  of  Fig. 
which  the  weight  = 188.5  ounces  j thisLXX*V‘ 
cylinder  turns  horizontally  round  a fixed 
vertical  axle  a b : the  axle  is  fuftained  in 
the  frame  u x y z.  Motion  is  commu- 
nicated to  the  cylindrical  plate  by  means 
of  a line  1 g wound  round  its  circumfe- 
rence and  from  thence  going  over  the 
wheel  fg  which  reftson  the  fridtion  wheels; 
or  by  the  line  l g which  is  wound  round 
the  axle  and  goes  over  the  fame  wheel 
fg:  the  radius  of  the  wheel  is  to  the  ra- 
dius of  the  axle  as  12.6.  1.  If  the  line 
1 g be  ftretched  by  a weight  p = 7 oz. 
p will  defcribe  during  its  defcent  51.84 
inches  in  two  feconds. 

The  fum  of  the  J produ&s  which  are  formed  by  multi-  + pagJ  2t. 
plying  each  particle  of  the  cylinder  into  the  fquare  of  its  + 
didance  from  the  axis  of  motion  is  equal  to  half  the 
cylinder’s  weight  multiplied  into  the  fquare  of  its  radius, 
that  is  in  the  prefent  cafe,  the  fum  of  the  prodn&s  j ult 

mentioned — X = 14963;  and  the  fum  of 

the  produ&s  fimilarly  taken  for  the  axle  being  .52,  the 
whole  fum  will  be  14963.52,  to  this  muft  be  added  the 

pro- 


( 35°  ) 


product  of  the  equivalent  weight  of  the  wheel  F G,  and 
the  defending  weight,  multiplied  into  the  fquare  of 

the  wheel’s  radius,  that  is, '3  -f  7 x 12.6*  = 1587  ; which 
will  make  the  fum  of  the  produfts  for  the  entire  fyftem  — 
16550.52;  wherefore  the  force  which  accelerates  thedefcent 


_ c * 12.6  X 7 

* Sett.  VI.  of  *p 
Prop.!.  r. 

Cor.  3. 


— > — 7—5 — and  the  fpace  defcribed 

16550.52  14.89  r 

I Q 7 

from  reft  in  one  fecond  — - — — 12.96  inches,  and  i 

14.892  J 


m 


two  feconds  the  fpace  will  be  12.96  X 4 - 51.84,  as  ap- 
pear by  experiment. 


VI. 

Every  thing  elfe  remaining  as  in  the 
laft  experiment*,  let  the  line  be  wound 
round  the  axle,  and  let  a moving  force  = 
jo  oz.  be  applied  to  ftretch  the  line  which 
goes  over  the  wheel  l g j the  fpace  de- 
fcribed by  the  defcending  weight  in  io 
feconds  will  be  12.8  inches. 


The  fum  of  the  produfts  formed  by  multiplying  each 
particle  into  the  fquare  of  its  diftance  from  the  axis  in  the 
whole  fyftem  being  14963.  52;  to  this  add  the produfts  forrn- 
f Exp.  V.  ed  by  multiplying-}-  the  equivalent  weight  of  the  wheel  FG, 
and  the  defcending  weight  into  the  fquare  of  the  diftance 
at  which  they  aft  on  the  fyftem  from  the  axis,  and  fince 
that  diftance  is  1,  the  produft  required  will  be  13;  this 
being  added  to  the  fum  before  found,  the  whole  will  be 
14976.52,  and  fince  the  moving  force  p is  10  oz.  the  force 

which  accelerates  the  defcent  of  p — =2 

14976.52 

l- . The  fpace  therefore  defcribed  by  p during 

1497.652 

J Seft.  VI.  fecond  from  reft  = — — *1288  t inches  and 

Prop.  I.  1497.652  * 

Co1'  4‘  in  ten  feconds  the  fpace  defcribed  = 12.88  inches. 


Cor. 


( 351  ) 

Cor.  The  diftajice  of  the  centre  of  gyration  from  the 

axis  _ v/ ■ '4q0603'^--  — 8.913,  the  radius  of  the  axle 
— 188.5 

being  — I. 

N.  B.  The  aperture  in  the  cylinder  which  admits  the 
axle  is  fo  fmall  that  whether  it  is  taken  into  account  or 
not,  no  alteration  is  occafioned  in  the  number  fet  down. 


VII. 

Let  abc  reprefent  an  inclined  plane  of  sea.  vr. 
which  the  height  is  to  the  length  as  1 : fig- 

* LXX  V Hi 

16,  and  let  a fphere  defcend  by  rolling 
down  this  plane : the  centre  of  the  ball 
will  defcribe  34  inches  in  2 feconds. 


If  the  * fphere’s  furface  and  the  inclined  plane  were  per-  » pa!,e 
feclly  fmooth,  fo  that  the  fphere  might  Aide  down  the 
plane,  the  force  which  accelerated  the  defcent  would  be 
to  the  force  of  gravity  as  the  plane’s  height  to  the 


length,  that  is,  it  would  be-^r-  Part  of  the  acceleration  of 


gravity  ; but  as  the  fphere  rolls  down  the  plane,  the  force 
of  acceleration  is  diminilhed  in  the  proportion  of  7 : 5,  fo  as 

to  become  - of—  — — 

7 16 


1 12 


wherefore  the  fphere’s  centre 


will  defcribe  by  the  a£tion  of  this  t force  * ? or  8 6 1 6 ^ Seft- 

112  frop.  IV. 

inches  in  one  fecond,  and  4 x 8.616  = 54.4.  in  two  C°r‘  S" 
feconds. 

Cor.  As  all  fpheres,  whatever  be  their  magnitudes  de- 
fcend by  rolling  down  a given  plane  with  equal  abfolute 
velocities,  the  angular  velocities  acquired  in  a given  time 
will  be  inverfely  as  their  diameters : fo  that  by  "decreafing 
the  diameters,  this  angular  velocity  might  be  encreafed  fine 
limite,  unlefs  the  effects  of  friflion  encreafed  the  fame 
time,  which  obflrudl  the  motion  of  fmall  fpheres  down 
inclined  planes  far  more  than  larger  ones. 


2.  If 
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2.  If  a cylinder  be  accelerated  along  the  fame  inclined 
plane  by  rolling ; in  this  cafe  the  force  of  acceleration 

g Page  231.  being  =:  -7  X - r=  — 1|,  the  fpace  defcribed  from  reft  in 

10  3 24 

one  fecond  — = 8.041,  and  in  two  feconds  the  fpace 

24 

— 32.164. 

Hence  it  is  manifeft  how  much  experiment  will  dis- 
agree with  the  theory  of  the  defcent  of  bodies  along 
planes,  unlefs  their  rotation  be  taken  into  account ; for 
if  the  cylinder  were  to  Aide  without  rotation  along  the 
plane,  during  two  feconds  as  in  the  laft  experiment,  the 
fpace  defcribed  would  be  48.25  inches,  inftead  of  32.165, 
the  difference  of  which  is  no  lefs  than  16.08  inches. 


VIII. 


Let  the  fyftem  reprefented  in  fig.  84. 
be  removed  from  the  frame;  and  let  two 
lines  be  wound  round  the  axle  in  the 
manner  reprefented  in  fig.  86.  let  thefe 
lines  be  fattened  to  the  points  l and  1 at 
a considerable  height,  l and  1 being  in 
an  horizontal  line,  and  make  l t = 
1 H,  that  the  axle  may  be  horizontal. 
When  the  fyftem  is  unluftained,  it  will 
gradually  defcend  by  unwinding  itfelf 
from  the  line,  and  the  centre  of  the 
axle  will  defcribe  28.3  inches  in  ten  fe- 
conds. 


■t  Se£l.  VI. 
Prop.  XIV 
Cyr.  3. 


Through  the  J centre  of  gravity  G draw  GRO  perperi- 
dicular  to  the  horizon  when  the  rod l 0£u  vertical ; and 
let  R be  the  centre  of  gyration  of  the  fyftem  when  it  re- 
Jet,  o.irwl  rhe  axis  A B : affume  TH  in  the  furface  of 
the^xle  parallel  to  the  axis  AB:  fuppofe  the  fyftem  to 
vibrate  as^  pendulum  on  this  line,  and  let  O be  the  cen- 
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tre  of  ofcillati<?n ; then  if  the  fyftem  defcends  bv  unrol- 
ling itfelf  from  the  lines  7 L,  IH,  the  centre  G will  be 
accelerated  by  a force  which  is  that  part  of  the  accelera- 

S G 

tion  of  gravity,  which  is  expreffcd  by  the  fraftion  In 

order  to  find  the  value  of  this  fraction  by  theory,  we  have 
SG  — -20133,  G#  = 5-25 27,  and  becaufe  SG  : GR  : : 

GR:  GO  f,  it  follows,  that  GO  = LliiZ!  _ 137, 

.201 ^rop.  Vl. 

* ^ Cor.  1, 

wherefore  GO  + GS  — SO  — 137  -f  .20133  — 137. 201, and" 

, SG  .20133  1 . . . . ...  Prop.  VIII. 

and  — — — — — , being  the  force  which  ac-  Cor.  3. 

SO  137.201  DS1.4 

celerates  the  defcent  of  G : which  therefore  in  ten  feconds 

will  defcribe  rr  28.32  inches. 

681.48  J 

If  the  axle  AB  were  to  be  placed  between  two  inclin- 
ed planes  of  the  fame  heights,  lengths  and  pofitions,  and 
were  to  defcend  by  rolling  along  them,  and  the  cohefion 
fubfifting  between  the  furfaces  of  the  plane  and  the  axle 
werefufficient  tofupply  the  place  of  the  line,  by  the  tenfion 
of  which  the  rotatory  motion  was  before  generated  ; in 
this  cafe  the  accelerating  force  would  be  equal  the  force 
in  the  laft  example  multiplied  into  the  plane’s  height  and 
divided  by  its  length. 


IX. 

Every  thing  elfe  remaining  as  in  the 
laft  experiment,  let  tl,  hi  (no  longer 
fixed  to  l and  i.)  go  round  two  fixed  pul- 
lies  f and  m,  and  to  the  extremities  let  two 
weights  p,  p,  each  of  which  is  equal  to 
9.108  oz.  be  fufpended:  thefe  weights  will 
exactly  counterbalance  the  fyftem  as  it  is 
defeending,  and  will  remain  quiefeent. 

That  moving  force  which  caufes  the  rotation  of  the 
lyitem,  or  that  which  ftretches  the  firings  L T,  HI  is 

Y y that 
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Prop^XlV.  t^at  Part  I t^ie  Pyftem’s  weight  which  is  expreffed  by  the 
fraflion  ^77,  but  in  the  prefent  cafe  GO  — 137,  and  SO 

U U 

— 137.20133,  and  the  weight  = 18.244;  wherefore  the 

force  which  flretches  the  firing  in  exp.  viii.  — 1 v‘244x  ' 37 

1 37- 2°3  3 

— 18.217,  the  half  of  which  is  9.108,  if  therefore  each  of 
the  weights  p be  each  9.108,  they  will  together  be  equi- 
valent to  the  firing’s  tenfion  as  the  fyllern  is  defcending, 
and  confequently  will  remain  quiefcent. 

Let  a fmall  piece  of  fleel  be  fitted  to  the  rod  GC,  fo  as 
to  admit  of  being  fixed  to  it  at  any  given  dillance  from 
the  centre  G,  palling  through  the  axis  of  the  rod  CD  : 
let  two  edges  proceed  from  the  oppofne  fides  of  this  piece 
of  Heel  in  direflum  in  regard  to  each  other,  and  parallel 
to  the  horizontal  axis  AB : fo  that  when  the  fyflem  refls 
on  thefe  fleel  edges,  the  axis  of  the  cylinder  DC  fhall  be 
vertical,  as  reprefented  in  fig.  86.  when  motion  is  com- 
municated to  the  fyflem,  it  will  vibrate  as  a pendulum 
on  thefe  fleel  edges  as  an  axis  of  motion. 

X. 

Let  the  fteel  edges  (vid.  preceding  note) 
be  fixed  at  .717  parts  of  an  inch  from  the 
centre  g : on  fetting  the  pendulum  in 
motion  it  will  be  obferved  to  vibrate  once 
in  each  fecond,  provided  the  arc  of  vi- 
bration be  fmall. 


In  this  cafe  SG  = .717,  and  by  what  has  preceded  GB 
= 5.2527,  if  therefore  0 be  the  centre  of  ofcillation.  we 

1 Sea.  VI.  J,ave  +QO  — _ 38.48,  which  being  added  to  SG 

Prop.  VJ.  + .717 

— .717,  gives  SO=  39.197.  or  nearlv  39-z  for  the 

Eendulum’s  length;  and  a pendulum  of  this  length  is. 
nown  to  perform  its  vibrations  in  feconds. 


xr. 
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XI. 

Let  the  fteel  edges  be  fixed  at  different 
diftances  from  the  centre  g : it  will  be 
obferved  that  the  time  of  the  pendulum’s 
vibration  will  be  the  leaft  of  all  when  the 
axis  or  edges  pafs  through  r the  centre  of 
gyration. 

This  has  been  demonftrated  in  prop.  x.  fedl.  vi.  but 
may  be  more  eafily  lhewn  thus.  Let  5 be  the  point 
through  which  the  axis  of  fufpenfion  pafles,  O the  centre 
of  ofcillation,  R the  centre  of  gyration,  then  in  general 
SG  J : GR  : : GR  : GO:  now  when  four  quantities  are  in 
geometrical  f proportion,  the  fum  of  the  two  extremes  is 
always  greater  than  the  fum  of  the  two  middle  terms, 
except  when  the  four  terms  are  all  equal:  therefore  SG 
-f-  GO  is  always  greater  than  2 GR,  except  when  S G — 
GR  — GO  ; SG  + GO  therefore  will  be  the  leaft  poflible 
when  SG  — GR,  that  is,  when  the  point  5 through 
which  the  axis  of  fufpenfion  before  coincides  with  R the 
centre  of  gyration. 

Cor.  When  a given  body  vibrates  in  the  leaft  time  pof- 
fible,  the  plane  of  vibration  being  the  fame,  the  diftance 
between  the  axis  of  fufpenfion  and  centre  of  gravity  is  equal 
to  the  diftance  between  the  centre  of  gravity  and  the  cen- 
tre of  ofcillation,  for  by  what  has  preceded  SG  — GR, 

QDZ 

and  GO  = — GR  — GS. 

oG 

It  mull  be  obferved  concerning  the  experiments  made 
on  bodies  which  revolve  round  axes,  that  the  friftion  is 
diminilhed,  or  indeed  almoft  wholly  removed  as  to  any 
fenfible  effedls  three  ways : 1.  by  making  the  axle  revolve 
horizontally  on  fridtion  wheels  : 2dly,  by  placing  the  axle 
vertical,  the  lower  point  of  the  axis  being  futtained  in 
a very  fmall  and  well  polilhed  cavity,  as  in  fig.  84.  here 
the  fmallnefsof  the  furfaces  in  contadt  has  an  effedtin  re- 
moving tenacity,  and  we  may  fay  fridtion  too,  notwith- 
ftanding  fome  experiments  to  the  contrary  equal  to  that 
produced  by  the  fridtion  wheels : 3dly,  when  the  fyftem 
vibrates;  by  fufpending  it  on  lharp  edges  as  in  the  latter 
experiment. 

Y y 2 


t S eft.  vr. 

Prop.  VI. 
Cor.  3. 
and 

Prop.  VIII. 
Cor.  3. 

-f-  Eucild. 
El.  Lib  V. 
Prop.  ult. 


SECT, 
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Pigs 
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S E C T.  IX. 

ON  THE  MOMENTUM  -j-  OF  BODIES  IN 
MOTION. 

O R C E has  been  * defined  that 
which  caufes  a change  in  the  hate 
of  motion  or  quiefcence  of  fubftances : 
The  adfion  of  animal  mufcles,  the  im- 
pa£f  of  bodies  either  folid  or  fluid,  at- 
tractions and  repulfions  of  various  forts 
have  been  enumerated  as  inftapces  of  this 
motive  power.  The  Idea  of  force  is  ori- 
ginally acquired  from  the  fenfe  of  feel- 
ing, and  through  the  medium  of  that 
fenfe  by  the  eye  alfo ; but  this  idea  ex- 
tends only  to  the  degree  of  force,  not  to 
the  quantity  or  any  meafure  of  it.  Thus 
when  mufcular  force  is  exerted  in  order 
to  overcome  refinances  of  any  kind,  there 
is  no  difficulty  in  determining  when  the 
force  is  greater  or  Idler,  but  as  it  is  not 
in  itfelf  a mathematical  quantity,  the 
proportion  between  the  greater  and  lef- 
fer,  and  the  exa£t  increale  or  diminution 
of  its  intenfity  cannot  be  known  except 
j sea.  ii.  by  applying  either  1 fpace  or  number  as 

t>iop.  i.  J ;-r  * ?-  • . , 

mealures  of  it. 

Application  This  application  is  effeded  by  the 
nlauS'*’  axioms  or  laws  of  motion,  which  may  be 

term- 

•j.  The  expreflions,  quantity  of  motion,  momentum,  and 
moment,  are  ufed  fynonymoufly  throughout  this  fedUon. 
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termed  proportions  intermediate  between 
Geometry  and  Philofophy.;  through  thefe, 
mechanics  become,/  a mathematical 
branch  of  phyfics,  and  its  conclufions  pof- 
fefled  of  fuch  coherence  and  confiftency 
among  themfelves  and  with  matter  of 
fa£t,  as  are  rarely  to  be  found  in  other 
3 branches,  which  admit  not  of  fo  intimate 
an  union  with  the  fcience  of  quantity. 

Since  the  Newtonian  laws  apply  ma-  JjJJJ? 
thematical  relations  to  the  motion  of  bo- 
dies,  it  may  be  expedted  that  the  truth  of 
them  fhould  reft  on  mathematical  proof: 
but  it  is  to  be  remembered,  that  thefe 
laws  are  affumed  in  mechanics  as  axioms 
are  in  geometry ; and  an  axiom  is  under- 
ftood  to  be  a propofition  which  either  from 
being  intuitive  requires  not,  or  from  the 
nature  of  the  objects  to  which  it  is  ap- 
plied is  incapable  of,  demonftrative  evi- 
dence. 

This  is  the  cafe  with  the  laws  of  mo- 
tion : They  cannot  be  deduced  from  any 
reafoning  a priori,  for  we  know  no- 
thing concerning  matter  but  from  expe- 
rience s and  though  experiment  confirms 
the  truth  of  them  in  a variety  of  inftances, 
and  to  a certain  degree  of  exadtnefs,  yet 

be- 

. 3 Chemiftry  and  Elettricity  are  of  this  fort:  the  prin- 
ciples of  thefe  are  arranged  fyflematically,  and  are  refer- 
able to  a few  general  laws;  but  they  are  not  univerfally 
and  without  exception  confident  among  themfelves  and. 
with  experience,  as  the  principles  of  mechanics  are. 
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between  that  degree  and  the  mathemati- 
cal relation  expreffed  in  the  laws,  there 
may  be  infinite  varieties  of  different  re- 
lations which  experiment  cannot  difcover. 

mwlon  coi  b ^ t^en  enclu^rec^>  from  what  evi- 
leftcd  from  dence  our  alfent  to  thefe  axioms  is  de- 
gumcnis. rived,  it  may  be  replied,  the  evidences 
are  of  various  kinds,  i.  'From  the  con- 
ftant  obfervation  of  our  fenfes,  which 
tend  to  fugged  the  truth  of  them  in  the 
ordinary  motion  of  bodies,  as  far  as  the 
experience  of  mankind  extends.  2.  From 
d experiments,  properly  fo  called : In  thefe 
it  always  appears,  that  when  the  moll 
effectual  means  are  ufed  in  order  to 
fubjedt  thefe  axioms  or  laws  of  motion 
to  the  fevered  and  mod  minute  exami- 
nations, by  removing  all  impediments 
which  may  tend  to  occafion  any  devia- 
tion from  the  truth,  the  refult  is  a more 
near  agreement  between  the  experiments 
and  the  axioms  jud  mentioned,  the  more 
perfectly  the  intentions  of  the  experi- 
ments are  accomplidied.  This  will  lead  to 

a 

b The  laws  of  motion  not  admitting  of  demonftration, 
the  truth  of  them  mull  be  colledted  from  the  belt  evidence 
the  nature  of  the  fubjedt  will  admit. 

e This  argument  depends  not  on  the  accuracy  of  thefe 
common  observations,  but  from  their  extent ; nothing 
contrary  to  the  axioms  being  obferved  in  the  great  va- 
riety of  motions  which  are  the  daily  objedts  of  the  fenfes. 

d In  experiments  every  power  is  removed  as  farjnay  be, 
except  thofe  which  are  the  objedts  of  examination. 
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a belief,  that  if  it  were  poflible  to  remove 
every  imperfection  from  the  conftruftion 
of  experiments,  and  to  increafe  the  acute- 
nefs  of  the  fenfes,  of  which  they  are  the 
objefrs,  in  an  infinite  degree,  a mathe- 
matical coincidence  between  fuch  experi- 
ments and  the  laws  of  motion  would  be 
obferved. 

3.  From  arguments  a pofteriori:  — Let 
a propofition  be  affumed  as  true  even 
without  evidence  of  any  kind ; if  by  ftriCl 
and  logical  reafoning,  various  conclufions 
are  deduced,  which  upon  examination  are 
found  confident  among  themfelves,  and 
with  experience,  this  will  be  a pre- 
fumptive  proof  in  favour  of  the  prin- 
ciple affumed;  and  our  affent  to  it  will 
be  the  more  ftrongly  enforced  in  propor- 
tion as  the  conclufions  inferred  and  the 
comparifon  of  them  with  experience  have 
been  more  extenfive.  From  the  Newto- 
nian axioms  affumed  as  true,  a fyftem  has 
been  deduced  and  compared  with  pheno- 
mena in  numberlefs  cafes:  it  has  been  ap- 
plied to  the  motion  of  the  planets  and  co- 
mets, to  that  of  bodies  on  the  earth’s  fur- 
face;  even  to  the  motion  of  thofe  minute 
particles  which  compofe  both  folid  and 
fluid  fubftances:  A perfect  agreement  be- 
tween thefe  coniequences  of  the  axioms'and 
matter  of  faCt  has  been  the  refult,  no  one 
inftance  excepted.  Thefe  and  other  fimilar 

ar- 
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arguments,  upon  the  whole  amounting 
to  evidence  fcarcely  inferior  to  mathema- 
tical demonftration,  are  the  grounds  oil 
which  the  laws  of  motion,  although  in- 
capable of  direct  proof,  are  received  as 
axioms,  from  which  the  various  theorems 
concerning  the  effects  of  forces  are  fyf- 
tematically  demonftrated. 

In  treating  of  mechanical  as  well  as 
other  lubjedts,  it  is  certainly  allowable  to 
defcribe  terms  by  any  form  of  words  that 
may  feem  belt  adapted  to  the  purpofe 
of  conveying  a diltindt  and  adequate  idea 
of  the  objedt  defcribed.  e The  meafure  of 
the  quantities  of  motion  impreffed  on 
bodies,  or  deftroyed  in  them,  may  be  de- 
fined by  the  joint  ratios  of  their  quanti- 
ties of  matter  and  velocities,  or  of  the 
quantities  of  matter  and  fquares  of  their 
velocities : but  as  definitions  affirm  no- 
thing, being  in  themfelves  incapable  of 
exprefling  truth  or  falfity,  if  either  of 
thefe  meafures  were  faid  to  be  right  ex- 
clufively  of  the  other,  this  would  be  only 
mifapplying  the  definition  by  converting 

it 

e The  definition  does  not  imply  the  defcription  of  any 
properties  of  motion,  but  only  of  the  meafure  of  its  quan- 
tity. By  the  ratio  of  the  quantities  of  motion  in  any  two 
moving  bodies,  is  defined  to  be  meant,  the  joint  ratios  of 
the  velocities  and  quantities  of  matter  contained  in  the 
bodies:  it  is  therefore  impoflible  to  miftake  what  is  meant 
by  the  expreffion,  quantity  of  motion,  according  to  this  de- 
fcription ; and  this  is  the  only  objctt  of  the  definition  : — 
the  fame  may  be  applied  to  any  other  definition  of  the 
moments  of  bodies. 
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’ 1 / 

it  into  an  affirmation  or  propofition. 
The  fame  objection  may  be  urged  againft 
many  arguments  which  have  been  brought 
both  from  theory  and  experiment  in  the 
way  of  proof,  in  order  to  eftablifh  one  of 
thefe  meafures,  or  controvert  the  other. 
The  following  are  of  this  kind,  and  when 
cleared  from  the  multitude  of  words 
which  controverfy  has  heaped  upon  them 
may  be  defcribed  thus.  Let  the  meafure 
Vz  P 

expreffed  fby—  x ~ be  affumed  as  that 

by  which  the  quantity  of  motion  is  de- 
fined : becaufe  the  total  effects  of  bodies 
in  motion  eftimated  by  the  refiftances 
which  they  overcome,  and  the  whole 
fpaces  defcribed  during  their  conftant  re- 
tardation jointly,  are  obferved  in  experi- 
ments 


f Whenever  any  meafure  of  the  quantity  of  motion  is 
mentioned,  it  implies  the  confideration  of  two  bodies,  the 
moments  of  which  are  compared:  let  the  two  bodies  be 
^_and  y,  and  their  refpedtive  velocities  V and  v:  then  the 
joint  ratios  of  their  quantities  of  matter  and  velocities 
will  be  V y i^to  v X q,  or  according  to  the  notation  ufed 


y 9 

in  fett.  ii.  — x — to  i.  In  the  following  pages  when 


V 

— X - is  mentioned  as  expreffing  the  quantities  of  bodies’ 
moments,  it  means  that  the  quantity  in  the  body  ^is  to 


that  in  q as  - x — to  i,  or  as  V y 5>to  <v  X q : a fimilar 

*v  q ^ 1 

conftrudlion  is  to  be  underftood  concerning  the  other  mea- 

r yz  ^ 
fure  — x - . 

■»*  q 


« 


Zz 


i Page  35. 
261. 

Seft.  VI r, 
Exp.  XII. 
t>age333- 
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y * 

ments  to  be  always  proportional  to  2 --  X 

- , or  in  other  expreffions,  becaufe 

Vz  / £ Af  S , . , F2  M 

— X — = — X -+,  either  — X - or  — 

v 2 q m s v 2 q m 

s 

X - was  concluded11  to  be  the  5 true  mea- 
s 

fure 


b The  notation  ufed  in  prop.  v.  and  vi.  fed.  iii.  is 
adopted  in  this  fedlion,  and  the  fignification  of  the  quan- 
tities is  the  fame  as  defcribcd  in  thofe  propofitions. 


h The  quantity  of  redtilinear  motion  any  how  eftimated 
is  referred  to  the  fame  diredlion:  two  equal  quantities  of 
motion  adting  in  oppofite  diredtions  exadtly  coun- 
teradl  each  other,  and  vice  verfa,  if  two  moments  adting 
in  contrary  diredtions  countcradt  each  other,  they  are  in- 
ferred to  be  equal.  It  is  needlefs  to  mention  cafes  of  ob- 
lique forces,  fince  nothing  is  gained  or  loft  in  a given  di- 
redtion  by  the  refolution  or  compofition  of  forces. 


1 A pradtical  inftance  or  two  in  which  both  meafures  of 
the  quantities  of  motion  are  applied,  may  be  here  inferted. 
1 .When  piles  are  driven  into  the  earth  by  the  percuflion  of 
heavy  bodies  impinging  on  them,  the  fpaces  they  defcribe 
at  each  impadt  of  the  weight  are  eftimated  from  the  the- 
ory of  Leibnitz,  &c.  thus.  Let  the  force  with  which  the 
earth  refills  the  entrance  of  the  piles,  be  to  the  weight  of 
the  impinging  body  as  m : M-,  and  let  the  fpace  through 
which  the  pile  is  driven,  be  to  the  fpace  through  which 
the  heavy  body  falls  as  S : s ; then,  as  the  whole  motion 
of  the  impinging  weight  is  deftroyed  by  refiftance  in  the 
oppofite  direction,  the  moments  of  both  are  equal  and  con- 
‘ , . , . V%  9 M S r 

trary  : in  the  equation  — r X — — — X — , fince  V*S>  — 
1 < v q m s ^ 

n)1  q by  the  prefent  cafe,  it  follows  that  M x S = m X s: 
that  is,  the  impinging  weight  multiplied  into  the  height 

from 


[ 363  ] 

fare  of  the  quantities  of  motion  de- 
ftroyed.  This  is  only  one  out  of  a many 
inftances  of  fimilar  experiments  made  on 
bodies  both  accelerated  and  retarded, 
which  have  been  brought  to  eftablifh  this 
meafure  of  momentum.  It  is  however 
evident,  that  nothing  is  proved  by  thefe  ex- 
periments, except  the  truth  of  the  mecha- 
nical propofition  exprefled  in  the  equation 
Vz  QMS 

— x — = — x § which,  without  any  I ®eDadfr* 
*vz  q m s '*  J Pf0p-  VI« 

reference  to  experiments,  is  deduced 

from  the  laws  of  motion. 

Exactly  in  the  fame  manner  experi- 

V G)  M T * sea. vn. 

ments  (hew,  that*-  x — = — x -,  from  vn'&vin 

v q m t vu,&VAli* 

which 

from  which  it  falls,  is  equal  to  the  refinance  exerted  againfi 
the  pile’s  entrance,  multiplied  into  the  fpace  to  which  it 
is  driven.  This,  it  is  evident,  holds  true,  whatever  be 
the  refinance  which  is  oppofed  to  the  pile,  becaufe  while 
it  moves  through  a fmall  fpace  the  refinance  is  connant, 
and  its  proportion  to  the  impinging  weight  muff  be  al- 
ways expreffed  in  the  rule  by  the  ratio  ?n  : M.  •» 

2.  Let  two  boats  of  different  weights  be  connected  toge- 
ther by  a line,  and  let  the  line  be  ftretched  by  pulling  the 
larger  veffel  toward  the  fmaller,  or  the  fmaller  toward  the 

y 0 M T 

larger;  applying  the  equation  - x - — — X M — ,„, 

‘v  q m t 

becaufe  the  tenfion  of  the  rope  a£ls  equally  on  each  body: 
and  T~t,  becaufe  they  begin  and  continue  to  move  to- 
gether; wherefore,  becaufe  MT  - m t,  it  follows,  that 
^x  kL—  x ?>  °r  the  velocities  of  the  two  boats  at 
any  given  inftant,  will  be  in  the  inverfe  proportion  of 
their  quantities  of  matter,  the  refinance  of  the  water  nof 
being  confidered. 


Z Z 2 
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which  it  may  with  equal  reafon  be  con- 

V 9 M T 

eluded,  that  either  - x — or  — x - is 

v q m t 

the  true  meafure  of  the  quantities  of  mo- 
tion in  bodies. 

Thefe  arguments,  however  inconclufive 
in  themfelves  k,  being  extended  and  di- 
verfified,  gave  rife  to  others  lefs  ambi- 
guous : whatever  difference  of  opinion 
might  fubfift  concerning  the  meafures  in 
queftion,  it  was  agreed  univerfally,  that 
the  quantity  of  motion,  if  meafurable  at 
all,  fhould  be  proportional  to  the  caufes 
by  which  it  was  generated,  or  to  the  ef- 
fects produced  by  it,  efti mated  according 
to  the  fame  meafure;  and  that  a conftant 
equality  between  the  quantity  of  motion, 
before  and  after  its  communication, 
fhould  be  preferved  in  bodies  of  every 
kind  and  any  how  moved. 

This  principle  applied  to  the  ! meafure 

which 


k The  experiments  firit  made  on  the  effe&s  of  percuflion 
ofl  foft  bodies,  &c.  in  order  to  prove  the  truth  ot  the  mea- 

fureof  momentum  expreffed  by  — X -^werc  prior  in  time 

to  Bernoulli’s  theory  denominated  Confervatio  virium  vi- 
varum. 

1 Bernoulli  termed  this  principle  virium  vivarum  con- 

y-  g 

fervatio  when  applied  to  the  meafure  — x — only:  but 

•v  q J 

motus  being  the  word  ufed  to  imply  quantity  of  motion 
in  general,  confervatio  motus  will  exprefs  the  application 
of  the  fame  principle,  to  the  motion  of  bodies  eliimated  as 
to  quantity  by  either  of  the  meafures. 
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which  eftimates  the  motion  of  bodies  by 
their  quantities  of  matter  into  the  fquares 
of  their  velocities,  Bernoulli  denominat- 
ed virium  vivarum  confervatio,  imagining 
any  given  moment  thus  meafured  to  be 
univerfally  permanent  and  immutable  in 
quantity  : f “ Hinc  patet  vim  vivam  effe  toi?ni.ulli’ 
“ aliquid  reale  et  fubflantiale  quod  per  Notice 
“ fe  fubfiftit,  &c.  - — unde  concludimus  vU 
“ quamlibet  vim  vivam  habere  fuam  de- 
tc  terminatam  quantitatem  de  qua  nihil 
“ perire  poteft  quod  non  in  effedtu  edito 
tc  reperiatur.” 

Perceiving  his  principle  to  obtain  in 
feveral  inftances,  he  too  haftily  concluded 
it  to  be  univerfal;  and,  as  is  well  known, 
by  reafoning  from  it  m fyftematically,  was 
led  into  miftakes  and  inconfiftences,  which 
he  chofe  to  mi  fern  ploy  his  ingenuity 
in  defending,  rather  than  forego  a pre- 
conceived theory.  If  indeed  the  nature 
of  motion  were  fuch,  that  a given 
quantity  of  it,  any  how  eftimated  re- 
mained in  all  cafes  permanent,  fuffer- 
ing  neither  augmentation  nor  diminution 
in  its  communication,  this  immutable 
quality  would  in  itfelf  conftitute  the 
reality  and  truth  of  the  meafure  thus 

ap- 

. m fome  *cafes  he  refers  the  effefts  of  forces  to  direc-  * cifcours 
tions  different  from  thofe  in  which  the  forces  were  im-  fur  le 
prefTed,  and  thence  deduces  concluftons  favourable  to  his  MRUVe' 
theory,  but  as  is  well  known  contrary  to  ihe  laws  of  mo-  voMII. 
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applied  i but  not  exclufively  of  other 
meafures  with  which  (if  poflible)  the  ge- 
neral principle  “ confervatio  motus”  were 
confiftent. 

To  confider  this  more  particularly,  let 
either  of  the  meafures,  that  of  Bernoulli 
for  example,  be  aflumed.  It  is  plain, 
that  unlefs  the  permanency  in  a given 
quantity  of  motion  thus  exprefted,  were 
demonftrated  in  all  kinds  of  bodies  any 
how  put  in  motion,  or  unlefs  the  truth  of 
this  principle  were  collected  by  induction 
fufficiently  extenfive,  and  contradicted  in 
no  one  inftance,  it  Ihould  rather  be  ac- 
counted an  individual  property  of  mo- 
tion, than  a general  law:  but  to  give  the 
argument  its  due  force,  let  it  be  fuppofed 
that  the  “ confervatio  motus”  eftimated  by 


V*  9 

— X - * obtained  in  general,  without 
vz  q 

limitation  or  exception ; Hill  if  the  fame 
univerfality  could  be  proved  to  belong  to 
the  permanency  of  motion  as  exprelfed 
V 9 

by  — X there  feems  no  reafon  for  af- 
J v q 

fuming  one  of  them  as  the  true  meafure  of 
the  moments  of  bodies  in  motion  rather 
than  the  other.  But  the  truth  is,  the  prin- 
ciple obtains  not  according  to  either  of  the 
meafures,  except  in  particular  cafes,  which 
may  be  demonftrated  as  the  other  proper- 
ties 
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ties  of  forces  are  from  the  general  laws 
or  axioms. 

In  the  re&ilinear  motion  of  bodies,  ac- 
celerated from  quiefcence  or  retarded 
until  they  are  at  reft,  the  permanency  of 
any  given  quantity  of  f motion  is  demon- tse^ni. 
ftrated  from  the  axioms,  whether  that  and  vii.‘ 
motion  be  eftimated  by  one  meafure  or 
by  the  other. 

In  bodies  which  revolve  round  fixed 
axes,  the  principle  obtains  without  ex- 
ception when  the  moment  is  meafured  by 
the  quantity  of  ||  matter  into  the  fquare  of  n sea.vr. 
the  velocity,  but  fails  when  meafured  byPlDp‘ 
the  quantity  of  "matter  into  the  velocity; 
a given  quantity  of  motion  thus  eftimat- 
ed being  alterable  in  any  afligned  ratio. 

In 

n This  may  be  deduced  from  #Cor.  7.  Prop.  16.  If  it 
were  true  that  a given  quantity  of  motion,  eftimated  by  * Sea.  VI. 
V 9 

the  meafure  — X — , is  permanent,  it  would  follow  that 

<v  q 

any  force  p acting  for  a given  time  t,  mud  produce  fuch 
a velocity  in  a revolving  fyftem,  that  the  fum  of  the 
produfts  formed  by  multiplying  each  particle  into  its  ve- 
locity, lhall  be  the  fame  as  the  body  p multiplied  into  the 
velocity  which  it  would  acquire  in  falling  freely  by  its 
gravity  during  the  time  t : but  the  contrary  is  eafily  Ihewn. 

Let  the  whole  mafs  in  the  fyftem  ABC  be  collected  into 

R:  then  the  notation  of  Jprop.xvi.  remaining,  the  velocity  +'5'^  yji 

generated  in  R in  the  time  t — - , which  being  mul-  7’ 

wo  r 

tiplied  into  the  mafs  wo  will  give  - for  the  produft 

under  the  quantity  of  matter  and  into  its  velocity:  but 
the  velocity  generated  in p when  it  falls  freely  for  / feconds 

— 2 which  being  multiplied  into  p gives  2 Itp  for  ^ gedl.  vi, 
t e produdt  of  the  mafs  into  the  velocity  acquired,  which  Wop.  li- 
lt is  plain  may  differ  from  the  former  in  any  ratio. 
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In  the  communication  of  motion  to  bo- 
dies by  collifion,  when  the  direction  of 
the  ftroke  paffes  through  the  centres  of 
gravity,  the  principle  in  queftion  holds 

V 

univerfally  according  to  the  meafure  — X 


6) 

— , but  fails  when  the  moments  are  efti- 
V*  9 

mated  by  ^7  X - in  every  cafe,  except 

when  both  bodies  are  perfe£tly  elaftic,  or 
one  perfectly  elaftic  and  the  other  perfect* 
ly  hard. 

Laftly0,  when  motion  is  communicated 
to  bodies  by  impa£t,  the  direction  of 
1 which 


o This  is  an  argument  againft  the  permanency  of  a 
given  quantity  of  motion  according  to  any  meafure  : if 
a body  A impinge  dirertly  with  the  velocity  V on  a 
quiefcent  body  or  fyftem  of  bodies  B,  in  the  direction  of 
a line  which  joins  their  centres  of  gravity,  and  the  bodies 
fhould  be  nonelaftic,  the  whole  mafs  will  go  on  after  the 


impart  with  the  velocity 


the  common  velo- 


, or  if  the  inertia  of  A be 

A + B 

incomparably  fmaller  than  that  of  B, 

city  will  be  If  the  impart  be  ftill  perpendicular  to 

the  plane  which  it  ftrikes,  although  the  direftionof  it  pafTes 
not  through  the  centres  of  gravity,  the  velocity  of  the 

centre  of  gravity  will  be  the  fame  as  before,  i.  e.  — , and 

at  the  fame  time  the  fyftem  will  revolve  round  that  cen- 
tre with  different  degrees  of  angular  velocity,  according 
as  the  direction  of  the  impart  paffed  nearer  to  the  centre 
c rovlrv  nr  farther  from  it, as  lsdemonftrated  in  fert.x.  of 
“hi!  book - it  is  alfo  deduced  from  different  princplos  .» 
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which  paffes  not  through  the  centres  of 
gravity,  the  quantity  of  motion  commu- 
nicated, whether  eftimated  by  one  mea* 
fure  or  the  other,  preferves  neither  equa^ 
lity  nor  any  conftant  proportion  to  the 
quantity  of  motion  imprefled:  thefe  coit- 
fiderations  make  it  evident,  that  from  the 
fundamental  properties  of  forces  as  ex- 
prefled  in  the  general  laws  or  axioms, 
which  are  controverted  by  no  one,  any 
given  quantity  of  a body’s  motion,  as 
meafured  by  the  fum  of  the  produces 
formed  by  multiplying  each  particle  into 
the  velocity,  or  into  the  fquare  of  the  ve- 
locity, 

a very  ingenious  * paper  on  the  fubjeftof  rotation  by  the  * Ph!Iof. 
Rev.  Mr.  Vince  of  the  univerfity  of  Cambridge,  to  whom  p, {°fQ, 

the  prize  medal  of  Sir  G.  Copley,  for  the  year  1780,  was  ’ 
adjudged  by  the  prefident  and  council  of  the  Royal  So- 
ciety. 

When  bodies  revolve  round  a progreflive  axis  of  mo- 
tion, palling  through  the  center  Of  gravity,  the  fum  of 
the  moments,  if  they  were  eftimated  in  a given  dire&ion, 
as  far  as  regards  the  rotation,  would  be  — o.  This  would 
alfo  be  true  when  the  axis  is  fixed ; by  which  method  of 
reafoning,  the  moment  of  every  body  revolving  round  a 
fixed  axis, which  pafles  through  the  centre  of  gravity  would 
fee  nothing  ; whereas  according  to  any  fuppofed  meafure 
the  quantities  of  motion  imprefled  on  revolving  bodies! 
are  not  only  finite,  but  are  in  aflignable  proportions  to  each 
other : this  being  granted,  when  any  quantity  of  matter 
revolves  in  free  fpace,  by  the  impulfe  of  a body  imping- 
ing on  it  with  a given  velocity,  the  quantity  of  motion  in 
the  impinging  body  remaining  the  fame,  any  different 
quantities  of  motion  may  be  produced  in  the  body  ftruck 
according  as  the  impaft  is  made  nearer  to  the  centre  of 
gravity,  or  further  from  it  j a conclufion  which  is  con- 
ftmf  t0  ^ ^yp0t^e^3  op  moment  according  to  any  mea- 

3 A 
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locity,  is  not  of  that  permanent  and  im- 
mutable nature,  which  if  really  exifting, 
would  be  the  only  ground  on  which  any 
meafure  of  fuch  quantity  could  be  efta- 
blifhed.  This  being  the  cafe,  all  contro- 
verfy  concerning  which  of  the  expreflions, 
V1  & . V 9 

i.  e.  that  of  — x -,  or  — x - is  the  true 
v q v q 

meafure  of  the  quantities  of  motion  in 
bodies,  muft  be  regarded  as  verbal,  i.e. 
a difpute  about  a term  or  definition,  ex- 
cept only  as  far  as  relates  to  the  afiumed 
principle,  denominated  * “ confervatio 
motus,”  which  implies  the  quality  of  the 
fums  of  produdts  formed  by  multiplying 
each  particle  of  a body  into  fome  power 
of  its  velocity:  this  being  a diftindl  pro- 
pofition  admits  of  fuch  examination  as  is 
neceflary  to  confirm  or  difprove  it. 

It  follows  from  what  has  preceded, 
that  the  permanency  of  motion,  during 
its  communication,  fhould  not  be  ap- 
plied in  the  demonftration  of  mecha- 
nical propofitions,  becaufe  in  fyftematic 
reafoning,  no  propofition  is  to  be  aflum- 
ed  as  true,  except  the  axioms  or  fun- 
damental laws,  and  fuch  as  have  been 
regularly  inferred  from  them.  Thus 
in  demonftrating  the  laws  of  collifion, 
the  equality  of  moments  before  and  after 
the  ftroke,  as  eftimated  by  any  meafure, 

fhould 
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fhould  not  be  afiumed  as  a ftep  in  the 
demonftratiorr,  becaufe  nothing  is  menti- 
oned concerning  the  equality  of  thefe  mo- 
ments in  the  laws  of  motion:  the  equa- 
lity of  moments  according  to  the  meafure 
V 9 

- X — can  indeed  be  deduced  from  the 
v q 

axioms,  which  deduction  is  the  fame  as 
the  demonftration  of  the  laws  of  colli- 
fion. 

Let  A and  B be  the  centres  of  gravity 
of  two  bodies  moving  in  free  fpace,  and 
let  A be  fuppofed  to  ad  on  B in  the  di- 
rection BD  with  any  kind  of  force  va- 
riable in  any  manner;  then  will  B read 
on  A in  the  diredion  AC  with  equal 
force;  and  if  the  time  in  which  the  ef- 
feds  of  thefe  forces  are  produced,  be  af- 
fumed  evanefcent,  the  force  will  for  that 
inftant  be  conftant.  In  the  corollarv  to 
prop.  I.  fed.  hi.  it  appears,  that  in  any 
given  particle  of  time,  the  variation  of 
velocity  generated  in  that  time  will  be  al- 
ways proportional  to  the  accelerating- 
force,  that  is,  to  the  moving  force  di- 
redly,  and  quantity  of  matter  inverfely ; 
or,  in  the  prefent  cafe,  fince  the  force 
with  which  A impels  B is  equal  to  that 
with  which  B reads  on  A , the  velocities 
generated  in  thefe  bodies  during  the  fame 
time,  will  be  inverfely  as  the  quantities  of 
matter  contained  in  them : any  velocity 
3 A 2 ge- 


Fig. 

LXXVII. 


III.  Law  of 
motion. 
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generated  in  A in  the  direction  AC  being 
confidered  as  a decrement  of  its  velocity 
referred  to  the  direction  AD. 

When  a fphere  A impinges  diredily 
on  any  other  fphere  B}  moving  in  the 
fame  diredtion,  the  acceleration  of  B 
and  retardation  of  A will  be  effected  gra- 
dually during  the  time  in  which  the  fi- 
gures of  the  two  bodies  are  changed  by 
the  impadt;  while  therefore  the  centre  of 
A moves  with  a velocity  greater  than  that 
of  B,  fo  long  will  B continue  to  gain  and 
A to  lofe  motion,  until  the  change  of 
their  figures  is  the  greateft,  the  centres 
being  then  neareft  to  each  other;  at  this 
inftant  they  will  begin  to  go  on  with  the 
fame  velocity,  in  bodies  of  every  kind  of 
texture.  If  the  bodies  be  fuch  as  poffefs 
a power  of  reftoring  the  figures  which 
have  been  thus  changed,  this  power 
in,  Law  of  alfo  will  act  equally  on  each  body  in 
motion,  contrary  diredtions,  for  the  fame  time,  and 
will  create  the  greater  augmentation  of 
if s motion,  and  the  greater  diminution  of 
A'Sy  according  to  the  proportion  of  the 
reftitutive  power  to  that  whereby  the  bo- 
dies refitted  the  force  which  effedted  the 
change  of  their  figures:  this  reftitutive 
power  in  bodies  perfedt Iy  void  of  elafticity 
being  nothing.  Suppofe  the  bodies  A and 
B to  be  of  this  fort,  and  to  move  before 
the  impadt  with  the  velocities  a and  b : 
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let  the  time  in  which  the  change  of  fi- 
gure  is  effedted  be  divided  into  innume- 
rable inftants.  Suppofe  during  the  firft 
of  thefe  inftants,  that  is,  at  the  firft  con- 
tain between  A and  B , A lofes  any  fmall 
part  of  its  velocity  reprefented  by  />,  and 
during  the  fame  inftant  that  B gains  ail 
increment  of  velocity  reprefented  by  u-}  in 
the  next  inftant  let  q be  the  lofs  of  A’s 
velocity,  and  w the  gain  of  B's,  and  fo  on 
during  innumerable  inftants,  let  p,  q,  r , s , 

&c.  be  the  fucceffive  values  of  the  lofs  of 
A’s  velocity,  and  u , w,  t , z , &c.  the  co- 
temporary increments  of  the  velocity  of 
B : becaufe  each  of  thefe  inftants  is  eva- 
nefcent,  the  force  which  urges  the  two 
bodies  in  contrary  directions  will  be  con- 
ftant  in  any  given  inftant,  and  adting  for 
the  fame  time  will  generate  increments  or 
decrements  of  velocity  which  are  inverfely 
proportional  to  the  ^'quantities  of  matter # Page  371. 
contained  in  A and  B y for  this  reafon 
in  the  firft  inftant  we  fhall  have  p'.uw 
B : A i moreover  in  the  fecond  inftant 
q : w ::  B : A,  and  fo  on:  f wherefore |fgd^ 
P + q + r s}  &c. : u -f-  w + t -f-  z,  &c.  Prop.xu. 
as  B :A,  and  if  x ~p-\-  q -hr  -hs,  &c. 
repreients  the  whole  lofs  of  A’s  velocity, 
andy  ==  u -f-  w 4- 1 -f-  z,  &c.  the  total  in- 
creafe  in  that  of  5,  the  proportion  will  be 
as  x:y::B:A:  but  when  x = the  whole 
ium  of  p 4-  q 4-  r 4-  5,  &c.  and  y = the 

other 
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other  correfponding  fum,  the  bodies  be- 
gin to  move  with  a common  velocity,  and 
fince  a and  b were  the  refpedtive  velocities 
before  the  impa6t,  it  will  follow  that  af- 
ter the  impadt  a — x=-b-\-y,  or  x ~i-y 

By  By  -+-  Ay 

fi  PaEe  373*  = cl  ■*—  bi  that  is,  fince||  x = ^ 


1 


a — bY>A  - . , . 

~a—b,  and  y = ~ willch  Slves 

this  analogy,  as  A 4-  B : A ::  a : — b : to 
— the  velocity  gained  by  5 : if  therefore 

we  add  to  the  01'iginal  velo_ 

city  of  B which  was  b,  the  fum  will  be  the 

Aa  — Ab 

velocity  of  B after  the  ftroke  — A + 


Aa+  Bb 

-*-b=  ~a+~b~’ 


or  the  common  velo 


city,  with  which  the  two  bodies  begin  to 
move  when  their  change  of  figure  is  the 
greateft,  whatever  be  their  texture. 

A a -f-  Bb 

Cor.  Multiply  -yd^BT  the  c?mmori 


velocity  by  the  fum  of  the  bodies : the 
produdt  will  be  = A a + Bb,  which  is 
the  fame  as  the  fum  of  the  produdts  of 
each  body  into  its  refpedtive  velocity  be- 
fore the  ftroke. 

When  the  bodies  are  poflefled  of  a 
power  by  which  they  endeavour  to  reftore 
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the  change  of  figure  effefted  by  the  im- 
pa£t,  this  power  may  aft  with  different 
degrees  of  intenfity,  and  for  different  times 
according  to  the  textures  of  the  bodies  : 
but  the  time  of  its  aftion,  whatever  be  the 
quantity  of  it,  may  be  divided  into  innu- 
merable inftants,  correfponding  to  thofe 
into  which  the  time  of  effefting  the  great- 
eft  change  was  divided.  Now  fuppofe  the 
reftitutive  power  fuch  as  will  generate 
in  the  body  ftruck,  during  any  inftant,  a 
velocity  which  is  to  the  velocity  before 
generated, while  the  figures  were  changing 
in  the  correfponding  inftant,  as  m to  i : 
m being  affumed  as  a meafure  of  the  ela- 
ftic  force : then  during  the  fucceftive  in- 
ftants in  which  the  changed  figures  are 
reftored,  the  diminution  of  A’ s velocity 
will  be  m x p-\-q-\-r-±-sy  &c.  — mx,  and 
m x u-hiv  1 z,  &c.  = my  the  cotem- 
porary increafe  of  jB’s  velocity:  and  fince 
before  the  elaftic  power  took  place  A’s 
velocity  was  a — x,  and  B’s  = b-t-y,  af- 
ter that  power  has  ceafed  to  aft  A' s velo- 
city muft  be  = a — x — mx,  and  B’s  ve- 


locity = b-\ -y+my,  or  if  //z-f-i  be  put  = n 
the  velocity  oLtf  after  the  impaft  will  be  a — 

?ix,  and  that  of  B = b-{-ny>  but  x + 1 Pase  3 


m general  j this  will  give  the  velocity  of 
of  A after  the  ftroke  = — and 

the  velocity  of  B — b ny.  ♦ 


Cor. 
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Cor.  Multiply  each  body  after  the  ftroke? 
into  its  refpedtive  velocity,  the  produces 
will  be  A a — Bny  -f - Bb-\-  Bny , the  fum 
of  which  is  Aa-\-Bb , the  fame  as  the  fum 
oftheprodudts  formed  by  multiplyingeach 
body  into  its  velocity  before  the  ftroke: 
if  therefore  the  quantity  of  motion  be  de- 
fined by  the  fum  of  thefe  produdts,  it  will 
follow,  that  in  the  collifion  of  all  kinds 
of  bodies,  the  quantity  of  motion  is  not 
altered  by  the  effects  of  the  impadt. 

If  the  elaftic  power  be  equal  to  that 
which  refifts  the  change  of  figure,  m will 
be  = i , and  m -f- 1 = n — 2 j in  this  cafe 
therefore  A’s  velocity  after  the  impadt 
will  be  a — 2„y,  that  of  B = b -f-  2y  j 
t Page  374-  and  J becaufe  a:  +y  = a — b,  by  fubftitu- 
tion,  the  difference  of  the  velocities  after 
the  ftroke  will  be  = tf  — b — 2^+2^ 
— b — tf,  the  fame  as  the  difference  of 
velocities  before  the  ftroke,  only  negative 
in  refpedt  of  it.  From  hence  follows  the 
propofition  fo  much  infifted.  on  by  Ber- 
noulli i;  that  in  the  impadt  of  perfedtly 
elaftic  bodies,  the  fum  of  the  products 
formed  by  multiplying  each  body  into 
the  fquare  of  its  velocity  is  not  altered 
by  the  impadt. 

His  demonltration  is  this : The  other 
notation  remaining,  let  p be  the  velocity 
, Suprn>  of  A and  q that  of  B after  the  ltrokej 
* d”  coiirs  them  fmce  by  what  has  -f-  preceded  A a -f- 
Mouve.  Bb  = Ap  + Bq>  or  *Aa  — Ap  = Bq  — 

motif  ■*  n / 
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Bb , *and  a — b=q  — p,  or«  + ^=,%„ 
q-\-b:  by  multiplying  — Ap  into  a -4- 
p,  and  Bq  — Bb  intoy-f-^,  we  have  Aaz 
— Aap  -f-  Aap  — Apz  = Bqz  — B qb 
-j-  Bqb  — Blr,  or  Ad1  -f-  B b2  = Ap 3 

By2,  which  is  the  equality  affirmed:  a 
geometrical  demonftration  is  given  of  the 
fame  proportion  by  Maclaurin  -f*.  sirjIiTew*. 

From  the  Jlaws  of  collifion  it  appears, 
that  the  quantity  of  motion  as  meafuredchaP-IV- 
by  the  fum  of  the  products  expreffed  by  * Psse  37<5* 
F X is  not  altered  by  the  collifion  of 
bodies  of  any  kind : but  the  equality  of 
the  quantities  of  motion,  before  and  after 
the  impa£t,  according  to  the  meafure  ex- 
prefled  by  Vz  X obtains  only  in  thofe 
bodies  which  are  perfe&ly  elaftic. 

It  is  extraordinary  that  Bernoulli 
ffiould  infill  upon  the  demonftration  of 
this  particular  property  of  perfectly  ela- 
ftic  bodies,  in  order  to  confirm  an  hypo- 
thefis  which  he  aflumed  as  a general  Jaw 
of  motion,  and  confequently  ought  to 
extend  to  bodies  of  every  kind  j had  his 
procels  been  inverted,  more  general  con- 
clufions  would  have  been  the  refill t.  In- 
ftead  of  demonftrating  the  equality  of  the 
fums  of  the  products  formed  by  multi- 
plying each  particle  into  the  fquare  of 
its  velocity  before  and  after  the  impact, 
on  a luppofition  that  the  elaftic  force 
is  equal  to  that  which  refills  the  change 

3 B of 
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of  figure,  it  may  be  more  expedient  to  in- 
quire, having  given  the  fums  of  the  pro- 
du£ls  exprefted  by  the  mafs  multiplied  in- 
to any  power  of  the  velocity  as  Vn,  what 
muft  be  the  elaftic  force,  in  order  that 
the  fums  of  the  produdls,  before  and  af- 
ter the  ftroke,  fhall  be  equal.  Let  the 
notation  ufed  above  be  refumed  j then 
if  u be  put  to  denote  the  reftitutive  power 
when  i is  that  which  refills  the  change  of 
figure,  and  let  i 4-  u = s,  we  {hall  have 
the  velocity  of  A after  the  ftroke  — a — 
By 

i rage  373*  s x,  o i*  fince  %x  = , the  velocity  of  A — 


B sy  * 

a — —j-,  and  that  of  B =■  b 4-  sy,  and  the 

fum  of  the  produ&s  formed  by  multiplying 
each  mafs  into  the  72th  power  of  its  velo- 
city after  the  ftroke  will  be  — - a-  Sy- 


4-  B'Ab-ysy,  which  by  the  problem  is 
equal  to  A a"  -+-  B bn : by  folving  the 

equation  ■ — -h  B X b + sy  =Aat 

4-  Bbn , the  value  of  s will  give  that  of  u , 
or  the  reftitutive  power  fought.  Suppofe 
for  example,  it  were  required  to  affign  u 
when  the  fums  of  the  produdls  formed  by 
multiplying  the  mafs  into  the  lquare  of  the 
velocity  are  equal  before  and  after  the  im- 
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pa£t : here  n = 2,  which  being  fubftituted, 

the  equation  will  become  A'ct — 2 AB  a sy 

4-  j 3%s*y*  4-  A Bb1  zBAbsy  4-  ABszy* 

= A1  a*  4-  BA  b\  or  r X A By1 4-  Bxyx  — - 

s X 2 ABy  X a — b ==  o,  or  fince  y = 

a — by  A . ...  , 

~ — > the  equation  will  be  1 X 


A-{-  BXa  — b%  A 


= 2A  X a — by  and 


A-±-B 

s = 2j  wherefore  u = j — 1 = 15  that  is, 
the  force  of  elafticity  mull  be  equal  to 
that  which  refills  the  change  of  figure. 
Suppofe  n = 3,  or,  let  it  be  required  to 
affign  the  elaftic  force,  fo  that  the  fums 
of  the  produtts  under  the  mafs  and  cube 
of  the  velocity  fhall  be  equal  before  and 
after  the  impaft:  in  the  general  equation 

Aa  — Bsy 


An~ 


-+-Byb-t-sy==  Aan  4-  Bb\ 


• r A%  a — b 

fubllitute  3 for  »,  and  - ^ + p fory;  the 

•11  1 1 . s/  3^ d -h-  2^4 b 

equation  will  become  j*4-  r X ■-=:  - — ^== 

1 A-Bya-b 

3^4-3-SX  a-\-b  r . . , . 

— — ■ J= — =p~,  from  which  s is  eafi- 

A — By.  a — b 

ly  obtained.  It  is  manifell  here,  that  the 
elaftic  power  to  fatisfy  the  conditions  of 
the  problem,  will  depend  on  the  quantities 
of  matter  of  the  bodies,  and  on  the  rela- 
3 B 2 tive 
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V 

tive  velocities  before  the  ftroke  : if  ^ = o, 
that  is,  if  the  body  flruck  fhould  be  qui- 
efcent  before  the  impact,*  will  be  found  = 

r 9 & , 3 ^ 

*A^B'+  A—B  “2x^’ 
in  which  cafe  it  appears,  that  the  quantity 
of  elafticity  neceffary  to  fatisfy  the  con- 
ditions of  the  problem,  will  now  not  at 
all  depend  on  the  velocity  of  the  imping- 
ing body,  but  on  the  mafs  in  the  bodies 
only:  if  A — 2 and  B — i,  * will  be  = 
1.85410,  and  the  reftitutive  force  u = s 
— 1 = .85410;  according  therefore  to 
the  conditions  mentioned  above,  if  the 
force  whereby  the  fpheres  A and  B reftore 
the  change  of  figure  be  to  the  force 
which  refilled  that  change  in  the  propor- 
tion of  .85410  to  1 ; the  Turns  of  the  pro- 
dudts  of  each  particle  into  the  cube  of  its 
velocity,  before  and  after  the  impadl, 
will  be  equal:  fo  that  if  the  quantities 
of  motion  in  bodies  were  defined  to  be 
meafured  by  the  mafs  into  the  cube  of 
the  velocity,  the  Turn  of  the  moments  be- 
fore and  after  the  impadt  would  be  equal 
in  this  particular  cafe. 

It  is  not  probable  that  the  theory 
of  motion,  however  inconteflable  its 
principles  may  be,  can  afford  much  a f- 
fiftance  to  the  practical  mechanic;  and 
there  appears  as  little  reafon  to  imagine 

that 


1 
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that  any  errors  or  mifconceptions  which 
may  have  been  propagated  concerning  the 
effects  of  forces  confidered  in  a theoreti- 
cal view,  have  at  all  impeded  the  due 
conftrudtion  of  ufeful  machines,  fuch  as 
are  impelled  by  the  force  of  wind  or  wa- 
ter, by  fprings,  or  any  other  kind  of  mo- 
tive power.  Machines  of  this  fort,  owe 
their  origin  and  improvement  to  other 
fources : it  is  from  long  experience  of  re- 
peated trials,  errors,  deliberations,  cor- 
relations, continued  throughout  the  lives 
of  individuals,  and  by  fucceflive  genera- 
tions of  them,  that  the  fciences  ftriftly 
called  practical,  derive  their  gradual  ad- 
vancement from  feeble  and  aukward  be- 
ginnings, to  their  mod:  perfect  Hate  of 
excellence. 

Thofe  however,  who  are  the  mod:  con- 
verfant  in  the  conftrudtion  of  machines, 
and  to  whom  the  manner  of  their  opera- 
tion is  mod:  familiar,  will  naturally  be 
inclined  to  inquire  into  the  reafons  or 
caufes  of  motions  thus  obferved,  and  to 
compare  them  with  the  rules  which  are 
deduced  from  the  general  and  undifputed 
principles  of  mechanics ; but  it  is  to  be 
apprehended,  that  the  obftacles  which  are 
occafioned  by  friction,  tenacity,  the  irre- 
gular a6tion  of  the  impelling  force,  and 
of  the  refidances,  which  fcarcely  admit  of 
precife  eftimation,  mud:  greatly  obftrudt, 
0 if 


[ 3g2  ] 

if  not  wholly  prevent,  a fatisfadtory  and 
accurate  comparifon  of  the  theory  with 
practice,  in  any  ordinary  way  of  confider- 
ing  the  fubjedt.  Thefe  difficulties  will 
appear  to  be  greater,  from  confidering, 
that  the  motion  of  machines  which  are 
impelled  by  wind  or  by  water  is  uniform 
(fetting  afide  the  irregularities  of  the 
moving  power,  &c.  which  affedl  not  the 
prefent  argument)  from  whence  it  is 
known  that  in  thefe  machines,  when 
there  is  no  weight  which  adts  againft  the 
moving  force,  the  refiftance  of  fridtion 
muft  be  equal  to  the  whole  moving  pow- 
er, whereas  in  the  theory  of  mechanics, 
fridtion  is  confidered  as  having  no  effect. 

Mr.  Smeaton  in  his  paper  on  mecha- 
nic power  (publifhed  in  the  Philofophical 
Tranfadtions  for  the  year  1776)  allows, 
that  the  theory  ufually  given,  will  not 
correfpond  with  matter  of  fadt,  when 
compared  with  the  motion  of  machines, 
and  feems  to  attribute  this  difagreement 
rather  to  fome  deficiency  in  the  theory, 
than  to  the  obftacles  which  have  prevent- 
ed the  application  of  it,  to  the  compli- 
cated motion  of  engines,  &c.  In  order 
to  fatisfy  himfelf,  concerning  the  reafons 
of  this  difagreement,  he  conftrudted  a fet 
of  experiments,  which,  from  the  known 
abilities  and  ingenuity  of  the  author, 
certainly  defer ve  great  confideration  and 

atten- 


\ 
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attention  from  every  one,  who  is  inter- 
efted  in  thefe  inquiries  : and  if  any  doubt 
could  be  entertained  concerning  the  truth 
of  the  theory,  as  deduced  from  the  New- 
tonian laws  of  motion,  thefe  experiments, 
among  others,  might  be  affumed  as 
ftandards,  to  which  its  examination  might 
be  referred : but  as  it  muft  be  confeffed, 
that  the  evidence  upon  which  the  cer- 
tainty of  this  theory  refls,  is  fcarcely  lefs 
than  mathematical,  it  will  be  more  eli- 
gible to  refer  mechanical  experiments 
of  every  kind  to  the  theory,  as  a means 
of  difcovering  how  far,  the  unavoidable 
imperfedtions  of  conftrudtion  and  obfer- 
vation,  the  refi  fiance  of  fridtion,  &c.  may 
have  caufed  them  to  deviate  from  the  truth. 

The  ingenious  author  himfelf,  has  afforded 
us  fufhcient  means  for  this  purpofe,  by 
giving  the  exact  weights  and  dimen fions  of 
the  parts  of  his  inflrument  j the  outline 
of  which  is  reprefented  in  figure  88  : this 
fyftem  is  caufed  to  turn  round  a vertical 
axis,  by  the  adtion  of  a weight,  placed  in 
the  fcale  S,  which  is  fufpended  from  a line 
that  goes  Jover  the  pully  R,  and  is  wound  £r2°(for 
round  the  barrel  M or  N,  the  radii  of  *776. 
which  are  as  two  to  one ; when  the  firing  P 46G' 
is  wound  round  the  ||  barrel  AT,  during  the  ||  Page  46k 
defcent  of  the  fcale  25.25  inches,  the  fyf- 
tem makes  10  revolutions,  by  which  it 
appears,  that  the  circumference  of  the 

barrel 
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barrel  N=  25.25  inches,  and  confequent- 
ly  the  radius  = .401866,  and  the  radius 
of  the  barrel  ? M = .803732  parts  of  an 
inch : let  the  radius  of  the  barrel  M (or  of 
the  other  when  it  is  ufed)  —d  \ the  weight 
of  the  whole  fyftem  is  103.53  oz.  avoir- 
dupoize,  let  this  = w:  the  diftance  of  the 
centre  of  gyration q from  the  axis  of  mo- 
tion 

p If  Mr.  Smeaton  had  mentioned  the  lengths  of  the  bar- 
rel M and  N,  occupied  by  the  line  which  is  wound  round 
them,  ellimated  in  a direction  parallel  to  their  axis,  the 
exatt  circumferences  and  radii  of  the  barrels  might  have 
been  afcertained  from  the  rule  in  page  341.  But  this 
will  not  fenfibly  affeCt  the  theoretical  conclufions  with 
which  the  experiments  are  compared  : the  length  of  the 
barrel  M occupied  by  5 helical  circumferences,  if  the  line 
— 25.25  inches,  will  not  probably  exceed  .4  parts  of  an 
inch,  from  which  the  true  circumference  of  the  barrel  M 
appears  to  be  — 5.0493,  and  its  radius  — .803631,  in- 
ltead  of  .803732,  being  the  radius  deduced  from  affuming 
25.25  inches  — to  5 circular  circumferences  of  the  bar- 
rel : the  times  of  defcent  in  the  experiments  are  not  af- 
fected by  this  difference  in  the  radius  by  fo  much  as  — — 

part  of  a fecond,  and  in  the  other  experiments,  which  are 
made  on  the  angular  velocities,  the  error  in  the  times  of 
defcribing  uniformly  20  revolutions  being  (in  a phyfical 
fenfe)  evanefcent,  it  is  unneceffary  to  apply  any  correc- 
tion on  that  account. 

a The  J weights  and  dimenfions  of  the  feveral  parts  of 
the  inllrument,  neceffary  for  the  eftimation  of  the  centre 
of  gyration,  are  as  follow,  the  weights  being  expreffed  in 
avoirdupoize  ounces,  and  the  diftances  in  inches.  AT and  L 
are  two  equal  cylinders  of  lead,  perforated  by  cylindrical 
cavities,  in  order  to  admit  the  wooden  arms  to  which  they 
are  affixed.  The  weight  of  each  is  — 48  : the  external 
diameter  — 2.57,  the  diameter  of  the  internal  cylindri- 
cal cavity  = .72,  the  dillance  of  the  centres  of  the  leaden 
cylinders  rz  S.25  from  the  axis : the  length  of  the  fir  arm 
? V = 10  ; and  its  diameter  being  = .72,  fince  the  fpeci- 

fic 

I 


[ 3 85  1 


tion  ==. 8.03383,  which  put  = r.  Accord*- 
ing  to  Mr.  Smeaton’s  firft  ^experiment,  a 

weight 


fic  gravity  of  fir  is  about  .154,  when  that  of  water  is  1, 
the  weight  of  the  arm  T V will  appear  to  be  — 1 .272  oz. 

The  fir  axle  is  an  irregular  figure,  but  by  taking  the 
parts  of  it  proportionally  to  the  reft,  its  length  will  be  — 
about  1 3,  and  its  diameter  at  a medium  = 1.25;  this 
will  give  the  weight  of  the  axle  zz  4.986  oz;  the  weights 
of  the  feparate  parts  being  added,  the  weight  of  the  whole 
fyftem  will  appear  to  be  zz  103.53. 

The  diftance  between  the  centre  of  gyration,  and  the 
axis,  is  found  by  multiplying  each  particle  of  the  fyftem 
into  the  fquare  of  its  diftance  from  the  axis,  and  dividing 
the  fum  by  the  f weight  of  the  whole  fyftem  : the  fquare 
root  of  the  quotient,  will  be  the  diftance  required  : the  fum 
of  thefe  produds,  muft  be  found  feparately,  for  each  of  the 
parts.  To  obtain  this  fum  for  one  of  the  leaden  cylin- 
ders, it  will  be  requifite  to  know  the  weight  of  a cylinder 
of  the  fame  kind  of  lead,  which  would  exaftly  fill  the 
cylindrical  cavity  occupied  by  the  wooden  arm:  let  ow 
reprefent  this  weight,  R the  radius  of  the  external  cylin- 
der, r the  radius  of  the  internal  cavity,  W the  weight  of 
of  the  hollow  cylinder;  then  will  the  weight  required 

w zz  — 2 by  the  properties  of  the  cylinder,  and  mak- 

K “T 


irtg  IV  — 48,  r ~ . 36,  R 2=1.285,  it  appears  that  w rr 
4.08826—  the  weight  of  the  internal  cylinder  of  lead  ; if 
therefore  the  hollow  cylinder,  were  exaftly  filled  with  lead, 
of  equal  fpecific  gravity,  its  weight  would  be  — 52.08826 
= W- f w. 

The  notation  juft  ufed  remaining,  making  alfo  the  length 
of  the  leaden  cylinder  — /,  and  the  diftance  between  the 
axis  and  the  centre  of  gravity  of  the  cylinder  — g\  from 
the  rule  inveftigated  in  p.  223,  it  is  eafily  inferred  that 
the  fum  of  the  products  formed  by  multiplying  each  par- 
ticle of  the  leaden  cylinder,  weighing  48  oz.  into  the  fquare 

of  its  diftance  ~Wx  la**  + l%  + 3-K>X#r+w-3r»w 

1 2 * 

in  the  prefent  cafe  ,^=48,  w = 4,08826,  /zri.56, 
g — 8.25,  which  being  fubftituted,  the  fum  of  the  produfts 
requited  will  be  zr  3298.103,  and  in  Loth  the  cylinders, 
the  fum  will  be  6596.206. 

3C 
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weight  of  8 oz.  ftretching  the  firing  bybeing 
placed  in  the  fcale,  gradually  communicates 
motion  to  the  fyftem,  and  defcribes  25.25 
inches  in  144-  feconds  of  time.  To  com- 
pare this  with  the  theory:  if  w be  the 
weight  of  the  fyftem,  r the  diftance  of 
the  centre  of  gyration  from  the  axis,  p 
= the  moving  force,  d the  diftance  from 
the  axis  at  which  it  is  applied,  / = 193 
inches:  the  time  in  which  the  delcending 
weight  defcribes*  the  fpace  s from  reft 

feconds : now 

in  this  experiment  the  larger  barrel  is  ufed, 
of  which  the  radius  =.803732  = d,p=8, 
and  dzp  = 5.1679,  rlew  = 6682.0^0,  and 
s = 25.25,  which  quantities  being  fubfti- 
tuted  for  their  refpeftive  values,  the  time 

f 1 679+ 6682.080  

= ^ 1 93  X 5.1679  * ^25'25 

= 13.01  feconds  j by  experiment  the  time 

was 

From  the  fame  rule,  making  rro,w~o,  W — 1.272 
being  the  weight  of  the  fir  arm  TV,  1 — 10  being  the 
length  of  the  arm  T V,  R — .36,  and  g — 5,  we  fhall 
obtain  the  fum  of  the  produ&s  of  each  particle  in  the  fir 
arm  T V,  multiplied  into  the  fquare  of  its  diftance,  from 
the  axis  — 42-45,  and  for  both  arms,  the  fum  will  be 
rr  84.90.  Moreover,  for  the  vertical  axis,  the  fum  re- 
quired — half  the  weight  multiplied  into  the  fquare  of 
the  radius  — -974,  and  the  fum  of  the  produdls  for  the 
whole  fyftem  ro  6682.080;  and  becaufe  the  whole  weight 
of  the  fyftem  = 103.53,  the  diftance  between  the  centre  of 

. . . / 6682.080 

gyration,  and  axis  of  motion  ^ ^ = 8.03383,. 


will  be  ^ 


/ s d p -h  s r1  w 


lpdl 
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was  14.25,  which  appears  to  be  too  great 
by  1.24  feconds. 

It  was  alfo  obferved  in  the  experiment, 
that  during  the  defcent  of  the  weight  8 
oz.  through  * 25.25  inches,  fuch  an  an-^™;r 
gular  velocity  was  generated,  as  caufed  1776-p46j« 
the  fyftem  to  perform  uniformly  20 
revolutions  in  29  feconds:  by  the  the- 
ory making  c = 3.1 41 59,  the  angu- 
lar velocity  generated  in  the  circum- 
ftances  of  the  experiment  is  fuch  as 
would  caufe  the  fyftem  to  defcribe  X uni- 

formly  S/1  Sp  = X^'1' 

c2 dz p -4-  c2  rz  w 3.14159 


) 193  X2C.23X8  /OO  . r 

— ^ — .76858  Parts  of 
5.1679-4-6682.080  / j r 


a revolution  in  a fecond,  and  confequently 
20  revolutions  in  26.02  feconds  : in  the 
experiment,  the  time  of  defcribing  20 
revolutions  was  29  feconds,  which  is 
greater  than  appears  from  the  theory  by 
2.98  feconds  and  parts. 

. By  preceding  in  the  fame  manner,  the 
time  in  which  the  moving  forces  8 oz.  or 
32  oz.  defcribe  the  different  fpaces,  and 
the  angular  velocities  acquired  in  the 
fubfequent  experiments,  are  obtained 
from  the  principles  of  rotation:  the  an- 
nexed table  contains  the  refults  both  by 
theory  and  experiment. 


3 C 2 


Table 
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The  difference  between  thefe  refults 
evidently  indicates  a lofs  of  motion  in  all 
the  experiments,  and  fome  account  fhould 
be  given  of  the  caufes  of  this  difagree- 
ment.  The  weight  of  the  fcale  S,  which 
is  not  taken  into  the  theoretical  effima- 
tion,  nor  mentioned  by  Mr.  Smeaton, 
would  manifeffly  tend  in  the  experiments 
to  leffen  the  differences,  by  caufing  an 
addition  to  the  moving  force ; but  then 
it  muff  be  confidered,  that  three  caufes 
operate  in  a contrary  way,  which  all  to- 
gether are  more  than  fufficient  to  coun- 
teradf  its  effects:  i.  the  inertia  of  the 
pully  R ; 2.  the  fridtion  of  the  pullyj  3. 
the  friction  of  the  machine.  The  inertia 
of  the  pully  is  too  fmall  to  make  any  fen- 
fible  alteration  in  the  experiments,  being 
only  = to  J.  its  weight  multiplied  into 
the  fquare  of  the  radius,  which  muff  bear 
a very  fmall  proportion -to  w rz  pd*  — 
6682.080,  to  which  it  fhould  be  added: 
the  fridtion  of  the  machine  is  not  proba- 
bly very  great : when  the  centre  J of  ofcil- tr™°r- 
lation  is  brought  nearer  to  the  axis  in  the/Xi 
proportion  of  2 : 1 by  means  of  count- 
ing the  number  of  vibrations  perform- 
ed. in  60  feconds,  if  the  fridtion  of  the 
axis  operated  confiderably,  it  is  not  pro- 
bable that  it  fhould  adt  equally  on  the 
pendulum,  moving  with  the  different  ve- 
locities, the  weight  not  being  altered,  fo 

that 
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that  if  it  were  not  very  fmall,  the  true 
diftances  of  the  centres  of  ofcillation  could 
not  be  fo  nearly  in  the  proportion  of  2 : 
i,  as  they  appear  to  be  from  the  dimen- 
fions,  &c.  the  greater  diftance  being 
8.3052,  and  the  leffer,  when  the  leaden 
cylinders  are  brought  nearer,  being  = 
4. 1750.  If  it  had  been  mentioned  at 
what  angle  the  axis  of  motion  was  in- 
clined to  the  horizon,  when  the  fyftem 
performed  92  vibrations  in  60  feconds, 
the  effetts  of  friction  might  have  been  in 
fome  degree  eflimated ; for  the  length  of 
fuch  a pendulum  is  16.66  inches,  and  the 
length  of  Mr.  Smeaton’s  pendulum  when 
the  axis  is  horizontal  = 8.3^52.  Suppofe 
then  that  the  inclination  ofxaxis  to  the  ho- 
rizon was  6o°i  this  would  have  increafed 
the  true  length  in  the  proportion  of  1:2, 
fo  as  to  have  rendered  it  = 16.6104 : as 
it  appeared  to  be  nearly  of  this  length 
by  experiment,  when,  in  the  author’s 
words,  the  machine  was  converted  into 
a kind  of  pendulum,  it  is  plain,  that 
there  could  have  been  little  or  no  lofs  of 
motion  from  friftion,  had  the  inclination 
juft  mentioned  been  6o°:  if  the  length 
had  come  out  greater  by  experiment,  an 
approximation  to  the  quantity  of  fric- 
tion might  have  been  obtained  from  the 
data. 

It  feems  probable,  however,  that  the 

angle, 
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angle,  at  which  the  axis  was  inclined  to 
the  horizon,  when  it  performed  92  vi- 
brations in  60  feconds,  was  not  much 
lefs  than  6o°;  the  frittion  of  the  pullies’ 
axle,  and  of  the  line  unwinding  itfelf 
from  the  barrel,  might  have  been  the 
principal  caufes,  which  diminifhed  the 
effedt  of  the  moving  force;  but  as  the 
different  refults  are  affedted  nearly  in  pro- 
portion to  their  magnitudes,  their  ratios 
are  fcarcely  altered  from  the  truth. 

When  the  leaden  cylinders  were  brought 
nearer  to  the  axis  of  motion,  it  was  evi- 
dently meant,  that  the  whole  mafs  fhould 
be  virtually  at  half  its  former  diftance, 
or  in  other  words,  if  the  whole  were 
concentrated  into  two  points  fucceffively, 
fo  that  the  rotation  fhould  not  be  altered 
from  that  which  takes  place  in  the  con- 
ftrudted  forms,  the  neareft  of  thefe  points 
fhould  be  at  a diftance  from  the  axis  half 
as  great  as  the  other:  but  to  effedl  this, 
the  leaden  cylinders  fhould  have  been 
moved  to  fuch  a diftance  from  the  axis, 
that  the  centre  of  gyration,  and  not  the 
centre  of  ofcillation,  might  be  at  half  its 
former  diftance ; this  will  make  fome  lit- 
tle difference  in  the  eftimation.  When 
the  centres  of  the  leaden  cylinders  are 
moved  to  the  diftance  of  3.92  inches  from 
the  axis,  the  diftance  of  the  centre  of  gy- 
ration is  = 3*9596 ; but  the  diftance 

fhould 
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fhould  have  been  = 4.0169,  being  the 
half  of  8.0338,  the  original  diftance. 

Although  this  difference  will  tend  to 
leffen  the  effeCts  of  friction  in  exp.  7,  8, 
and  9,  yet  the  centre  of  gyration  being 
brought  much  nearer  to  the  axis,  will  at 
the  fame  time  operate  in  the  contrary 
manner j for  it  is  always  obferved  in  re* 
volving  fyftems,  that  the  more  near  the 
parts  are  brought  to  the  axis,  the  greater 
diminution  of  motion  is  occafioned  by 
friction,  every  thing  elfe  being  the  fame. 

The  inferences  deduced  by  Mr.Smeaton 
Tranf°for  fr°m  theft  ;£  experiments,  are  a very  good 
i776.p466,i]luftration  of  the  theory  denominated 
Confervatio  virium  vivarum,  which,  as 
far  as  regards  the  rotation  of  bodies  on 
fixed  axes,  when  the  moving  forces  are 
conlfant,  as  well  as  other  particular  kinds 
of  motion,  has  been  demon  ftrated  from 
the  Newtonian  laws  or  axioms.  As  thefe 
inferences  or  principles  are  deduced  by 
the  author  from  his  experiments  only,  he 
muft  certainly  be  considered  to  have  in- 
vented them,  although  they  had  been  be- 
fore thought  of  by  others:  in  order  to 
compare  thefe  inferences  with  the  theory, 
we  muft  follow  Mr.  Smeaton’s  example  in 
neglecting  the  inertia  of  the  weights  in  the 
fcales  as  inconfiderable : this  being  pre- 
mifed,  let  d denote  the  radius  of  the  bar- 
rel, which  is  ufed  in  the  experiment,  r the 
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diftance  of  the  centre  of  gyration  from 
the  axis,  v the  velocity  generated  in  that 
centre,  or  it  may  be  exprefTed  in  the 
common  phrafe,  the  velocity  generated 
in  the  two  bodies  K and  L ; let  / = 193 
inches,  tv  the  weight  of  the  fyftem,  p the 
weight  in  the  fcale.  In  order  to  prevent 
mifapplication  of  terms,  the  definitions 
premifed  by  Mr.  Smeaton,  may  be  here 
inferted  and  exprefTed  according  to  the 
notation  ufed  in  the  theory. 

,c  By  J impulfe,  impulfion,  or  impelling  Phii.Trw. 
“ force,  is  meant,  the  uniform  endeavour  f0‘ 17761 
“ that  one  body  exerts  upon  another,  in  * Pise  4<’** 
“ order  to  make  it  move  By  this  moving 
force  in  the  experiments,  we  muft  under- 
ftand,  the  force  of  the  defcending  weight 
p by  which  motion  in  the  fyftem  is  gene- 
rated: but  this  moving  power  exerts  a 
greater  force  to  communicate  motion  to 
the  cylinders  K and  L (confidered  as  con- 
centrated in  the  centre  of  gyration)  accord- 
ing as  the  diftance  at  which  it  a&s  from 
the  axis,  or  the  radius  of  the  barrel  round 
which  the  line  is  wound,  is  greater,  and  as 
the  diftance  of  the  bodies  K and  L from 
the  axis  becomes  fmallerj  wherefore  on  the 
whole,  the  effect  of  this  power  to  generate 
motion  in  the  bodies  K and  L will  be  ex- 
d 

preffed  by  which  is  called  by  Mr.  Smea- 

tpn,  the  intenfity  with  which  the  powep 
3D  p 
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f a6fs,  fo  that  the  impelling  power  com- 
pounded with  its  intenfity  will  be  ^7: 

moreover,  he  defines  the  quantity  of  me- 
chanic power  by  the  product  under  the  im- 
pelling forcey>  and  the  fpace  through  which 
it'defcends  or  by^j.  By  cor.  8.  prop.  xvi. 

fe<5f.  VI.  v=  v/S5?ioras4/is  a quantity 

conftantly  the  fame,  and  the  ratios  only  of 
the  different  quantities  arc  inquired  into, 
TTp 

v = \/ — — : it  follows,  that  sp  — v2rw . 
v w 

that  is,  the  mechanic  power  is  as  the 
fquare  of  the  velocity  into  the  quantity  of 
sn&zd  matter  moved:  if  therefore  the  quantity 
fcon^p-W  of  mechanic  power  sp  is  unaltered,  and  w 
the  weight  of  the  fyffem  remains  the  fame, 
the  fquare  of  the  velocity  generated  will 
not  be  altered,  and  the  velocity  of  courfe 
the  fame,  in  whatever  manner  the  times  of 
generating  this  velocity  may  vary;  as  ap- 
pears in  Mr.  Smeaton’s  firfl  and  fecond 

tsea.vr.  obfervations.  Moreover;};,  fince  v — ^ 


5>rop.  XVJ. 
Cor.  7 


clt) 


X or  omitting  2/  as  the  relative  values 
only  are  concerned, -it  appears  that  t — 

elV  7* 

X when  v3  w and  p are  the  fame. 


as 
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as  in  the  firft  and  fecond  experiments  and 
obfervations||j  it  follows,  that  the  time  of  II'7T6?nf‘ 
generating  the  given  velocity  v will  bel|Page465; 

, r d 

proportional  to  the  quantity  but  - is 

the  direct  ratio  of  the  intenfity  of  the 
given  power  wherefore  the  time  muft 
be  in  thefe  circumftances  in  the  “ fimple 
**  inverfe  ratio  of  the  intenfity  of  the  im- 
<c  pulfive  power;”  this  is  affirmed  in  the 
dedu&ion  from  the  fecond  obfervation  J.  t Pase  46s. 

Becaufe  *sp  = vZew}  if  sp  the  mechanic 3d  °bfer* 
power  be  decreafed  in  the  proportion  of*Sea.vr. 
4 : i,  the  fquare  of  the  velocity  generated  £ra°rPsfvl* 
in  the.  heavy  bodies  muft  be  diminifhed 
in  the  fame  proportion,  w remaining  con- 
ftant,  and  confequently  the  velocity  v 
muft  be  diminifhed  in  the  proportion  of 
2 *.  i j this  is  the  cafe  in  the  third  expe- 
riment, as  explained  in  the  third  obferva- 
tion.  It  appears  alfo  from  the  numbers 
2 and  3 in  the  fixth  column,  that  the  ve- 
locity produced  is  as  the  time  that  a given 
impelling  power  of  the  fame  intenfity  con- 
tinues  to  aft  upon  it  j this  is  exprelfed  by 

the  ^equation/?  — X : in  the  numbers  Pr°p^vL’ 

U Cor.  7. 

2 and  3 in  the  fixth  -f  column,  - is  the^  '^^* 

P f Tabic  of 

7*  Etfperim. 

fame,  and  the  intenfity  3 being  alfo  thepP 
3 fame. 
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4th  Obrer- 
vation,  and 
4th  & 5:h 
Experim. 
Sea.  VI. 
Prop.  XVI. 
Cor.  8. 


fame,  the  time  muft  be  as  the  velocity  ac- 
quired. 

Since  in  general  v=  if  the 

w 

impelling  power  f>  be  quadrupled,  it  ap- 

s 

pears,  that  v will  be  doubled  when  — is 


given : in  the  experiment  referred  to  in 
this  obfervation,  and  in  the  5th  experi- 
ment, the  velocity  of  the  bodies  is  increaf- 
ed  in  that  proportion,  when  compared 
with  the  velocity  generated  in  the  firft 
experiment. 

It  is  faid  in  this  obfervation,  that  the 
velocity  acquired  is  limply  as  the  impel- 
ling power  compounded  with  the  time  of 
its  adtion  : “ for  a quadruple  impulfion 
“ adting  for  7",  inftead  of  14",  generates  a 
“ double  velocity:”  but  we  muft  here  un- 
derftand  the  impelling  power  to  mean 
that  power  compounded  with  its  inten- 
lity,  which  (the  ratio  of  the  time  in  which 
it  adls  being  added,)  is  proportional  to 
the  velocity  generated.  In  experiment  1 

and  4,  the  intenfity  is  the  fame,  - being 

given  in  both  cafes ; therefore  in  thefe 
inftances,  the  velocity  generated  in  the 
heavy  bodies  will  be  fimply  as  the  im- 
pelling power.  But  in  the  lft  and  7th 
experiments,  the  impelling  power  being 
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the  fame,  the  intenfities  meafured  by  - 


are  as  i : 2,  and  the  times  of  a<ftion  be- 
ing as  2 : i,  thefe  proportions  compound- 
ed give  the  ratio  of  equality  in  the  * ve- 
locities  generated,  as  they  appear  in  the  gop-xvi. 
experiments  : if  the  impelling  powers  or 
weights  in  the  fcale  had  been  different, 
the  proportion  of  the  two  weights  muft 
have  been  compounded  with  the  others. 


c-  P td  d • ^ . Phil.Tranf. 

Since  v = -*  X — , - being  the  inten-  i776. 

w r ' 5th  & 6th 

1 Obferva- 

fity  of  the  force/,  by  doubling  - and  di- JSpe”* 


minifhing  t one  half,  — is  not  altered. 


P 

and  confequently  — being  conffant,  the 

p t d 

velocity  = — muft  be  the  fame  as  be- 
fore. This  is  what  is  expreffed  in  the 
fixth  obfervation  f ; where  it  is  faid,  that  t Page  46* 
<c  an  impulfive  power  of  double  the  inten- 
“ fity  a&ing  for  half  the  time,  produces 
“ the  fame  effeeft  in  generating  motion, 

<{  as  an  impulfive  power  of  half  the  in- 
“ tenfity  afting  for  the  whole  time.” 

In  the  7th  obfervation*,  Mr.  Smeaton  # pjg.  469. 
infers  it  to  be  “ an  univerfal  Jaw  of  na- 
ture, that  the  mechanic  powers  to  be 

“ ex- 
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“ expended”  (meaiured  by  the  weights 
and  the  fpaCes  through  which  they  de- 
scend jointly)  “ are  as  the  fquares  of  the 
“ velocities  to  be  generated  •”  and  “ that 
cc  the  velocities  generated  are  as  the  im- 
“ pelling  power  compounded  with  or 
cc  multiplied  by  the  time  of  its  action 
“ and  vice  versa.”  Here  alfo  by  the  im- 
pelling power  mull:  be  underlftood,  the 
moving  force  or  weight  compounded 
with  its  intenfityj  which  quantity  (the 
ratio  of  the  time  in  which  it  a6ts  being 
added)  has  appeared  in  the  experiments, 
as  well  as  from  the  theory,  to  be,  as  Mr. 
Smeaton  affirms,  proportional  to  the  ve- 
locity generated  in  the  revolving  bodies. 

The  axle  of  Mr.  Smeaton’s  inftrument  makes  no  fenfi- 
ble  alteration  in  the  time  wherein  the  defccnding  weight 
defcribes  a given  fpace,  or  in  the  angular  velocity  gene- 
rated; fo  that,  whether  it  be  taken  into  account  or  ne- 
gledted,  will  be  wholly  immaterial ; nor  will  there  be  a 
perceptible  difference  in  the  refult,  whether  the  axle  be 
made  of  the  lighted:  or  heavieft  kind  of  wood.  To  ex- 
emplify this,  let  the  firft  experiment  of  Mr.  Smeaton’s  be 
, alfumed  as  an  example;  and  let  the  axis  be  negledled  : the 

» Table  of  time  of  deferibing*  25.25  inches  will  be  13.0103  feconds ; 
Experim.  jf  the  axis  be  made  of  fir  wood,  the  time  will  be  13.01 13  ; 
P'  3s8-  laftly,  if  the  axis  fhould  be  of  mahogany,  the  fpecific 
gravity  of  which  is  about  1.1,  when  that  of  water  is  — 1, 
the  time  will  appear  to  be  — 13.0122. 

Here  we  obferve  that  it  makes  a difference  of  no  more 
than  a five  hundredth  part  of  a fecond,  whether  the  axle 
be  wholly  negle&ed,  or  be  taken  into  account  on  a fiip- 
pofition  that  its  fpecific  gravity  is  the  fame  as  that  of 
mahogany.  Mr.  Smeaton  does  not  mention  of  what  fub- 
ftance  his  axle  was  formed  ; he  defcribes  the  arms  to  haye 
•j  Pag'385.  been  fir;  in  the  computarionj  the  axle  was  fuppofed  to  be 

of 
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of  that  fubflance,  but  it  appears  from  this  note,  that  the 
fpecific  gravity  of  the  axle  is  wholly  immaterial,  and 
that  the  numbers  in  the  table  p.  388.  will  not  at  all  be 
altered,  whatever  be  the  fpecific  gravity  of  the  wood  of 
which  the  axle  was  formed. 

The  numbers  inferted  in  pages  391  and  392,  relating 
to  the  diftances  of  the  centre  of  gyration,  will  be  altered 
by  the  different  fpecific  gravities  of  the  wooden  axle,  but, 
they  will  be  altered  proportionally,  fo  as  to  remain  in  a 
phyfical  fenfe  in  the  fame  ratio  as  is  there  expreffed  : the 
reafoning  therefore  to  which  thefe  numbers  are  applied, 
will  not  be  effected  by  any  alteration  in  the  fpecific  gra- 
vity of  the  axle. 


Sect, 
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Sect.  X. 

CONCERNING  THE  ROTATION  OF  BODIES 
IN  FREE  SPACE,  AND  ON  THE  CENTRE 
OF  SPONTANEOUS  ROTATION. 

THE  motion  of  bodies  in  free  fpace, 
that  is,  of  bodies  at  liberty  to 
move  freely  by  the  adlion  of  any  force 
imprefled,  being  unoppofed  by  a fixed 
axis  or  other  obftacle,  is  immediately  de- 
duced from  the  principles  of  rotation 
about  fixed  axes,  which  have  been  de- 
monftrated  in  Se£l.  vi. 

The  fixed  axis  round  which  a body 
revolves,  is  prefled  by  the  impelling  force 
while  it  generates  rotatory  motion  j but 
the  axis  being  (by  the  hypothefis)  im- 
moveable, readls  equally  againft  that 
preflure,  and*when  it  pafles  through  the 
centre  of  gravity,  the  force  of  preflure 
urging  the  axis  to  motion  is  fuch,  as,  if 

un- 


• Tn  the  propofitions  throughout  this  fe&ion  relating 
to  the  motion  of  bodies  in  free  fpace,  the  plane  of  rotation 
is  fuppofcd  to  be  unaltered  in  refpeft  of  the  revolving  bo- 
dy, confequently  in  the  examples  of  bodies  revolving  on 
fixed  axes,  afliimed  to  illuftrate  the  fubjeft,  the  preflure 
againft  the  axis  muft  be  confidered  as  equal  in  every  part, 
fo  that  if  the  axis  be  unoppofed,  it  may  move  by  the  a&ioa 
of  the  impelling  force  always  parallel  to  itfelf. 
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unoppofed,  would  caufe  each  particle  of 
the  fyftem  to  move  with  the  fame  velo- 
city, and  in  the  direction  in  which  the 
force  ads.  If  then  the  force  which 
preffes  againft  a fixed  axis,  on  which  a 
body  revolves  in  given  circumftances  be 
afcertained,  the  motion  of  the  body  in 
free  fpace,  when  the  axis  is  removed, 
will  be  known.  For  the  motion  of  the 
body  in  free  fpace,  will  confift  of  the  ro- 
tatory motion  round  the  axis,  palling 
through  the  centre  of  gravity  confidered 
as  fixed,  which  is  determined  by  the  pro- 
portions in  Sed.  vi.  compounded  with 
the  motion  of  the  centre  of  gravity  cauf- 
ed  by  the  force  now  free  to  impel  that 
centre,  the  fixed  axis  which  palfed  through 
it  being  removed. 

By  the  centre,  of  gravity  in  anybody 
or  lyftem  of  bodies,  is  ufually  underftood 
to  be  meant,  a point  in  which  the  gravi- 
tation of  each  individual  particle  may  be 
fuppofed  concentrated;  becaufe  if  the 
gravity  of  each  particle  in  reality  aded  on 
that  point,  the  fame  motion  would  be 
produced  in  the  fyftem,  as  when  the  gra- 
vity of  each  particle  ads  at  its  refpedive 
diftance  from  the  centre  of  gravity,  the 
diredion  of  thefe  forces  being  always  pa- 
rallel to  each  other.  But  the  point 
which  anfwers  this  defcription^beinv  de- 
termined in  any  fyftem  by  the  known 
3 E geo- 
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geometrical  rule#,  many  properties  relat- 
ing to  the  quiefcence  as  well  as  the  motion 
of  bodies,  are  demonftrated  to  belong  to 
it  wholly  independent  of  gravity,  and 
which  would  be  equally  efficient  if  gra- 
vity exifted  not.  Thus,  if  each  particle 
of  a body  without  gravity,  moves  in  free 
fpace  with  an  uniform  velocity,  and  an 
immoveable  obftacle  is  oppofed  to  that 
centre,  the  whole  motion  of  the  fyftem 
will  be  deffroyed ; whereas  if  the  obfta- 
cle  be  oppofed  to  any  other  point,  the 
fyftem  will  continue  to  move  although 
each  particle  will  fuffer  alteration  in  the 
velocity  and  diredtion  of  its  motion. 

Moreover,  if  a fyftem  revolves  in  free 
fpace  round  any  axis  which  pafles  through 
the  centre  of  gravity,  that  centre  will  not 
be  affected  by  the  adtion  of  the  parts  of 
the  fyffem  on  each  other;  if  therefore 
the  centre  of  gravity  be  quiefcent  when 
the  rotation  commences,  it  will  continue 
quiefcent  during  the  rotation  of  the 
fyftem  round  it,  nor  will  it  change  its 
place  until  feme  external  force  is  im- 
preffed  upon  it. 

Jf  by  any  force  adting  for  a portion 
of  time,  either  fmall  or  great,  motion 
fhould  be  communicated  to  this  centre, 
after  the  force  ceafes  to  impel  it,  the 
centre  of  gravity  will  move  on  uni- 
formly in  a right  line  writh  the  velocity 

acquired, 
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acquired,  having  power  to  alter  neither 
the  velocity  nor  determination  of  its 
motion*. 

Thefe  properties  are  evidently  inde- 
pendent of  gravity  and  other  fimilar 
powers,  which  fhews  that  the  point 
ufually  denominated  the  centre  of  gra- 
vity, might  with  equal  propriety  be  call- 
ed the  centre  of  inertia,  when  applied  to 
the  motion  of  bodies  in  free  fpace,  efpe- 
cially  fince  gravity  or  other  motive  power 
may  be  caufed  to  a£t  partially  on  a fyftem, 
and  it  is  often  neceflary  to  confider  a 
power  fo  acting  in  theory  in  order  to  de- 
monftrate  fome  properties  of  motion,  in 
which  cafe  the  centres  of  gravity  and  in- 
ertia do  not  coincide,  this  coincidence 

l>ap- 


* The  principles  of  centripetal  and  centrifugal  forces,  Fj  xc 
are  demonftrated  on  a fuppofition,  that  the  centre  of  S 
gravity  proceeds  in  a right  line  until  it  is  compelled  to 
change  its  direftion  by  the  agency  of  fome  external  force. 

Let  G be  the  centre  of  gravity  of  a fyftem  impelled  in 
the  direction  G g;  then  will  G continue  to  move  in  the 
direftion  Gg,  until  fome  external  force  (hall  aft  on  it : if 
apv  force  of  this  kind  always  tends  towards  a centre  C, 
and  is  fufficient  to  retain  the  centre  of  gravity  G in  the 
circular  arc  GB,  the  quantity  of  this  centripetal  force 
will  be  meafured  by  the  line  Bg  or  the  verfed  fine  of  the 
arc  GB,  this  arc  being  in  its  evanefcent  ftate : and  the 
fame  line  Bg  will  meafure  the  force  by  which  G en  lea- 
vours  to  recede  from  the  centre,  and  as  ioon  as  the  central 
force  ceafes  to  aft,  will  proceed  in  the  direction  of  a 
tangent  to  the  arc  which  it  is  defcribing  whpn  the  central 
force  ceafes.  converfely  from  the  properties  of  centripe- 
tal and  centrifugal  forces  affumed  as  true,  the  reftilinear 
motion  of  the  centre  of  gravity  might  be  inferred. 

3E2 
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happening  when  each  particle  in  a fyftem 
is  impelled  by  gravity  or  other  fimilar  pow- 
er, which  ads  in  right  lines  parallel  to 
each  other,  and  which  is  proportional  to 
the  quantity  of  matter  moved,  and  in 
other  particular  cafes. 

To  illuftrate  thel'e  remarks  by  an  ex- 
ample, let  A , j5,  C,  D,  E,  F be  l'mall  bo- 
dies or  material  points  without  gravity, 
fituated  in  the  right  line  AF,  and  let 
them  be  united  by  fome  perfedly  rigid  fub- 
ftance  without  weight  or  gravity.  If  AG 

AXo-\-BXBA-hCX.CA,&c. 
be  made  — ^+5  + 6’,  &c.  * 

then  will  G be  the  point  denominated  the 
centre  of  gravity  of  the  bodies  A , B,  C, 
&c.  or  according  to  the  reafoning  juft 
alledged,  {ince  thefe  bodies  are  by  the  fup- 
pofition  void  of  gravity,  G may  be  term- 
ed the  centre  of  inertia.  Moreover,  let 
forces  of  any  kind,  reprefented  in  quan- 
tity by  the  letters  a,  b,  c,d>e,f,  ad  on  the 
fyftem  at  the  points  a,  b,  c,  &c.  refpedively 
in  any  given  diredion,  for  example  in  a 
diredion  perpendicular  to  AF:  if  Ag  be 
a%Aa+-b%Ab-\rc't.Aci  &c. 
made  = - a -{-b  + c,  be.  ’ 

then  will  g be  the  centre  of  gravity  of  the 
fyftem,  properly  fo  called,  and  the  forces 
a,  b,  c,  &c.  will  have  the  fame  effed  to 
communicate  motion  to  the  fyftem,  as  if 

the 
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the  fum  of  the  forces  a 4-  £ ■+■  c,  &c.  afted 
altogether  in  the  point  g. 

Here  we  obferve,  that  the  points  G and 
g,  which  have  been  denominated  the  cen- 
tres of  inertia  and  gravity,  may  be  di- 
ftant  from  each  other  by  any  fpace  with- 
in the  limits  of  the  fyftem,  but  will  coin- 
cide when  the  forces  by  which  each  parti- 
cle of  a body  is  impelled,  aft  in  parallel 
lines,  and  are  proportional  to  the  quan- 
tities of  matter  contained  in  the  particles 
moved. 

Suppofe  the  fum  of  the  forces  a •+-  b 
c,  &c.  to  aft  at  g , and  to  be  reprefented 
in  quantity  by  g : concerning  the  appli- 
cation of  thefe  principles,  it  is  alfo  to  be 
remarked,  that  if  the  force  gy  &c.  be  of  the 
fame  kind  as  gravity,  the  elaftic  force  or 
preflure  of  a fluid  without  inertia, the  place 
of  the  point  G will  not  be  altered  by  the 
application  of  the  force  g.  But  if  g be  a 
force  which  poflefles  inertia,  G will  be- 
gin to  move  from  its  place  the  inftant  g 
is  applied  to  aft  on  the  fyftem,  and  will 
approach  nearer  tog,  the  greater  propor- 
tion the  inertia  of  g bears  to  that  of  A H- 
B -f-  C,  &c.  But  as  taking  into  confi- 
deration  the  motion  of  the  point  G dur- 
ing the  aflion  of  the  force  applied  at  g, 
would  render  the  enfuing  propofitions 
too  complex : it  will  be  expedient  to 
confider  the  inertia  of  the  force  applied 

*9 
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to  move  a fyftem  in  free  fpace,  a^  eva- 
nefcent,  as  far  as  regards  any  motion  of 
the  point  G which  may  be  occafioned 
by  it. 

A diftinftion  between  the  centres  of 
inertia  and  gravity  was  inferted  only  for 
the  purpofe  of  explaining  the  fubjecl  in 
queftion ; but  there  is  no  neceflity  to  in- 
troduce the  ufe  of  a new  term,  as  the 
centre  of  gravity  of  a fyftem  fuch  as 
A + B -f-  C,  &c.  without  weight,  will 
be  alw'ays  underftood  as  determining  the 
pofition  of  that  point  in  the  fyftem, 
and  not  as  implying  thq  exiftence  of  gra- 
vity. 

Fig.  xcu.  Let  SIK  reprefent  a plane,  into  which 
the  matter  contained  in  a fyftem  is  pro- 
jected: let  G be  the  centre  of  gravity 
through  which  a fixed  axis  of  motion 
pafl'es  perpendicular  to  the  plane  S IK  j 
let  motion  be  communicated  to  the  fyftem 
by  means  of  a line  D M E D p,  wound 
round  the  circle  EDM , of  which  the 
centre  is  G,  and  ftretched  by  a weight  or 
force  of  any  kind  p-,  then  the  axis  fuftains 
the  weight  of  the  fyftem  SIK  added  to 
the  tenfion  of  the  firing  Dp,  or  if  the 
fyftem  be  confidered  as  without  weight, 
the  preffure  againft  the  axis  will  be  the 
tenfion  of  the  firing  Dp  only.  Now 
fuppofe  the  axis  to  be  at  liberty  to  move 
in  free  fpace  (always  however  being  pa- 
rallel 
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rallel  to  its  firfl  pofition)  then  the  weight 
p,  aGling  by  firetching  the  firing  D p , 
will  urge  the  centre  of  gravity  G by  a 
force  equal  to  the  firing’s  tenfion,  while 
the  fyflem  revolves  round  G by  the  ac- 
tion of  the  fame  force.  In  order  there- 
fore to  afcertain  the  motion  of  the  fyflem 
in  free  fpace,  it  will  be  neceffary  to  de- 
termine the  tenfion  of  the  firing  Dp 
while  the  fyflem  revolves  round  the  fixed 
axis  which  paffes  through  G. 


I. 

Let  SIK  reprefent  a fyflem  which  is  Fig.  xcw. 
moveable  round  a fixed  axis  palling 
through  its  centre  of  gravity  G : with  the 
centre  G and  any  diflance  GD,  let  a cir- 
cle DEM  be  defcribed,  and  let  motion 
be  communicated  by  a weight  or  force  pt 
firetching  a line  which  is  wound  round 
the  circumference  of  the  circle  MED; 
it  is  required  to  aflign  the  tenfion  of  the 
firing  Dp,  while  the  fyflem  is  accelerated 
in  its  angular  motion  round  G. 

Let  R be  the  centre  of  gyration  of  the  fyftem,  and  let 
GR  — r,  GD  rc  d,  the  weight  or  inertia  of  the  fyftem  — 
nv;  then  the  acceleration  of  the  fyftem  will  be  the  fame  as 
if  the  whole  mafs  being  removed,  that  part  of  it  which  is 

exprefled*  by  the  fraction  were  uniformly  accumulate 

ed  in  the  circumference  ME  D : moreover,  fince  the  force  Cor" 2* 
which  accelerates  the  circumference  is  that  part  of  the  ac- 
celeration of  gravity  which  is  exprefled  by  the  frattion 
a fd% 
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f Se£t.  VI, 
Prop.  XV. 

t Sefh  I. 
Prop.  IX. 


pd\ 

Mi. 


JL  9 


f multiplying  this  into 


w r~ 


11  • 


we  have  the 


pour"1 


pd 1 -f-  ivr 

tenfion  of  the  % firing  Dp  zz  , 

p a*  ■+  *u  r 

Cor.  i.  The  quantities  p and  w are  in  this  propofition 
underflood,  as  ufual,  to  reprefent  both  the  weight  and  iner- 
tia of  the  bodies  refpedlively.  If  it  fhould  be  preferred  to 
reprefent  the  inertia  and  weight  by  different  quantities,  the 
folution  will  in  no  refpedl  be  altered  : thus,  let  <10  be  the  ab- 
folute  weight  or  gravity  of  the  fyllem,  q its  inertia,/  the  ab- 
folute  force  which  acts  on  the  point  D,  i its  inertia, then  will 
the  force  which  accelerates  the  circumference  of  the  circle 


DEM  be 


. PAL 


id1  qr 


;,  which  being  multiplied  into  the  equi- 


valent  mafs  y-rj-  will  give  the  firing’s  tenfion  = . 

« t a1  -f - q rz  ‘ 

Cor.  2.  It  appears  that  in  whatever  manner  the  weight 
of  the  fyftem  10  may  vary,  the  tenfion  of  the  firing  will 
not  be  altered. 

Cor.  3.  If  the  inertia  of  the  force  which  ftretches  the 
firing,  that  is,  if  i be  evanefcent,  the  tenfion  of  the  firing 
will  become  =£  /;  and  this  will  be  the  cafe  whatever  be 
the  magnitude  of  the  force /. 

Cor.  4.  When  r is  infinite,  although  /,  q,  i and  d remain 
finite,  the  tenfion  in  this  cafe  alfo  becomes  — /. 

Cor.  5.  When  /'  the  inertia  of  the  moving  force  is  eva- 
nefcent, the  prefTure  on  the  axis,  which  is  equal  to  the 
firing’s  tenfion,  will  be  — /.  The  fyllem  therefore  being 
without  weight,  and  the  axis  palling  through  G being  fuf- 
Fig.  XC1II.  tained  by  a line  GA  #which  goes  over  a fixed  pully,  if  the 
line  GA  be  flretched  by  a weight  /,  it  will  exadtl  v coun- 
terbalance the  prefTure  on  the  axis  occafioned  by  the  ten- 
fion of  the  firing  Dp  as  / defcends,  fo  that  G will  remain 
quiefcent. 


II. 

Fig.  xciv.  Every  thing  elfe  remaining,  let  the  axis 
which  palfes  through  the  centre  of  gra- 
vity G,  be  moveable  in  free  fpace  j it  is 
required  to  determine  the  point  round 

which 
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which  the  folicl  begins  to  revolve  in  free 
fpace  st  the  firft  mftant  of  rnotion. 


Let  G be  the  centre  of  gravity  of  the  fyftem,  being  co- 
incident with  the  centre  of  the  circle  DME,  round  which 
the  line  DM  ED  pit  wound  ; a force  or  weight/*  by  ftretch- 
ing  the  line  Dp,  ads  on  the  fyftem  in  the  direction  of  a 
tangent  Dp  to  the  circle  at  the  point  D,  which  is  perpen- 
dicular to  GD. 

Produce  DG  indefinitely  : The  points  G,  D,  &c.  in  the 
line  OGD  mild  begin  to  move  in  the  direftion  of  the  im- 
pelling force ; that  is,  in  a diredion  which  is  perpendi- 
cular to  OD  : and  becaufe  the  determination  of  motion 
once  imprefled  on  the  centre  of  gravity,  is  not  altered, 
except  by  the  impulfe  of  external  force  ading  in  fome 
•j- other  diredion,  it  follows,  that  the  diredion  in  which  + Page  403, 
the  point  G proceeds  frem  the  very  beginning  of  its  mo- 
tion, will  be  perpendicular  to  the  line  OD. 

Draw  Gg  perpendicular  to  OD,  being  equal  to  the 
fpace  through  which  the  tenfion  of  the  firing  applied  to 
ad  on  the  centre  of  "gravity  would  impel  it  in  any  parti-  * Sett.  X. 
tie  of  time  t:  through  g draw  0 d parallel  to  OD;  make  Prop- I. 
dge  equal  to  the  angle  deferibed  about  G , confidered  as  Cor-  3* 
fixed  during  the  time  / ; through  e and  g draw  eg  O in- 
terfeding  OGD  in  the  point  0;  about  this  point  the  fyf- 
tem will  begin  to  revolve  in  free  fpace. 

Makers  — GO  and  join  Oo:  then  fince  by  conflruc- 
tion  Oo  is  equal  to  G g,  0 0 is  the  fpace  through  which 
the  force  imprefTed  on  the  centre  of  gravity  carries  the 
point  0,  in  the  diredion  Oo  parallel  to  Gg;  and  oO  is 
the  fpace  through  which  the  rotation  of  the  fyflem  carries 
the  point  0 in  a contrary  diredion  in  the  fame  time  t ; and 
as  this  is  applicable  every  infiant  during  the  motion  of  the 
point G through  the  evanefeent  fpace  Gg,  it  follows,  that 
while  the  other  points  of  the  fyllem  are  changing  their 
places,  the  point  O will  be  quiefeent,  or  in  other  words, 
the  fyftem  will  begin  to  move  round  the  point  O,  as  de- 
termined by  this  conftrudion. 


_ The  conftruction  remaining,  if  gra-  Fig  XC1V. 
vity  be  fuppofed  to  a.6t  on  the  fyftem, 
and  a fixed  horizontal  axis  be  caufed  to 


III. 
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pafs  through  the  point  0 perpendicular 
to  the  plane  SIK,  D will  be  the  centre 
of  ofcillation. 


n sea.  vi. 
Prop.  VJII. 


* Sea.  VI. 
Prop.  XV. 
Cor.  z. 


When  the  fyftem  is  impelled  by  the  force  p in  free 
fpace,  let  / be  a very  fraall-  portion  of  time  in  which 
motion  is  produced  in  the  fyftem  : let  ^be  the  principal 
centre  of  gyration,  that  is,  the  centre  of  gyration  when 
the  fyftem  revolves  in  the  plane  SIK,  round  an  axis  which 
paffes  through  the  ||centre  of  gravity;  and  let  Gfj^r:  r,  w 
m the  weight  of  the  fyftem,  / — 193  inches,  GD  — d : 
then  fuppoiing  a fixed  axis  to  pafs  through  G,  the  lpace 
through’which  the  weight  / defcends  in  the  time  t or  the 


evanefcent  arc  de  will 


_ pit1  dz 
d1p  -f  wr1’ 


or p being  very  fmall. 


that  is,  pd1  being  inconfiderable  when  compared  with  wr*, 
de  — ~~T  • Secondly,  When  the  centre  of  gravity  G is 


at  liberty  to  move  freely  in  the  direction  of  the  impelling 
force  p,  being  unoppofed  by  a fixed  axis,  the  fpace  G g 

t Sea.  HI,  — . d d defcribed  in  the  + time  t will  be  - — : where- 

Prop.  IV.  <it> 

Cor.  5.  , 

fore  De  — - — : and  becaufeof  the  fimilar  tri- 

w rz 

angles  DOe,  GgO,  we  have  De,  Gg  : : DO  : GO,  or  as  DO 
1 GO::  . tlL  ; ; dl : r1 ; wherefore 

w rl  w 


DO — GO  :GO: : d1:  rl,  that  is,  fincer/rr  GD  = DO  — 
GO,  and  r — G ^ we  have  DG1 : Gj^  : : DG  : GO,  and 

GO  ; but  GJ^being  the  diftance  of  the  principal 

U G 

1 Sea.  VI.  centre  of  gyration  from  the  J centre  of  gravity,  whenever 
Prop.  VIII.  GD  X GO  =r  G^,  if  D be  made  the  centre  of  fufpenfion. 
Cor.  3.  q wjjj  ^ the  centre  of  ofcillation,  and  vice  versa;  from 
which  it  follows  in  the  prefent  cafe,  that  0 is  the  centre 
of  ofcillation  of  the  fyftem,  when  it  vibrates  freely  round 
an  horizontal  axis  pafting  through  D peipendicular  to  the 
plane  SIK. 

The  demonftration  here  given,  might  be  applied  to 
the  rotation  of  bodies  in  free  fpace,  which  is  effefted  by 
percuflion,  fince  it  has  been  fhewn,  that  motion  commu- 
nicated 


£ 4”  1 

nicated  in  this  manner,  is  the  effedl  of  {continual  accele-  J Page  8.  & 
ration : but  for  the  fake  of  explaining  the  propofition  1Xi 
more  diftindlly,  the  following  demonllration  may  be  fub-  p*  377* 
joined,  a few  confiderations  relating  to  the  fubjedl  being 
premifed. 

Let  A BCD,  &c.  be  a fyftem  of  bodies  confilting  of  Fig.  XCV. 
particles  or  material  inert  points  without  gravity,  being 
connected  together  by  fome  perfedlly  rigid  lubftance  with- 
out weight  or  inertia;  and  fuppofe  thefe  points  to  befpro-  f Sea.  VI. 
jedled  into  the  plane  AODBK  by  right  lines  perpendi- 
cular  to  it : let  the  fyftem  be  moveable  round  a fixed  axis  *'0r‘ 
palling  through  O,  and  perpendicular  to  the  plane 
AODBK.  Through  O and  the  centre  of  gravity  G 
draw  the  line  OGE,  and  let  a body  impinge  on  the  fyftem 
in  the  diredlion  LE  perpendicular  to  OGE,  and  in  the 
plan e AODBK.  This  impulfc  will  urge  the  fyftem  round 
the  axis  which  pafles  through  0,  each  body  beginning  to 
defcribe  a circular  arc  of  which  the  centre  is  the  point  O, 
and  the  radius  the  diftance  of  the  body  from  that  point 
refpedlively.  But  each  body  by  its  inertia  will  refill  the 
communication  of  motion  in  a direction  contrary  to  that 
in  which  it  is  impelled  ; thus  the  body  A beginning  to 
move  in  the  diredlion  A a,  which  is  perpendicular  to  OA, 
will  refill  the  communication  of  motion  in  the  diredlion 
a A',  in  the  fame  manner  the  point  B will  refill  the  com- 
munication of  motion  in  the  diredlion  bB  perpendicular 
to  BO,  and  fo  on  of  the  reft.  It  is  plain,  that  the  effedl 
of  the  impadl  at  E on  the  point  O will  depend  on  the  re- 
finance of  inertia  which  is  oppofed  by  the  particles  of  the 
fyftem  to  the  communication  of  motion.  If,  for  example, 
the  greater  part  of  this  refinance  adls  between  E and  a, 
then  the  impulfe  at  E will  be  applied  between  the  point 
O and  refinance  of  inertia,  whidh  will  ferve  as  a fulcrum 
for  the  lever  to  adl  againll  O ; the  point  O therefore  will 
be  propelled  by  the  impadl  in  the  diredlion  of  the  llroke  : 
but  if  the  refillance  of  inertia  adls  chiefly  between  O 
and  E,  the  impulfes  at  E and  0 will  be  on  oppofite  fides 
of  the  refillance  of  inertia,  which  ferving  as  a fulcrum  for 
the  lever  to  adl  againll,  will  caufe  the  point  O to  be  im- 
pelled by  the  impadl  in  a diredlion  contrary  to  that  of  the 
llroke,  and  confequently  if  the  inertia  is  difpofed  fo  as  to 
adl  on  the  fyftem  to  impel  the  point  O equally  in  oppofite 
diredlions,  the  axis  palling  through  O will  be  not  be 
urged  either  in  one  diredlion  or  the  other,  while  the  fyf- 
tem begins  to  revolve  round  it.  In  this  cafe  therefore 
tye  fixed  axis  will  not  at  all  affedl  the  motion  of  the  fyf- 
3 F 2 tern, 
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tem,  which  when  (truck  in  the  point  E will  begin  to  re- 
volve fpontaneoufly  about  the  point  0 in  free  fpace', 
when  the  fixed  axis  palling  through  it  is  removed.  The 
point  0 anfwering  to  this  defeription,  is  called  the  centre 
of  fpontaneous  rotation*. 


IV. 

Let  E be  the  point  in  the  fyftem 
A BCD,  which  is  ftruck  by  a body  im- 
pinging in  the  direflion  LE  perpendicu- 
lar to  OGE,  and  let  O be  the  centre  of 
fpontaneous  rotation;  then  if  O is  the 
point  round  which  the  fyftem  revolves 
on  a fixed  axis  perpendicular  to  the  plane 
ADGBy  E will  be  the  centre  of  per- 
cuftion. 

Through  the  points  A,  B,  C and  D dtaw  A a,  B h,  C c 
and  D d perpendicular  to  AO,  BO,  CO  and  D 0 refpec- 
tively;  and  A K,  B H,  Cl  and  DF  perpendicular  to 
OGE,  and  let  0 be  any  point  round  which  the  fyftem  is 
moveable  by  the  force  of  the  impaft  at  E:  at  the  inftant 
of  the  impaft,  the  body  A will  be  impelled  in  the  di- 
rection A a,  and  conlequently  will  oppofe  a refiftance  of 
inertia  in  the  oppofite  dire&ion  a A.  The  force  of  the 
impa£t  at  E to  impel  the  point  0 will  depend  on  the  in- 
ertia of  each  particle,  that  of  A for  example,  afting  on  it 
the  lever,  of  which  the  arms  are  2s  EO,  the  force  of 
the  impart  at  E being  the  fulcrum  : and  although  the 
fulcrum  at  E be  not  immoveable,  and  will  oppofe  dif- 
ferent degrees  of  force,  according  to  the  different  veloci- 
ties and  quantities  of  matter  in  the  impinging  body,  yet 
in  a {ingle  impart,  the  force  at  the  fulcrum  E will  be  the 
fame  in refpert  of  all  the  particles^,  B,  C and  D ; and 
therefore  the  relative  values  of  the  forces  by  which  the 
inertia  of  the  different  particles  A,  B,  C and  D,  &c.  im- 
pels the  point  O will  be  obtained  from  confidenng  E as 
an  immoveable  fulcrum.  _ , 

This  being  confidered,  the  inertia  of  the  particle  A 
which  it  oppofes  to  the  communication  of  motion  at  E is 
• 1 ■ A 'A. 
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A X AO  . j coniequently  equal  to  the  fcrce  of  inertia  * Sea' VI 
OE*  ^ Prop.  II. 


OE 
A X OA 
OE 


ailing  at^:  this  inertia  ailing  on  the  line  Oa 

in  the  point  a,  and  in  the  direilion  a A may  be  reprefen  t- 
ed  by  that  line  A a in  quantity  and  direilion;  but  this 
force  ailing  obliquely  mud  be  refolved  into  two  KA, 
perpendicular  to  O a and  Ka  coincident  with  it,  of  which 
KA  only  is  efficient  to  oppofe  the  angular  motion  of  the 
fyllem  : this  will  be  to  the  whole  inertia  as  A K to  A a,  or 
becaufe  the  triangles  A Ka  and  AOK  are  fimilar,  as  O K 
to  OA;  we  have  therefore  the  inertia  oppofed  at  a to  the 
communication  of  angular  motion  by  the  particle  A ~ 
A x OK 

ailing  at  a in  a direilion 


A x OA  w OK 
OE  X OA 


OE 


perpendicular  to  O a.  Now  the  impail  being  made  at  E, 
the  inertia  oppofed  by  A at  the  point  a,  in  a direilion 
perpendicular  to  O a,  ailing  againd  E as  a fulcrum, 
will  impel  the  point  O in  a direilion  contrary  to  that  of 
the  llroke;  but  the  effeilof  any  force  applied  at<a  to  urge 

Ea 

O round  the  point  E will  be  that  force  X that  is,  the 

Ax  OKX  Ea 


force  of  A' s inertia  which  impels  0 will  be 


O E* 


in  the  fame  manner,  the  force  to  impel  0 arifing  from 

the  inertia  of  C will  be  ailing  in  the  fame 

direilion;  the  forces  which  arifefrom  the  inertia  of  2?andZ> 
will  impel  O in  a contrary  direilion,  and  will  be  expreffed 

, BxOHxEb  DxOFxEd  . 

by Qgi and Q-^ refpettively  : but  be- 

caufe 0 is  the  centre  of  fpontaneous  rotation  by  the  pro- 
pofition,  it  is  not  affeiled  by  the  impulfes  communicated 
to  the  fyllem,  being  quiefcent  while  the  other  parts  of  the 
fyllem  begin  to  move  with  velocities  which  are  propor- 
tional to  their  di dances  from  it.  The  forces  therefore 
which  ait  on  O in  contrary  direilions  mud  be  equal, 

which  will  give  °K  X £<,  + Cx0/x£c 


BxOHX  Eb  + Dx  OFxEd 

OE* 


OE * ~ — 

: or  becaufe  Ea~Oa  — 
OE 
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Fig.  XCVI, 


OE  = ^ — OE,  Ec-Oc~OE~^i-OE,  Ei 


OB * 


OH  ’ 


and  Ed  — OE  — Od  — OE 


— OE  — Ob  — OE  ■ 

OD * 

— Q~p~,  by  fubftituting  thefe  values  and  mutiplying  by 

OEL,  we  have  A x OA* — A x OK  x OE  + C x OC* 
■ — C x 01  x OE  — B x OH  x OE  — B x BO*  + D x 
OF  x OE  — D x OD1,  from  which  we  obtain  OE  =: 

A x OA 1 + B x OB'-  + C x OC*  + D x OD* 


or  OE 


A X OK  + B X OH  + C x 01  + D x OF 

A x OA-  + B x OB'-  -+  C x OC1  + D x OD*  , . , 

— , which 

A B C + D x OG 

is  the  diftance  of  the  centre  of  percuffion  from  the  axis  of 
motion,  *when  that  axis  pafles  through  0. 

Cor.  i.  The  fame  demonftration  precifely  is  applied  to 
any  indefinite  number  of  material  points  which  conllitute 
natural  bodies. 

Cor.  2.  If  W bt  the  mafs  contained  in  the  fyllem.  and 
R be  the  centre  of  gyration  when  it  revolves  round  0 ; a 
given  body  impinging  perpendicularly  againft  E,  the  fyf- 
tem  exifting  in  free  fpace,  will  generate  the  fame  motion 

Wx  OR* 

in  that  point,  as  if  the  mafs  ^ — were  concentrated 

in  E,  the  matter  of  the  fyllem  being  removed : for  the 
fame  reafon,  if  the  entire  fyllem  moves  in  the  diredtion 
EL,  which  is  always  perpendicular  to  OE,  and  an  im- 
moveable obflacle  at  E be  flruck  by  it,  the  force  of  the 
impadt  will  be  the  fame  as  if  the  obllacle  were  llruck  by  a 


body  r= 


Wx  OR*  Wx  OG 


£ concentrated  into  the 


OE*  ~ OE 
point  which  llrikes  on  the  obllacle,  with  a velocity  equal 
to  that  with  which  the  fyllem  moved. 

Cor.  3.  Let  SI K be  a fyllem  exifting  in  free  fpace,  G 
being  the  centre  of  gravity,  E the  point  on  which  a body 
impinges  in  the  diredlion  LE  perpendicular  to  GE,  and 
let  0 "be  the  centre  of  fpontaneous  rotation;  if  the  im- 
padl  be  made  on  the  point  F or  any  other  point  in  the 
line  FE  inllead  of  on  E,  the  centre  of  fpontaneous  rotation 
O will  not  be  altered  if  the  direftion  of  the  impadl  re- 
mains the  fame  ; becaufe  it  is  indifferent  as  to  the  parti- 
cles which  compofe  the  fyllem, whether  the  impulfe  is  com- 
municated 


I 
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municated  to  them  from  one  point  of  the  given  line  EF, 
or  from  any  other : moreover,  when  the  fyftem  revolves 
about  an  axis  which  pafles  through  O,  any  point  in  the 
line  EF  will  be  a centre  of  percuflion. 

Cor.  4.  Since  when  an  impulfe  of  any  magnitude  is 
imprefied  on  E,  the  centre  of  fpontaneous  rotation  0 is 
not  affedled  by  it,  it  follows,  that  if  during  the  motion  of 
the  fyftem  in  the  diredlion  HI  parallel  to  EF,  the  point 
E lhould  impinge  againft  an  immoveable  obftacle,  the 
motion  of  the  point  O will  not  be  affedled  by  it:  the 
point  0 will  in  this  cafe  proceed  after  the  impadl  with  a 
velocity  equal  to  that  with  which  it  before  moved. 

Cor.  5.  If  any  point  F in  the  line  EF  impinges  in 
the  diredlion  E L againft  an  immoveable  obftacle,  the 
motion  of  the  point  0 will  not  be  affedted  by  it,  pro- 
vided the  furface  of  the  impinging  body  at  F be  perpen- 
dicular to  the  diredlion  in  which  the  point  F ftrikes  the 
obftacle,  and  both  be  fo  fmooth  and  hard  that  there  lhall 
be  no  adhefion  or  fridlion  between  them:  for  the  point  O 
endeavouring  to  proceed  with  a velocity  equal  to  that 
which  it  had  before  the  impadt,  when  the  point  E is  flop- 
ped will  caufe  the  fyftem  to  revolve  round  E for  a fmall 
particle  of  time,  and  confequently  the  furface  of  the  body 
at  F mull  Aide  over  the  fixed  obftacle  for  a fmall  fpace: 
it  is  only  on  this  fuppofition,  that  the  force  of  the  im- 
pulfe on  the  obftacle  at  F is  the  fame  as  that  which  it  would 
receive  if  an  equivalent  mafs  equal  to  that  of  the  fyftem 

OG 

multiplied  into  the  fradtion  — impinged  on  it  with  the 

fame  velocity.  If  the  furfaces  at  F adhere,  it  is  manifeft 
that  the  point  O inftead  of  proceeding  in  a diredlion  pa- 
rallel to  EF,  will  be  defledled  into  a diredlion  perpendi- 
cular to  OF,  and  will  confequently  lofe  part  of  its  motion 
eftimated  in  the  diredlion  EF  or  HI. 

Cor.  6.  Since  when  a fyftem  is  ftruck  in  free  fpace,  the 
point  denominated  the  centre  of  fpontaneous  rotation  is 
quiefeent  while  the  other  parts  of  the  fyftem  begin  to  re- 
volve, it  is  plain  that  the  abfolute  velocity  of  the  point 
ftruck,  that  of  the  centre  of  gravity,  and  the  angular  ve- 
locity generated  will  be  the  fame  as  if  a fixed  axis  pafled 
through  the  centre  of  fpontaneous  rotation,  we  may  there- 
fore refer  to  what  has  been  before  demonllratcd  in  fedl. 
vt.  in  order  to  determine  thefe  quantities. 

Poftulate  for  the  enfuing  propofitions.  It  is  required 
that  in  the  bodies  or  fyftem  of  bodies,  which  revolve 
round  an  axis  perpendicular  to  any  conftant  plane  of  mo- 
0 tion. 


Fig.  XCVI. 
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tion,  the  fum  of  the  products  which  are  formed  by  mul- 
tiplying each  particle  into  the  fquare  of  its  diflance 
from  the  axis  palling  through  the  centre  of  gravity  may 
be  determined.  If  the  figure  be  regular,  tJiis  may  be 
effetted  by  geometrical  rules,  if  irregular,  it  may  be  ob- 
tained from  experiment  by  the  rules  given  in  page  227. 


y. 

Let  SIK  reprefent  a body  exifting  in 
free  fpace,  and  let  a body  impinge  on  it 
in  any  given  point  F,  and  in  any  direc- 
tion LF : having  the  mafs  contained  in 
the  body  ilruck,  the  velocity  of  the  im- 
pa£l,  the  perpendicular  diftance  of  its  di- 
redlion  GE  from  the  centre  of  gravity, 
and  the  quantity  of  matter  in  the  ftrik- 
ing  body;  it  is  required  to  aflign  the  ve- 
locity of  the  centre  of  gravity,  and  the 
angular  velocity  generated  by  the  impact, 
fuppofing  the  fyftem  to  be  moveable  in 
the  plane  SIK  only. 

Let  G be  the  centre  of  gravity  of  the  fyftem  ; produce 
LF  indefinitely  in  the  dire&ion  LFM,  and  through  G 
draw  OGK  perpendicular  to  LM.  Suppofe  the  fyftem  to 
revolve  in  the  plane  SIK,  on  a fixed  axis  which  pafles 
through  E,  and  let  O be  the  centre  of  percuflion;  this 
point  O will  alfo  be  the  centre  of  fpontaneous  rotation, 
about  which  the  fyftem  begins  to  revolve  in  free  fpace  by 
the  force  *of  the  impaft  at  F.  The  point  O being  there- 
fore immoveable  at  the  firft  inftant  of  the  fyftem’s  revolu- 
tion, the  angular  velocity  generated  and  the  initial  ve- 
locity of  the  centre  of  gravity  will  be  the  fame  as  when  a 
fixed  axis  pafles  through  0.  Let  W be  the  quantity  of 
matter  in  the  fyftem,  A that  of  the  Arising  body,  and 
V the  velocity  of  impact : alfo  let  R be  the  centre  of 
gyration,  when  the  fyftem  revolves  round  O ; then  the 
velocity  generated  in  E by*  a given  impact  at  E,  will 
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be  the  fame  as  if  the  whole  mafs  of  the  fyftem  were  re- 

W x OR ' 

moved,  and  the  {equivalent  mafs  — — were  concen- 
trated in  E,  and  the  bodies  being  nonelaftic,  the  laws 
of  collilion  give  us  the  following  proportion,  as  A + 
Ip’  x OR' 

— -tr-= r — - : A : : V to  the  velocity  communicated,  if  A 
OE'  1 

impinged  on  the  point  E ; but  here  as  F is  at  a greater 
dillance  from  the  centre  of  motion  O than  E,  the  inertia 
of  A will  be  greater  in  a duplicate  {-proportion,  and  will 
A x FO1 

therefore  be  n — q~^1 — > which  mafs  being  concentrated 

with  the  reft  at  E,  will  be  equivalent  to  the  inertia  of  A; 
this  being  the  cafe,  the  laws  of  collifion  will  give  the 

A X FOl  + W X OR* 
proportion : as  


OE' 

velocity  communicated  to 
AV  x OE ' 


E, 


A : : V : to  the 
which  will  be  — 


IV  x OR'  + A x OF''  and  confequently  this  being  di- 

mi  nilhed  in  the  proportion  of  OE  to  0 G will  become 
AV x OE  x OG  .......  _ _ 

PVXOR'+AxOF*  = the  ln,Ual  vel0clty  of  the  centrc 
of  gravity.  Moreover,  for  the  angular  velocity,  making 
3.14159  z=  C,  we  lhall  have  the  circumference  of  the 
circle  which  would  be  uniformly  defcribed  by  the  point 
E round  0,  if  0 were  fLted,  — z C x OE;  which  will 

. ,.  . VA  X OE' 

glve  thls  proportion:  as  2 C X OE, 

fo  is  1 fecond  to  the  time  of  one  revolution  in  feconds  

zCxlV  x OR ' -f  A * OF' 

VA  x OE  ’ v*  fccond  being  the  ftandard 

time  to  which  the  velocities  are  referred;)  and  confequentlv 
the  number  of  revolutions  or  parts  of  a revolution  is  a fe- 
cond,or  the  angular  velocity  round  the  point  O required  — 

AV  x OR ~~ 

zC  x W x OR'  -f -Ax  OF' ' 

Cor.  1 If  the  inertia  of  the  ftriking  body  be  eva 
nefcent,  the  velocity  communicated  to  the  point  E will 

3°  be- 


t Sea.  VT. 
Prop.  VIII. 
Cor,  2.  & 4, 


f Sc£K  Vf. 
Prop.  II. 
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•Sea. VI.  dV  X OE1 

Prop,  viii,  become  rr  — — -r-— -,  or  becaufe  *ORl  =.  OE  x OG , the 
Co^  i.  OR 1 

....  . . ...  VA  x OE 

initial  velocity  of  E will  =— — — 7r^r . 

VV  x OG 

Cor.  2.  For  the  fame  reafon  the  velocity  of  the  centre  of 
VA x OE  x OG  VA x OE  x OG 

gravity  will  become  zz 


Wx  OR? 


Wx OE x QG 


VA 

— — , being  the  fame  as  would  be  generated  in  the  cen- 
IV 

tie  of  gravity  G if  the  body  A impinged  direflly  on  it  with 
the  velocity  V. 

Cor.  3.  The  inertia  of  P being  evar.efcent  as  in  the 
lad  corollaries,  we  have  alfo  the  angular  velocity  gene- 

AV 

rated  in  the  fyftem  = -^w^OG' 

Cor.  4.  Let  ^be  the  centre  of  gyration  of  the  fyftem 
when  it  revolves  round  the  centre  of  gravity ; then  G££ 
J Seft.  VI.  _ (jo  x GE  i;  wherefore  the  angular  velocity  generated 
Prop.  VIII#  rv  A r 

Cnr % . , rd  * 

• 3'  is  equal  to 


From  this  and  the  laft  cor. 


zCW  x G%? 
it  follows,  that  every  thing  elfe  being  the  fame,  the  an- 
gular velocity  generated  will  be  dire&ly  as  the  diftance  of 
the  impatt  from  the  centre  of  gravity  GE,  and  inverfely 
as  OG,  GQ being  a conftant  quantity  in  a given  fyftem, 
revolving  in  the  lame  plane. 


VI. 

The  conditions  of  the  laft  proportion 
remaining)  let  ic  be  required  to  aflign  the 
motion  of  the  centre  of  gravity  in  free 
fpace,  and  the  angular  velocity  of  the 
fyftem  round  it. 

n fr  the  centre  of  fpontaneous  rotation,  each  parti- 
FigiXeVII.  O be  g A after  thl  impulfe  begins  to  move  in  a 

direction  perpendicular  to  the  line  which  joins  the  para- 
de and  the  point  O refpeftively  If  a fixed  axis  palled 
through  that  point,  each  particle  would  continue  to  de- 
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fcribe  uniformly  with  the  velocity  acquired  a circular  arc, 
of  which  the  radius  is  the  diftance  between  the  moving 
particle  and  the  axis  of  motion  refpedlively.  But  the 
point  G not  being  confined  by  the  aftion  of  a fixed  axis, 
will  go  on  in  the  diredtion  of  its  firft  f impulfe  perpendicu-  + Page  403. 
lar  to  OE,  having  defcribed  the  right  line  Gg  with  the 
, . AVxOExOG  m , .c  ^ . * Sect.  X. 

VC  °CKy  Wx  OR'+AxOF*’  and  lf  n°  r0tat0ry  m0tl0n Prop,  V. 
were  communicated  to  the  fyftem,  the  line  OGE  would  have 
moved  into  the  pofition  ogE  parallel  to  OGE;  but  the 
angular  motion  defcribed  about  O during  the  fame  time 
is  — the  angle  EOG  — O go  the  cotemporary  angular  ve- 
locity round  the  centre  of  gravity.  The  motion  therefore 
of  the  fyftem  in  free  fpace  will  be  compounded  of  the 
uniform  redtilinear  velocity  generated  in  the  centre  of 
gravity,  in  the  diredtion  Gg  perpendicular  to  OE,  and 
the  angular  motion  generated  round  the  centre  of  gravity, 
which  is  equal  to  that  round  the  point  O,  or  — 

VA  x OE 


zCxWxOR'+Ax  OF z 

Cor.  1.  When  the  inertia  of  A is  very  fmall,  the  an- 
gular velocity  round  the  centre  of  gravity  will  become 
VAy.  OE 

TzC  XlV  X OR1’  or  becauf"e  — 0G  x tbe  an- 


gular  velocity  — 


VAX  OE 


VA 


zC  X IV X OG  x OE  ~ zC  X OG  X IV 


VA  x GE 


the  fame  as  in  prop.  v.  cor.  3.  & 


zCIVxG '•  “ 4* 

Cor.  2.  If  a fixed  axis  palfes  through  the  centre  of 
gravity,  and  a body  A impinges  on  the  fyftem  in  the 
point  F in  a diredtion  which  is  perpendicular  to  GE, 

^ being  the  principal  centre  of  gyration,  the  refiftance 

of  inertia  oppofed  at  E ||  will  be  the  fame  as  if  X Iro^’vm. 

were  accumulated  in  the  point  E,  the  other  matter  being  Prop.  IV.  ’ 
removed  : this  will  give  the  following  proportion,  as  Cor'  3' 


Ax§GFl+IVxG£z 


VAx  GEZ 


GE 1 ' ' IV  x + A x GFl 

velocity  of  the  point  E after  the  irnpadt ; when  A is 

very  fmall,  the  velocity  will  become  =:  — — , and 

IVxGFV  * 

the  angular  velocity  round  the  centre  of  gravity  — 
3 G 2 VA 


the  § PaSe  417- 


+ Sea.X. 
Prop.  V. 

Cor.  4. 


* Cor.  2. 


t Sea.  X. 
Prop.  V. 
Cor.  2. 


Fig.  XCV[. 


[ 420  ] 

I'Ax 
2 CW  x 

free  fpace  unconfined  by  any  axis,  from  which  we  have 
this  general  conclufion,  that  when  a body  is  ftruck  in 
the  manner  defcribed  in  prop.  v.  by  a body  of  very  fmall 
inertia,  the  angular  velocity  in  free  fpace  will  be  the  fame 
as  that  which  is  generated  round  a fixed  axis  which  pafles 
through  the  centre  of  gravity  ; and  the  motion  of  the 
centre  of  gravity  in  free  fpace  is  the  fame  as  would  be 
generated  in  that  centre  if  the  ftriking  body  impinged 
direftly  on  it,  every  thing  elfe  being  the  fame. 

Cor.  3.  The  velocity  with  which  the  point  O revolves 
round  the  centre  of  gravity  confidered  as  fixed,  is  equal 
to  the  velocity  of  the  centre  of  gravity  in  free  fpace : for 
the  angular  velocity  of  the  fyftem  revolving  round  the 

V A 

centre  of  gravity*  is  ^ qq  > which  being  multi- 

VA 

plied  into  2C  x OG  will  be  — zz  the  velocity  of  the 

point  0,  being  the  l fame  4s  the  velocity  of  the  centre  of 
gravity  moving  in  free  fpace. 

Cor.  4.  Since  the  centre  G moves  with  a velocity  equal 
to  that  of  the  point  O round  G confidered  as  a fixed  cen- 
tre, it  is  plain  that  the  line  defcribed  by  the  point  O,  dur- 
ing the  motion  of  the  fyftem,  muft  be  the  common  cy- 
cloid. 


GE 

G<£' 


f the  fame  as  when  the  fyftem  moved  in 


VII. 

Let  G reprefent  the  centre  of  gravity 
of  a body  SIK  moving  in  the  direction 
HGI  with  the  velocity  V,  each  particle 
alfo  moving  with  the  fame  velocity  V ; 
and  let  a fixed  obftacle  be  oppofed  to  any 
point  E of  the  line  GK,  which  is  perpen- 
dicular to  HG  -,  it  is  required  to  aflign  the 
motion  of  the  fyftem  after  the  impact. 

The  fyftem  SIK  is  confidered  to  be  moveable  in 
the  plane  SGIK  only:  this  being  premifed,  if  E be 

made 


[ 421  ] 


made  the  centre  of  fufpenfion,  O will  be  the  centre  of 
percuffion  correfponding,  O will  alfo  be  the  centre  of 
fpontaneous  * rotation:  when  therefore  the  fyftem  im- * Sea. 
pinges  againft  the  fixed  obftable  at  £,  that  point  of  the  Prop,  i 
l'yftem  E will  be  quiefcent,  and  the  point  O not  being  af-  Cor> 
fedted  by  the  impadt,  will  go  on  with  the  velocity  V,  and 
confequently  the  centre  of  gravity  will  proceed  with  the 
Vy.  EG 

velocity  — — — ; and  if  C zz  3.14159,  &c.  the  angular 
OE 


velocity  of  the  fyftem  round  E,  at  the  inftant  of  the  im- 
V 

padt  will  be  = — — — . 

* zC  x OE 


If  any  other  point  of  the  line  EE  parallel  to  GI  impin- 
ges againft  the  immoveable  obftacle,  the  effedtwill  be  the 
lame,  provided  the  furfaceof  the  body  at  the  point  of  im- 
padl  be  perpendicular  to  the  diredtion  in  which  it  ftrikes 
the  obftacle,  and  there  be  no  fridtion  or  adhefion  between 
the  obftacle  and  ftriking  body. 

If  the  diredtion  of  the  impadt  againft  the  obftacle  be 
oblique  to  the  furface  of  the  impinging  body  at  the  point 
of  impadt,  it  mult  be  refolved  into  two,  of  which  one  is 
perpendicular  and  the  other  parallel  to  the  furface;  the 
latter  of  thefe  will  have  no  effedt  in  altering  the  motion 
of  the  body  itruck,  as  the  furfaces  are  by  the  fuppolition 
perfedtly  fmooth  and  hard ; the  perpendicular  force  will 
adt  precifely  as  in  the  cafe  of  the  diredt  impadt. 

When  an  irregular  body  LMN  impinges  on  an  irregular  F 
body  SIK,  feveral  circumftances  relating  to  the  impadt  xcVlII 
are  to  be  attended  to  in  order  to  afcertain  the  motion  of 
each  body  after  the  impadt : let  the  diredtion  of  the  im- 
padt be  £>FS  ; and  let  the  velocity  of  the  impadt  be  re- 
prefented  by  %F;  refolve  this  into  two,  /W  perpendicu- 
lar to  a tangent  to  the  curve  at  F,  and  V parallel  to 
that  tangent.  1.  At  the  inftant  of  the  impadt,  the  body 
LMN  may  adhere  firmly  to  the  body  SKI,  fo  that  the 
whole  mull  move  altogether  as  one  fubllance : this  is 
the  cafe  when  a bullet  of  any  kind  penetrates  the  fub- 
ftance  of  an  obftacle,  and  after  the  impadt  becomes  fo 
united  with  it  as  to  entirely  partakeof  its  motion.  2dly.The 
bodies  may  not  be  fo  united  by  the  impadt  as  to  become 
one  fubltance,  but  the  furface  of  the  ftriking  body  may 
neverthelefs  fo  adhere  to  the  body  Itruck,  that  not  only 
the  perpendicular  force  .fWfhall  be  efficient  to  propel  it, 
but  the  lateral  force  alfo  QV  fhall  contribute  to  generate 
rotatory  motion  round  the  centre  of  gravity,  and  redtili- 

near 
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near  motion  in  that  centre.  :}dly.  When  the  furfaces  are 
hard  and  fmooth  the  lateral  force  ^/'"will  have  no  effeft 
on  the  motion  of  the  body  llruck,  which  will  in  this  calc 
be  impelled  by  the  perpendicular  force  VF  only. 


vni. 

Let  a body  LMN  impinge  on  the  body 
MIH  at  reft,  the  point  of  impadt  being 
at  F,  and  the  diredlion  of  the  impaft 
<=IS:  it  is  required  from  the  neceftary 
conditions  to  afcertain  the  motion  of  the 
two  bodies  after  the  impact. 


Let  G be  the  mafs  of  the  ftriking  body,  / the  mafs  of  the 
body  ftruck  : let  £>F  reprefent  the  velocity  of  the  impadl 
in  quantity  and  diredtion : this  being  oblique  to  the  fur- 
faces  at  F mud  be  refolved  into  two  FV,  QV,  the  former 
perpendicular  and  the  latter  parallel  to  the  curves  at  F: 
the  furfaces  of  the  bodies  being  perfedlly  hard  and  fmooth, 
the  force  VF  only  will  be  effedtual  in  impelling  the  body 
ftruck.  Produce  VF  indefinitely:  and  through  the  centres 
of  gravity  G and  / draw  OGE,  KIH  perpendicular  to  VFH : 
and  fuppofe  the  body  G to  vibrate  round  an  axis  which 
pafles  through  E,  let  O be  the  centre  of  percuffion ; and 
when  the  body  / revolves  round  H,  let  K be  the  centre 
of  percuffion.  It  is  here  to  be  obferved,  that  becaufe  the 
furfaces  at  F are  not  fuppofed  to  adhere,  the  motion  of 
the  body  / will  not  be  impeded  by  the  inertia  of  the 
ftriking  body:  the  force  VF  impelling  the  body  / in  the 
direction  F H,  will  caufe  it  to  begin  its  motion  round 
the  centre  of  fpontaneous  rotation  K,  while  F de- 
feribes  an  evanefeent  arc  of  which  the  radius  is  KF j but 
the  ftriking  body  by  its  inertia  will  endeavour  to  proceed 
in  the  direction  FH  until  the  bodies  have  a common  velo- 
city in  that  diredtion ; this  will  manifeftly  caufe  the  fur- 
faces to  Hide  over  each  other  near  F through  a fmall  fpace, 
but  the  time  in  which  the  impadt  is  performed  being  in  a 
phyfical  fenfe  an  inftant,  the  force  will  during  the  whole 
of  the  time  be  applied  to  move  the  point  Hi  this  being 
premifed,  let  the  perpendicular  velocity  of  impadt  VF  be 
reprefented  by  V-.  through  G and  I draw  CGL,  MIX 
parallel  to  VFH ; then  will  the  point  / deferibe  the  line 

IX 
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/^f||  after  the  impadt,  and  G will  defcribe  the  line  GL, 

(the  lateral  motion  QV  being  confidered  afterwards:)  the  [>r o1Jtyj‘ 
refiltance  of  inertia  oppofed  by  the  body  I,  is  the  fame 
as  if  the  whole  mafs  were  removed,  and  the  equivalent 

mafs  were  ’concentrated  in  H ; and  the  fyflem  G*  Se£I.  VI. 

KH  Prop.  VIII. 

which  impinges  on  I will  ftrike  that  body  with  the  fame  prQCftj^* 
force  as  if  the  whole  mafs  in  G were  removed  and  the  co°n  6.  * 

equivalent!  mafs  5^  were  concentrated  in  E : where-  t 

OE  Prop,  tv, 

IxKI  ^or' 

fore  the  laws  of  collifion  will  give  this  proportion,  as  ■ - - - 

JtiK 


GyOG  G y GO 


EO 


OE 


: : V : to  the  velocity  communicat- 


ed to  H,  which  being  diminilhed  in  the  proportion  of  UK 
to  KI  will  be  the  velocity  of  the  centre  of  gravity  in  the 
dire£tion  IX:  moreover,  the  velocity  of  the  centre  of 
gravity  and  its  dillance  from  the  centre  of  fpontaneous 
rotation  will  give  the  angular  velocity  of  the  fyltem  about 
K or  I.  And  becaufe  O is  the  centre  of  fpontaneous 
rotation  of  the  body  G,  that  centre  fwill  not  be  at  all  af-  f Sef>.  X. 
fedted  by  the  impact,  and  the  velocity  of  the  point  F ia  Prop.  IV. 
the  linking  body  ellimated  in  the  diredlion  of  the  perpen- 
dicular FF  will  be  the  fame  with  that  which  is  commu- 
nicated to  H:  let  this  latter  velocity  be  expounded  by  the 
line  EU  when  OT  reprefents  the  original  perpendicular 
velocity  of  impadt,  and  join  F"UIV,  this  will  give  the  per- 
pendicular velocity  of  the  centre  of  gravity  — Gg,  and 
the  angle  deferibed  by  the  body  G in  its  rotation  during 
the  fame  time  rr  FIFO  being  the  meafure  of  the  angular 
velocity  of  the  linking  body  after  the  impadt.  The  ve- 
locity of  the  centre  of  gravity  Gg  in  the  diredlion  GL,  was 
by  conllrudlion  to  the  entire  perpendicular  velocity  of  im- 
padt  as  Gg  to  TO;  we  have  therefore  the  perpendicular 
Velocity  of  G after  the  impadt  in  the  diredlion  GL  ~ F x 

which  being  compounded  with  the  lateral  motion 

of  G denoted  by  QF,  will  give  the  truejvelocity  and  direc- 
tion of  the  centre  G after  the  impadl. 


IX. 


I 
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IX. 


tig.  xevi.  in  any  fyftem  SIK  to  which  when 
quiefcent,  motion  has  been  communicated 
by  the  impulfe  of  a force  without  in- 
ertia; that  is,  rectilinear  motion  to  the 
centre  of  gravity  G meafured  by  the  fpace 
JD,  which  the  point  G would  defcribe  uni- 
formly in  any  given  time,  and  rotatory 
or  angular  motion  mealured  by  the  num- 
ber M revolutions,  which  it  would  de- 
fcribe uniformly  round  G in  the  fame 
o-iven  time:  it  is  required  to  afcertain  at 
what  perpendicular  diftance  GE  from  the 
centre  of  gravity,  the  direction  of  the 
impelling  force  LE  muft  have  palled,  lo 
as  to  have  generated  the  rectilinear  and 
rotatory  motions  defcribed  in  the  propo- 
rtion. 


+ Sefl.  x. 

prop-  V. 
Cor,  z- 


I et  LE  be  the  direflion  of  the  impulfe,  and  through  G 
the  centre  of  gravity  of  the  fyftem,  draw  OGE  perpendi- 
cular to  LE,  agnd  let  0 be  the  centre  of Spontaneous  rota- 
tion of  the  fyftem  when  impelled  at  £ or  F.  Let 
the  principal  centre  of  gyration  of  the  fyftem  when  it  r - 
volves  round  the  centre  of  gravity.  Moreover,  let  4 be 
a body  which  impinges  on  F with  a velocity  V,  W being 
the  weight  of  the  fyftem:  then  the  velocity  commumcat- 

ed  to  the  centre  of  tgravity  = ’A,  aoi  “»£»'"  velo- 

. _ VA 

city  generated  in  the  fyftem  round  G is  _ ZCW  kOG' 


+ Sea.  X. 
Prop.  HI. 
Cur.  3. 


WxC£  c beJ  _ 3.14159,  &c.  but  by  the 

or2CrxGtl  , f 

nrohlem  the  velocity  communicated  .t0  the  centre  of 
gravity  is  V,  and  the  angular  motion  is  M\  that  is^t^e 
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number  ofrevolutions  or  pfertsofa  revolution  defcribed  while 
the  centre  of  gravity  describes  the  fpace  D — M:  we  have 


DxGE 
2 C'x 


therefore  from  the  conditions,  this  equation: 

M:  and  the  diftance  fought  or  GE  — 2-  * . 

The  earth  revolves  about  an  axis  palling  through  its 
centre  of  gravity,  while  that  centre  is  carried  on  in  free 
fpace  deferibing  an  orbit  nearly  circular.  This  double 
motion  has  b en  difeovered  itl  feveral  of  the  planets,  and 
by  analogy  may  be  fuppofed  to  exiit  in  the  others,  al- 
though their  diftances  from  us,  unvaried  furfaces,  or 
different  caufes  have  prevented  any  fatisfa&ory  obferva- 
tion  of  their  revolutions  round  their  axes. 

Molt  of  the  other  phenomena  in  the  planets’  motions 
are  acknowledged  to  be  intimately  related,  and  dependant 
on  each  other,  and  to  be  regulated  by  certain  definite 
laws,  from  which  they  deviate  not  in  the  fmalleft  degree; 
yet  the  rotation  of  the  planets  round  their  axes,  as  far  as 
,hey  have  been  obfervedj,  feem  to  follow  no  rule  or  or-  tJ  Bor- 
der whatever,  either  in  relpett  of  their  diftances  from  the 
fun,  their  periodic  times,  quantities  of  matter,  or  any  p °2So  ’ 
other  circumitance  of  appearance  or  motion.  This  is  no  ^ 
more,  however,  than  faying  that  no  law  has  been  hitherto 
difeovered  to  which  thefe  phaenomeha  can  be  referred  ; 
but  to  argue  from  hence,  that  no  law  exifts  in  nature  by 
which  the  rotations  of  the  planets  round  their  axes  were 
primarily  adjufted,  would  be  to  acknowledge,  that  this 
part  of  the  folar  fyftern  is  exempt  from  that  harmony  and 
order,  which  are  fo  confpicuous  in  the  other  appear- 
ances relating  to  the  planets’  motions.  The  propofuion 
above  demonftrated  immediately  applies  to  the  fubieft  in 
queftion,  at  hrft  fight  fuggelling  the  probability  of  dif- 
fering feme  proportion  or  relation  between  the  rota- 
tion of  the  planets  and  their  other  motions,  their 

fs  coS  dT  \ ’ &C‘  ^ althouoh  little  at  prefent 
fr°m  ,hc  examinat.on,  yet  when  the  revolu- 
uons  of  the  planets  round  their  axes  are  more  generally 

binedmwithe^  f Wn’  3nd.0ther  P^nomena  com- 
Dined  with  them,  future  experience  may  perceive  that 

what  thev  °f  r°tati0r  C°uid  have  bee"  110  than 

what  they  are,  according  to  the  known  laws  of  motion 

(iemonftrateci  to  .heFig.XC.X, 

the  earth  i SIKG  rePtefenc  a fedtion  of 

th  paffing  through  its  centre  of  gravity  G,  which 

V 3 H confidering 


J Seft.  X. 
Vrop.  VI. 


* Seft.  X. 
Prop.  V. 
Cor.  tSc  3. 


+ Sea.  II. 

Prop.  VJI. 
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confidering  the  earth  as  fpherical  and  homogeneal  will  be 
the  centre  of  the  fphere.  Suppofe  the  earth  to  have  been 
originally  quielcent,  and  that  an  impulfe  was  imprefled 
on  it  in  the  dire&ion  CGA;  if  the  dire&ion  of  this  im- 
pulfe palTed  through  the  centre  of  gravity  G,  no  rotation 
round  an  axis  would  have  been  the  confequence;  if 
the  impulfe  palTed  in  the  fame  direction,  but  not  through 
the  centre  of  gravity,  a motion  of  rotation  £ round  the  cen- 
tre G would  be  generated  while  the  centre  of  gravity 
proceeded  in  the  right  line  GA  parallel  to  the  direction  of 
the  impelling  force.  It  is  manifeft,  that  the  attra&ion  of 
the  fun  which  caufes  the  centre  G to  deviate  from  the 
right  line  GA,  and  to  defcribe  an  arc  GH  (that  may  be 
here  aflumed  as  circular  without  error)  will  alter  neither 
the  velocity  of  the  centre  G nor  the  motion  of  rotation. 
Through  G draw  OGEB  perpendicular  to  LE.  Having 
given  the  magnitude  of  an  impulfe  relatively  to  the 
earth’s  mafs,  imprefled  in  the  diredlion  LE,  and  the  dif- 
tance  GE  on  the  earth’s  radius  from  the  centre  of  gra- 
vity at  which  it  was  applied,  the  abfolute  velocity  of  the 
centre  of  gravity  G,  and  the  angular  motion  round  G 
would  be  inferred*;  and  converfely  according  to  the 
conditions  of  the  propofition  above  demonitrated,  if  the 
angular  motion  ancl  the  abfolute  velocity  of  the  centre  of 
gravity  be  given,  the  diflance  GE  at  which  the  impulfe 
was  applied  from  the  earth’s  centre  will  be  known : to 
apply  this,  let  Gi^be  the  diitance  of  the  principal  centre 
of  gyration  from  the  earth’s  centre:  let  the  earth’s  radius 
be  — 1,  being  aflumed  as  a ftandard  of  fpace;  and  let  the 
earth’s  periodic  time  round  its  axis,  or  2 3h.  56.4".  be  m, 
a ftandard  f of  time,  being  a fidereal  day  ; in  order  to  ex- 
prefs  the  velocity  of  the  earth’s  centre  of  gravity,  we 
mult  determine  the  fpace  delcribed  by  it  in  one  fidereal 
day;  and  fince  the  fun’s  parallax  is  about  8 ±",  the  cir- 
cumference of  the  earth’s  orbit  will  contain  152470  of  the 
earth’s  radii,  and  becaufe  this  fpace  is  defcribed  by  the 
earth’s  centre  in  365.24  mean  days  or  366.24  lidereal  days, 
the  fpace  defcribed  by  the  eaith’s  centre  in  one  fidereal  day 


will  be  liiil?  — 416.31  of  the  earth’s  radii  — D by 
366. 24 

the  propofition,  which  will  be  the  earth’s  velocity  in  its 
orbit  referred  to  the  time  of  one  fidereal  day.  We  have 


„ „ 2CMXGQ1 

therefore  in  the  equation  GE  _ > c, — S-H* 


59* 


M — 1 being  the  angular  velocity  o'f  the  earth  round  its 

axis. 
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axis,  or  the  number  of  revolutions  defcribed  while  the 
centre  G pafles  through  the  fpace  D : moreover  G2£  be- 
ing the  fquare  of  the  dillance  of  the  principal  centre  of 

2 

gyration  from  the  centre  of  gravity  zr  - X fquare'of  the  « se£t.  VI, 
6 5 Prop.  XU. 

radius,  or  flnce  the  radius  =2  I,  G£B  zz  and  D 

416.31,  which  being  fubftituted,  we  fliall  have  GE  — 

2x3.14159  X_j  _ — • . From  hence  it  appears,  that 

416.31  165.6 

if  an  impulfe  be  imprefled  on  a quiefcent  fphere,  and  the 
<lire£lion  of  the  force  Ihould  be  at  a perpendicular  diftance 

from  the  centre  of  gravity  of  -^7  - part  of  the  radius: 

the  angular  motion  of  the  fphere,  and  the  abfolute  motion 
of  the  centre,  will  be  proportional  to  thofe  of  the  earth. 

From  this  determination,  the  earth’s  centre  of  fpontane- 
ous  rotation  is  obtained  : for  making  0 that  centre,  we 
G91  2 

have  f GO— — - X 163.6  tn  66.25,  which  is  fome- 1 Se<a.  VI. 

GE  5 3 3 Prop.  VIII, 

what  more  than  the  moon’s  greateft  diftance  from  the 
earth’s  centre. 


Bernoulli  makes  t the  diftance  GE—  and  GO  — 60, 1 J.  Ber- 

150  noulli, 

from  aftiiming  the  fun’s  parallax  9". 375,  which  is  nowVoloIV* 
known  not  to  exceed  8^".  P-  * 3* 

In  the  fame  manner  the  diftances  GE  and  GO  may  be 
afcertained  for  the  other  planets,  their  times  of  revolution 
round  their  axes  and  the  abfolute  velocities  of  their  cen- 
tres of  gravity  being  known. 


X. 

GIF  represents  a fyftem  exifting  in  freeF!g,c. 
fpace:  fuppofe  that  a body  A impinges 
on  the  point  I in  the  diredtion  HI  with 
the  velocity  V,  and  that  at  the  fame  in- 
fant another  body  B impinges  on  the 
point  F in  any  other  direction  LF  with 
3 H 2 the 
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the  velocity  U-,  let  it  be  required  to  deter- 
mine the  rectilinear  motion  of  the  centre 
of  gravity  G after  the  impact,  and  the 
angular  velocity  generated  in  the  fyftem, 
fuppofmg  that  the  inertia  of  the  ftriking 
bodies  is  inconfiderable. 


• Sea.  X. 
Prop.  V. 
Cor;  4. 


Through  the  centre  of  gravity  G draw  GC  parallel  to 
HI,  and  GD  parallel  to  LF;  make  GC  to  GD  in  the 
■proportion  compounded  of  the  ratio  of  A : B,  and  of  V: 
U ; compleat  the  parallelogram,  and  draw  the  diagonal 
GK:  then  Will  GAT  be  the  diredtion  in  which  the  centre 
of  gravity  G moves  after  the  impadt,  its  velocity  being 
fuch  as  will  carry  it  uniformly  over  the  fpace  GK  in  the 
fame  time  that  GC  would  be  defcribed  by  it,  if  the  body 
only  impinged  on  the  point  1 in  the  diredtion  HI  with 
the  velocity  V.  Produce  HI  and  LF  indefinitely,  and 
through  G draw  GP  perpendicular  to  HIP,  and  GE  per- 
pendicular to  LFE.  Let  JjMje  the  principal  centre  of  gy- 
ration, W the 'ioafs  of  the  body  : then  referring  the  velo- 
cities to  any  ftandard  of  time  1,  the  angular  velocity  ge- 
nerated by  the  impadt  of  the  body  A,  will  be  that  which 

VAxGP 

would caufe  the  fyftem  todefcribe*  revo^ut*ons 

in  the  time  1,  C being  the  number  3.14159,  &c.  Andthe 
impadt  of  the  body  B if  applied  alone  would  generate  an 

angujar  velocity  of  revolutions  in  the  fame 

ftandard  time  1 ; and  if  the  two  impadts  at  F and  I adt 
'to  turn  the  fyftem  round  G contrary  ways,  the  angular 
Velocity  after  the'  impadt  will  oh  the  whole  be 
VA x GP  — UB  x GE  UBy.GE-VAy.GP 
zCUVXG^  °r  zCWyGSV  20 
as  VA  X GP  is  greater  or  lefs  than  UB  x GE. 


cording 


XI. 


Fig.  cr.  G reprefents  the  centre  of  gravity  of  a 
body  moving  in  free  fpace  with  the  velo- 
city 
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city  Vi  and  at  the  fame  time  revolving 
round  G with  an  angular  velocity  of  M 
revolutions  in  the  ftandard  time  to  which 
V is  referred;  the  mafs  of  the  fyftem 
is  W , and  i^is  the  principal  centre  of  gyr 
ration:  it  is  required  to  affign  the  velo- 
city with  which  a body  A mull:  impinge 
on  any  given  point  K,  fo  that  the  point 
K may  be  quiefcent  the  inftant  after  the 
impact,  it  being  fuppofed  that  the  direc- 
tion of  the  impaft  NK  is  perpendicular 
to  KG  palling  through  the  centre  of  gra- 
vity, and  that  the  inertia  of  A is  incon- 
fiderable  in  comparifon  of  W. 


It  is  manifeft  from  the  conflru&ion  in  prop.  ii.  that  if 
a line  KG  be  drawn  through  the  centre  of  gravity  per- 
pendicular to  the  diredtion  of  impadt,  or  which  is  the 
fame  thing,  peipendicular  to  the  airedtion  in  which  the 
centre  of  gravity  moves,  the  centre  of  fpontaneous  rota- 
tion will  be  fome  where  in  this  perpendicular  line  KG  pro- 
duce^. 

Let  O be  the  centre  of  fpontaneous  rotation,  then  be- 
caufe  V is  the  velocity  of  the  centre  of  gravity,  and  M is 


angular  velocity*,  GO  — 


2 Cx  M’ 

G^y.iCM 

and  GE  = Moreover  fince  V is  the  velocity 


~ , . * Sett.  X. 

C being  = 3.14159,  prop.  v. 

Cor.  z Sc  3. 


V*OK 


ofthe  point  G,  ~~qq  - will  be  the  velocity  of  the  point  J5f. 


. Let  T be  the  centre  of  fpontaneous  rotation  correfpond- 
ing  to  the  point  K:  the  force  of  the  ftroke  is  the  fame  as 
if  an  equivalent  mafs,  — the  whole  mafs  diminilhed 
in  the  proportion  of  KT : GTf,  being  concentrated  into  a f Sett.  X. 
point,  impinged  diredtly  on  it  with  the  fame  velocity,  Prop.  IV, 
To  folve  the  problem  therefore  it  will  be  fufficient  toCor•a, 
affign  the  velocity  of  the  body  A,  when  A x into  that 
velocity  fhall  be  equal  to  the  equivalent  mafs  into  the 
Velocity  of  its  motion.  Let  z be  the  velocity  of  A re- 
quired ; 
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quired:  the  velocity  of  K is 


VxKO 
GO  '■ 


and  becaufe  *T 


is  the  centre  of  fpontaneous  rotation  correfponding  to  K, 
the  equivalent  mafs  to  be  concentrated  into  K,  fo  as  to 
caufe  a refiftance  of  inertia  equal  to  that  of  the  whole 
. JVxGT 

fyftem  is  -,  from  which  the  following  equation  is 


KT 

|1  Se£t.  VI.  derived : Az  rr 
Prop.  VIII. 

_ GC' 


VxKOxW  GT 
goxkt  3 


but  ||  G T — 


_ Gg: 

GK t 


GO  — 


GE  3 


zCM 


and  KO  = GK  + §§ : = GK 

GZ S 


2 CM’ 


and  KT  = GK  + 


Gg * 

GK 3 


wherefore  Az  — 


fSefl.  X. 

Prop.  V.  

C"'  * * 3’  ^y^CMXGiC+yxGT-xGg.  bnt  zCMxG0=y_ 

2 CMxCOxC£‘  + Gg 

and  GT  x GK  — Gg^,  we  have  therefore  Az- 


ov 


WxGZT-  x V+  2 CM  x GK  , , . . . , 

GKl  + Qgi . and  the  velocity  acquired, 

_ WX  GgL  X K+  zCMx  GK 
Z ~ A x GKX+  Gg^ 

Cor.  i.  If  the  centre  of  gravity  moves  in  the  diredtion 
GI with  the  velocity  V,  the  angular  velocity  being  M, and  any 
point  K impinges  on  an  oppofed  obftacle  when  the  line 
GK  is  perpendicular  to  GI,  the  force  of  the  llroke  will  be 

WXGS'xf+zCMxGK 

•/*  X ■ i r*  • 

GKl+  Gg^ 

Cor.  2.  While  the  fyftem  is  moving  in  free  fpace  in 
the  manner  defcribed  in  the  proportion,  if  a body  im- 
pinges on  any  point  F,  not  in  the  line  GK,  which  is  per- 
pendicular to  the  impadt,  it  is  manifelt,  that  the  velocity 
cannot  be  fo  adjufted  fo  that  this  point  fhall  be  motion- 
lefs  immediately  after  the  impadt,  for  if  the  point  F 
were  quiefcent,  H the  centre  of  fpontaneous  rotation 
correfponding  to  it,  would  move  in  a diredtion  perpendi- 
cular to  HF;  but  from  what  has  been  demonitrated,  it 
mult  proceed  in  the  diredtion  perpendicular  to  OK,  in 
which  it  was  moving  at  the  time  ot  the  impadt. 


XII, 

'•  t 


[ 43'  ] 


XII. 


Let  WTEF , <%BGF  be  two  fyftems  Fig.cir. 
revolving  in  free  fpace  about  their  cen- 
tres of  gravity  G and  W-,  let  the  angular 
velocity  of  the  fyftem  ®BGF  be  fuch  as 
caufes  it  to  make  M revolutions  or  parts 
of  a revolution  in  any  ftandard  time  i, 
and  in  the  fame  time  let  the  fyftem 
W'TEF  perform  N revolutions  or  parts  of 
a revolution  in  the  fame  plane,  but  in  a 
direction  contrary  to  that  in  which  the 
former  fyftem  revolves : moreover,  let  the 
centre  of  gravity  G move  in  the  right 
line  XB  with  the  velocity  V,  and  let  the 
centre  W move  in  the  oppofite  diredtion 
WD  parallel  to  BX:  fuppofe  the  fyftem 
QBGF  to  impinge  on  the  body  WTEF 
in  the  point  F and  in  the  direction  LF 
parallel  to  HD  or  BX  and  perpendicular 
to  the  furface  which  it  ftrikes ; it  is  re- 
quired to  affign  the  motion  of  each  body 
after  the  impadt. 


Through  G and  W draw  YL  and  OE  perpendicular  to 
the  dire&ion  in  which  the  centres  of  gravity  move,  and 
let  the  principal  centre  of  gyration  of  the  fyftem  £>BGF 
be  <£.  and  that  of  the  fyftem  WTEF  be  T.  Moreover,  let  the 
mafs  of  the  fyftem  QBGF  be  G,  and  that  of  the  other 
fyftem  W : the  point  F in  the  fyftem  WTEF  will  be  im- 
pelled by  the  impaft  with  the  fame  force  as  if  the  mafs 


GxG^yT+zCMxGL . 

^ityof^xGgtGT-  a8a,“" F be,nS * ££ *'• 

centrated  into  a point  with  the  fame  velocity,  on 
a fuppofition  that  the  inertia  of  the  ftriking  body  at 
° F is 


• Sea.  X. 

Prop.  V. 
Cor.  z. 
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F is  evanefcent  or  inconfiderable.  But  becaufe  the 
angular  velocity  of  the  ftriking  body  is  M,  and  the 
velocity  of  its  centre  of  gravity  “ V,  the  velocity 
of  L is  = r+  2 MC  x GL:  the  equivalent  mafs  will 
G X 

therefore  be  ■ ■ T~^  impinging  with  the  velocity  V+ 

2 MC  x GL.  This  impaCt  will  generate  in  the  centre  of 

GL  . , 

gravity IV  z* velocity  = in  the 

6 1 IVxG^+GL* 

direction  WH:  wherefore  after  the  impact  the  velocity  of 
the  centre  of  gravity  W in  the  fame  direction  will  be 


V— 


GxG^x/^+zMCxGL 


moreover,  the  fame  force  of 


IV  x G^J;  + GL2- 
impaCt  will  generate  an  angular  velocity  in  the  fyftem 
GQ  x V+zMCxGL  

* Cor.  3.  *JVTEF~ — -■  „ — - ------ — , which  being 

3 zCxfVxfVT'xG^+GL1  6 

added  to  the  angular  velocity  before  the  impaCt  N or  fub- 
traCted  from  it,  according  as  the  impaCt  tends  to  augment 
or  counteract  the  rotation  of  the  body  (truck,  the  angular 
velocity  of  the  fyltem  IVTEF  will  be  obtained. 

Let  A reprefent  the  angular  velocity  of  the  fyftem 
WTEF  immediately  after  the  impaCt  which  has  been  juft 
determined,  then  if  C be  — 3.14152,  Sec.  zCAxfVE  will 
be  the  velocity  of  the  point  E,  or  of  the  point  F in  the 
ftriking  body : for  according  to  the  reafoning  contained 
^Adfinem,  in  page  422*>  when  the  furfaces  at  F are  perfectly  fmooth 
the  point  F of  the  ftriking  body  will  proceed  at  the  in- 
ftant  after  the  impaCt  in  the  direction  FE,  until  the  two 
bodies  have  a common  velocity  in  the  direction  FE : in  the 
line  LE  take  LI  equal  to  the  fpace  which  would  be  de- 
feribed  by  the  point  E with  the  velocity  2 CA  x IVE  in 
any  ftandard  particle  of  time. 

Let  Y be  the  centre  of  fpontaneous  rotation  in  the  fyf- 
tem  £)BGF:  the  motion  of  this  point  will  not  beaffeCled  by 
the  impaCt ; its  velocity  and  direction  therefore  will  be  the 
fame  after  the  impaCt  as  it  was  before  the  fyftem  fttDBGF 
impinged  on  the  other  body  : becaufe  the  angular  velocity 
of  the  ftriking  body  is  M,  in  the  direction  from  L to  F, 
and  the  velocity  of  the  centre  of  gravity  V in  the  direc- 
tion GB,  the  velocity  of  the  point  Y before  the  impaCt 


will  be  V - zCM  x GY  or  V- 


GL 


make  YZ 


perpen- 
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perpendicular  to  LY  and  equal  to  the  fpace  through 
which  point  Y is  carried  uniformly  by  the  velocity  V — 

2CMX  GjL  in  the  llandard  particle  of  time ; through  I 
GL 

draw  IZP  interfedting  GB  in  g and  LG  produced  in  P ; 
then  G g will  be  the  fpace  which  the  centre  of  gravity  G 
will  defcribe  uniformly  after  the  impadt  in  the  particle 
of  time  i,  and  will  therefore  reprefent  the  velocity  of  the 
centre  of  gravity  G after  the  impadt:  and  I PL  will  be 
the  angle  defcribed  in  the  fame  time,  and  will  therefore 
be  a meafure  of  the  angular  velocity  of  the  ftriking  body 
after  the  impadt. 

" f <3  X WE  x G<e  X V+  zMCxGL  . , 

Cor.  i.  If  — — — — be  lefs  than 

2 Cx^x  WT* X G$>J  + GZ,‘ 

N,  the  rotation  of  the  fyftem  WTEF  will  be  in  the  fame 
direftion  after  as  before  the  llroke.  If  the  two  quantities 
juft  mentioned  are  equal,  the  body  ftruck  will  have  no 
angular  velocity  after  the  ftroke,  and  if  the  former  fhould 
exceed  the  latter,  the  direction  in  which  the  fyftem  re- 
volved will  be  changed  by  the  impadt. 

Cor,  2.  If  LI  — zY,  the  ftriking  body  will  not  re- 
volve after  the  impadt,  its  angular  velocity  being  de- 
ftroyed.  If  LI  exceeds  zY,  the  rotation  will  be  continued 
in  the  fame  diredtion  after  the  impadt  as  before  it : if  zy 
exceeds  LI  the  diredtion  of  rotation  will  be  changed  by 
the  impadt. 


AP- 


% 


7 


4 > 


A P P 


E N D I X. 


CONTAINING  A DESCRIPTION  OF  THE  ADJUST- 
MENTS AND  PRACTICAL  USE  OF  THE  MONO- 
CHORD REPRESENTED  IN  FIG.  XIX.  Vid.  p.  99. 


IN  this  confirmation  the  firing  is  not  terminated  by  a 
bridge,  but  between  metallic  edges,  which  not  only 
define  the  firing’s  length  with  great  precifion,  but 
prevent  any  irregularity  in  the  tending  force,  which  is 
the  unavoidable  confequence  of  bridges  : the  two  Heel 
edges  at  C are  feparated  from  each  other  by  the  fcrew  F, 
in  order  to  give  room  for  the  firing,  while  the  frame  TQRS 
is  moved  along  the  fcale.  When  the  fcrew  N is  loofened, 
the  frame  F 4? R S moves  freely  along  the  fcale,  carrying 
with  it  the  fleel  edges.  &c.  By  turning  the  fcrew  N,  the 
frame  T QJl  S is  fattened  to  the  fcale,  while  the  other  parts 
OG  D C are  moveable  only  by  means  of  the  fcrew  ElVP , 
which  ferves  the  purpofe  of  adjuftment  as  well  as  for 
other  ufes  hereafter  mentioned.  KL  is  a part  of  the 
brafs  fcale  AB  reprefcnted  in  the  left  hand  figure,  the 
whole  length  is  about  40  inches,  and  the  breadth  about  { an 
inch.  In  this  fcale  100  equal  parts  are  fet  off,  and  each  part 
is  bifeiled  by  a fhorter  divifion.  In  the  fquare  aperture 
M,  an  index  is  engraved  the  diflance  of  it  from  the  lleel 
edges,  ellimated  in  the  direction  of  the  fcale,  is  fuch,  that 
when  this  index  is  fet  to  any  divifion,  the  length  of  the 
Hring  intercepted  between  the  fleel  edges  C,  and  the  up- 
per termination  of  the  Hring,  may  be  exattly  equal  to  the 
number  of  parts  expreffed  by  the  divifion.  Suppofe  the 
frame  1 S to  be  faflened,  the  fcrew  EWP  being  turned 
twenty  revolutions,  carries  the  Heel  edges,  or  the  index  at 
M,  through  a fpace  equal  to  one  whole  divifion,  and  con- 

fequently 


* 
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fequently  one  revolution  of  the  fcrew  carries  the  fleel  edges 
through  one  twentieth  part  of  a divifion. 

The  circumference  of  the  fcrew  is  divided  into  50  equal 
parts,  each  of  which  mult  therefore  anfwer  to  one  thou- 
fandth  part  of  a divifion,  that  is,  if  the  whole  length  of  a 
firing  be  made  rr  too  parts,  one  of  the  divifions  on  the 
fcrew’s  circumference  will  anfwer  to  the  hundred  thou- 
fandth  part  of  the  whole  length.  By  this  means,  it  will 
be  eafy  to  adjuft  the  length  of  firing  intercepted  between 
the  fteel  edges  C and  the  upper  extremity,  of  any  magni- 
tude lefs  than  100000  : but  becaufe  any  mufical  interval 
implies  the  vibrations  of  two  firings,  of  which  the  lengths 
are  in  the  diredt  proportion  of  the  times  of  vibration,  a 
bafe  note  is  always  afi'umed  as  a ftandard  to  which  the 
others  are  referred.  In  order  therefore  to  exemplify  the 
ufe  of  this  inftrument,  the  length  of  the  bafe  note  mult  be 
firft  adjufted.  The  length  of  the  firing  which  conftitutes 
this  bafe  note,  is  mod  conveniently  afi'umed  =:  10,  100, 
1000,  or  fome  number  in  that  progrefiion.  In  this  inftru- 
ment, the  number  correfponding  to  the  bafe  note  is 
100000:  after  having  feparated  the  fteel  edges  at  D by  the 
fcrew  j F,  bring  the  index  in  the  fquare  aperture  to  the  di- 
vifion on  the  fcale  marked  100,  as  near  as  can  be  judged 
by  the  naked  eye,  and  fix  the  frame  TQRS  by  turning 
the  fcrew  marked  N.  Then  to  adjuft  the  coincidence  of 
index  precife,  apply  the  microfcope  G immediately  over 
the  index,  and  moue  the  fcrew  EWP  until  the  index  coin- 
cides with  the  divifion  100:  the  two  edges  being  now 
fuffered  to  comprefs  the  firing,  the  note  founded  by  it  will 
be  the  bafe  or  fundamental  tone.  Now,  let  it  be  requir- 
ed to  adjuft  the  length  of  the  firing  — 66667  parts,  the 
whole  length  being  100000.  The  operation  will  be  as 
follows ; loofen  the  fcrew  N that  the  frame  T QR  S may 
move  freely : bring  the  index  on  the  fquare  aperture  to 
66  on  the  fcale,  and  adj  uft  by  the  glafs  as  before ; bring  the 
moveable  index  at  to  the  point  o on  the  circumference 
WEP:  then,  fince  the  third  figure  in  the  number  propofed  is 
6,  anfwering  to  6 thoufandths  of  the  whole  length,  this  will 
be  fet  off  by  turning  the  fcrew  EPl'F  twelve  revolutions  : 
by  which  the  three  firft  figures  666  will  be  exprefled  in  the 
length  of  the  ftring.  Moreover,  as  there  are  67  hundred 
thoufandth  parts  remaining  to  be  added  to  the  length,  and 
one  of  the  divifion.  on  the  fcrew’s  circumference^anfwers 
to  one  hundred  thoufandth  part,  it  follows,  that  the  fcrew 
muft  be  turned  through  67  of  thefe  divifions;  that  is,  be- 
caufe the  circumference  of  the  fcrew  is  divided  into  50 

equal 
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equal  parts,  the  fcrew  mull  be  turned  one  revolution  and 
17  divilions.  Very  little  time  is  taken  in  making  thefe 
adjuftments,  the  ufe  of  which  is  to  define  the  firing 
to  any  given  length  and  true  to  the  hundred  thou- 
fandth  part  of  the  whole  length;  by  which  the  different 
fyftems  of  mufical  founds,  which  have  been  before  in- 
vented, fuch  as  Huygens’s,  Ptolemy’s,  Smith’s,  &c.  may 
be  brought  into  comparifon,  as  well  as  others  which  may 
be  fuggefted  either  from  theory  or  trials.  The  mono- 
chords of  the  old  conltrudtion,  were  divided  according  to 
one  or  two  given  fcales  only,  which  rendered  them  wholly 
ufelefs  in  making  experiments  on  harmonic  temperaments 
in  general,  for  which  purpofe  the  inftrument  above  de- 
fcribed  was  conftrudled. 

The  method  of  terminating  the  firing  between  metallic 
edges,  in  preference  to  that  of  fupporting  it  by  bridges, 
was  copied  from  the  monochord  of  a very  ingenious  and 
worthy  friend  the  Rev.  Mr.  L.  Huddleftone,  of  the  Uni- 
verfity  of  Oxford. 
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PAGE  3.  line  14.  for  its  diftances,  read  the  diftances  ; 

V 7.  1.  19-  after  defcend,  add  from  reft;  p.  8.  3d  1. 
from  the  bottom,  /.  in  a dire&ion,  read  in  the  dire&ion  ; 

p.  14.  1.  14./.  f=  1,  ibid,  laft  \.  f and  if  TV,  r. 


if  TV-,  p.  18.  l.z.  after  impelled,  infert  or  refilled  ; p.29.1.3. 
f.  a thoufandth  part,  r.  in  thoufandth  parts  ; p.50.  I.19 .f. 
O,  r.  B;  p.52.  in  the  references,/,  prop.  XI.  r.  prop.  XU; 
n.  62.  1.  26.  /.  and  the  force,  r.  the  force;  p.  68.  1.  11. 

* ' 3 3 

/.  F,  r.  T ; ibid.  1.  14./.  S,  r.  p a 1 ; p.  73-  L 4-  /•. 
velocity,  r.  the  finite  velocity;  ibid.  1.  13.  dele  of  h;  ibid. 

, y Cl  -4“  X Cl  “f"  X 1 t 

].  14 Log  — - — •>  r.  a X Log  — - — ; p.  74.  L lo.f. 


<i>  — x <u,  r.  x — x <v ; p.  79.  1.  25.  f.  in  the  length,  r.  on 

the  length ; p.  83, 1.  15.  f.  — F ar  1 ,r.  — F a’1  + 1 • 

p.  86.1.  20./.  r.  p.87.1.4./.  a logarithm, 

r.  a logarithmitic  expreflion ; p.  92. 1.  20.  f.  PO,  r.  RO ; 
p.  95.  1.  5.  f.  or  one  fide,  r.  on  one  fide;  p.  96.  1.  13. 
after  firing  vibrates,  infert  lhould  vary;  p.  97. 1.  14./.  the 
diftance,  r.  the  greateft  diftance  ; p.  102.  1.  40 ./.  Holder, 
r.  Harrington;  p.  109. 1.  18./.  H H,  r.  HO ; ibid./.  Fig. 
XXII,  r.  Fig.  XXIII ; p.  1 18. 1.  8./.  oppofed,  r.  oppofe  ; 
p.i  26, 1.3./.  equal,  r.  equals;  p.135.1.9./.  how  nearly, 
r.  how  near ; p.  141. 1.  1 8./  1 3780,  r.  13760^.  143. 1.6. 
/.  body’s  weight,  r.  body’s  weight  in  the  fluid;  p.14^.1.7. 
/.  on  the  contrary  arguments,  r.  on  the  contrary,  argu- 
ments; p. r 5 2. 1.4./.  2301583,  r.  2302585 ; p.  155.1.  3z. 
del e is;  p.  1 5 6. 1.6. /.-from,  r.  after;  p.  160 /.XXX,r.  XXXI; 
ibid.  I.4./.  34,  r.  33  ; p.  i73.1.5./.Clarke,  r.  Clare ; ibid. 
I.33./  rarer,  r.  denfer;  p.182.  I.7 ./.  degree,  r.  degrees; 
p.  193.  ult ./.  weight,  r.  mafs ; p.199. 1.22 ./.  Diminution, 
r.  The  diminution ; p.  214.  1.  22./.  by  Gallileo,  r.  from 
Gallileo’s  principles;  p . 268 .1. 1 i.f.  S Dz,  r.  S H1 ; p.269. 

. n , TVS  GS 

I.  11./.  10  : 1,  r.  1 ; 10;  p.  281.  1.  1./.  l 

p.  283.  I.4./.  x,  r.  z;  ibid.  1.  6./.  Vz y,  r.Vxyy ; p.  286. 
1.  11./.  fame,  r.  contrary;  p.290.1. 15.  after  firing’s  length, 
infert  eftimated  from  C to  D ; p.301.1.5.  dele  which;  ibid. 
dele  of  the;  p.  331.  1.  9.  after  will,  infert  be;  p.335. 1.  13. 
/.  inftruments,  r.  inftrument;  p.  337. 1.  5./.  3 f oz.  r.  2 J 
cz.  p.  345.  1.  2./.  239,  r.  339;  p.  355.  1.  5./  centre,  r. 
principal  centre;  p.  356.  1.  5./.  meafures,  r.  a meafure; 
p.363. 1.2.  dele  a;  p.  362. 1. 25./.  S:s,  r.  s : 5;  p.  366.  1. 
19.  dele  is  ; p.  367. 1.  2./.  accelerated,  r.  uniformly  acce- 
lerated ; p.  384.  1.  i f.  23.25,  r.  2.525  ; p.  404.  1.  12./. 
weight,  r.  inertia;  p.  1415.  1.  14.  dele  immoveable. 
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